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ANSWERS AND SOLUTIONS

TRANSFORMATIONS OF
FUNCTIONS

Lesson 1—Horizontal and
Vertical Translations

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Since the graph of y =|x| is translated 8 units right,
replace x with x—8.
y=Ix]
y=|x-9

Therefore, the equation of the transformed graph
is y=[x—§.

2. Since the graph of y=2x*+5 is translated 4 units
down, replace y with y —(—4).
y=2x+5
y—(-4)=2x+5
y+4=2x"+5
y=2x3+1

Therefore, the equation of the transformed graph
is y=2x>+1.

3. Stepl
Determine how to obtain the graph of y—4=f (x-3)

from the graph of y = f(x).

The equation y—4= f (x—3) is of the form
y—k=f(x-h),where h=3 and k =4.
Therefore, the graph of y—4=f (x—-3) or
y=f(x—3)+4 is formed from y=f(x) bya
horizontal translation of 3 units right and a vertical
translation 4 units up.

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (x) are (-8, -14),

(771 77)1 (761 72)! (751 1)! (‘41 2)1 (731 1)! (721 72)1
(-1,-7), and (0, -14).

Step 3
Transform points on the graph of y = f (x) to obtain

points on the graph of y—4=f (x-3).

Increase the x- and y-coordinates by 3 and 4 units,
respectively.

(-1+3,-7+4
(0+3,-14+4

Step 4
Plot and join the transformed points.

y-4=fx-3)

¥
=1

i
a4
o4
>

=141

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1

Add 15 to both sides of the equation.
y+1=f(x)-15

y+16=f(x)

Step 2
Identify the transformations on the graph of y = f ()

to obtain the graph of y+16= f (x).

The equation y+16 = f (x) is in the form
y—-k=f (x) , where k =-16. Therefore, the graph of
y+1=f(x)-15, or y+16=f(x), is formed from

y = f(x) by a vertical translation of 16 units down.
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ANSWERS AND SOLUTIONS

Step 1
Determine the y-intercept on the graph
of y=-18x-7.

The y-intercept occurs when x = 0.
y=-18x-7

y= —18(0) -7

y=-7

The y-intercept is (0, -7).

Step 2
Transform the y-intercept.

Since the graph of y =—-18X—7 is translated 7 units

left and 3 units down, every point (x, y) on the graph of
y =—18x—7 will be transformed to the point (x —

7,y-3).

The y-intercept on the graph of y =—-18x—-7 will
transformto (0 — 7, -7 — 3) = (-7, -10).

Step 1
Apply the horizontal translation.

Since the graph of y =,/(x—8) —12 is translated

9 units left, replace x with x —(-9).

y=¢(x—8)—12
y=((x—(-9))-8)-12
y=((x+9)-8)-12
y =/(x+1)-12

Step 2

Apply the vertical translation.
Since the graph of y = ,/(x—8) —12 is translated 10

units down, replace y in y = \J(x+1) —12
with y—(-10).

y =/(x+1)-12
y—(-10) = /(x+1)-12
Step 3
Isolatey

= J(x+1)-12
y+10 (x+1)-12
=(x+1)-22

Therefore, the equation of the transformed graph
is y=J(x+1)-22.

Step 1
Determine how to obtain the graph of y+3= f (x-2)

from the graph of y = f (x).

The equation y+3= f (x—2) is of the form
y—k=f(x—h), where h=2 and k =-3.
Therefore, the graph of y+3= f (x-2),

or y=f(x—2)-3, isformed from y = f ()

by a horizontal translation 2 units right and a vertical
translation 3 units down.

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (X) are (-4, 0),
(-3,-1.5), (-2, 2), (0, 2), (L5, 4), and (2, 2).

Step 3
Transform points on the graph of y = f (X) to obtain
points on the graph of y+3= f (x—2).

Increase the x-coordinates by 2 units and decrease the y-
coordinates by 3 units.

( -4+2,0- 3) ( 2,—3)
( -3+2,-1.5- 3)—)( 1,—4.5)
(-2+2,2-3)—>(0,-1)
(0+2,2-3)—>(2,-1)
(15+2,4-3)—(3.5,1)
(2+2,2-3)—>(4,1)
Step 4
Plot and join the transformed points.
):
7 3
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ANSWERS AND SOLUTIONS

Lesson 2—Horizontal and
Vertical Stretches

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. When the graph of y = f (x) is transformed to the
graph of y=5f(x), the graph of y = f (x) will be
stretched vertically by a factor of 5. Thus, every
point (x, y) on the graph of y = f (x) will be
transformed to the point (x, 5y).

The corresponding point on the graph of y=5f (x) is

(—4,10x5)=(—4, 50).

2. Since the graph of y =11x*+1 is stretched horizontally
by a factor of 6, the equation of the transformed graph

can be obtained by replacing x with %x (the reciprocal

of 6 is %) in the equation y =11x* +1.

y=11x" +1

2
yzll(%xj +1

Therefore, the equation of the transformed graph

. 1,
IS =—Xx"+1.
Y= 36

3. Stepl
Determine how to obtain the graph of y=2f (%xj

from the graph of y = f(x).

The equation y=2f (%XJ is of the form y = af (bx),

where a=2 and b:%.

Therefore, the graph of y=2f (%xj is formed from

y = f(x) by a horizontal stretch factor of 2 and a
vertical stretch factor of 2.

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (x) are (-8, 0), (-3, 5),
(4,-2), and (6, 0).

Step 3
Transform points on the graph of y = f (x) to obtain

points on the graph of y=2f (% xj.

Multiply the x- and y-coordinates of

y=f(x) by2.
(-8x2,0x2)—(-16, 0)
(—3>< 2,5x 2) — (—6, 10)
(4>< 2,-2x 2) - (8, —4)
(6x2,0x2)—(12,0)
Step 4
Plot and join the transformed points.
}}
10}

— \ I

201612 8 4 & A2 16 20
o+ r i
4t y_zf[f‘]

—61
-84
104

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Divide both sides of the equation by 4.
4y = f(3x)
f(3x)
4
f(3x)

NG

y:
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ANSWERS AND SOLUTIONS

Step 2

Identify the transformations on the graph of y = f (x) to

obtain the graph of y :% f(3x).

The equation of y :% f (3x) isin the form y =af (bx),

where a —% and b=3. Therefore, the graph of
y= i (3x) is formed from y = f (x) by a vertical

stretch factor of % and a horizontal stretch factor of %

Step 1
Apply the horizontal stretch.

Since the graph of y = 3x® + 2x is horizontally

7
stretched by a factor of > replace x with % X

and simplify.
y =3x? +2x

2
y=3[ng +2(ng
7 7
4

12 , 4
y=—"X"+=X

49 7
Step 2

Apply the vertical translation.

Since the graph of y = 3x? + 2x is vertically stretched

by a factor of 9, replacey in y = % X2 +;x with l y.

Step 3

Isolate y, and simplify.
1 12 4
Zy="x"+=x
9 49 7

9(lyJ:9(Ex +4x
9 49 7

_108 , 36
49° 7

—X

Therefore, the equation of the transformed graph
108 , 36
=— —X.
4

Step 1

3 1
Determine how to obtain the graph of y = E (E X]

from the graph of y = f (x).

The equation y = g (E X) is of the form
3 1
y = af (bx), where a = > and b= > Therefore, the

3 1
graph of y = > f (E Xj is formed from y = f (x) by
a horizontal stretch factor of 2 and a vertical stretch

factor of —

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (X) are (-4, 0), (0, 4), and
(4,0).
Step 3

Transform points on the graph of y = f (X) to obtain

3.(1
points on the graph of y = 3 f (E xj.

Multiply the x-coordinates by 2 and the

3
y-coordinates by > or1.5.

( —4x2, O><15)—>( -8, 0)
(0><2 4><15) ( )
(4><2 0><l5)—>(8 0)

Step 4
Plot and join the transformed points.

L
T
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ANSWERS AND SOLUTIONS

Step 1
Determine the x-intercepts on the graph

of y=x*+7x—44.

The x-intercepts occur when y = 0.
y=x>+7x-44
0=x"+7x-44

Factor and solve for x.
0=x*+7x—-44
0=(x—4)(x+11)

0 x+11=0
=4 x=-11

The x-intercepts of y = x*> +7x—44 are (4, 0) and (-
11, 0).

Step 2
Transform the x-intercepts.

Since the graph of y = x* + 7x—44 is stretched

horizontally by a factor of % and stretched vertically by

a factor of 5, every point (X, y)
on the graph of y = X* +7x—44 will be transformed to

.
the point (— X, 5yj.

5
The x-intercepts on the graph of y = x* + 7x—44 will

transform to [%x4, 5x 0) = (%, 0] and

(%x(—ll), 5><0j (—% o)

Lesson 3—Translations and Stretches

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Rewrite the equation y =2f (3x+12) as
y=2f(3(x+4)). Theequation y=2f(3(x+4)) is of
the form y—k =af (b(x— h)) wherea=2,b =3,

and h =—4. Therefore, the graph of y=2f (3x+12) is

formed from y = f (x) by a vertical stretch factor of 2,

. 1 .
a horizontal stretch factor of 5 and a horizontal

translation 4 units left.

Step 1
Determine how the graph of y+2=4f(x) is

obtained from the graph of y = f (x).

The equation y+2=4f (x) is of the form
y—k=af (x), where a=4 and k =-2.
Therefore, the graph of y+2=4f(x) is formed

from y=f (x) by a vertical stretch factor of 4 and
a vertical translation 2 units down.

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (x) are (-7, -4),
(-2, 1), (0, 6),and (3, 7).

Step 3
Apply the vertical stretch.

Multiply the y-coordinates of y = f (x) by 4.
(=7, -4x4) - (-7, -16)

(-2,1x4)—>(-2,4)

(0,6x4)—(0, 24)

(3, 7x4)—> (3, 28)
Step 4

Apply the vertical translation.

Decrease the y-coordinates obtained in step 3 by 2.

(-7,-16-2) —>(-7,-18)
(-2.4-2)>(-22)
(0, 24-2)— (O, 22)
(3,28-2) > (3, 26)

Step 5

Plot and join the transformed points.
)}

&
b e
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ANSWERS AND SOLUTIONS

b)

Step 1
Determine how to obtain the graph of

y= f(%xj+3, or y—-3= f(%x} from the graph

of y=f(x).

The equation y—-3=f [ x | is of the form

N—

Wl

y—k=f(bx), where b== and k =3.

W

Therefore, the graph of y = f E% xj +3 is formed

from y = f(x) by a horizontal stretch factor
of 3 and a vertical translation 3 units up.

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f(x) are (-7,-4),
(-2,1),(0,6),and (3, 7).

Step 3
Apply the horizontal stretch.

Multiply the x-coordinates of y = f (x) by 3.
(<7x3,-4) - (21, -4)

(-2x3, 1) —(-6,1)
(0x3,6)—(0, 6)
(3x3,7)—>(9,7)

Step 4

Apply the vertical translation.

Increase the y-coordinates by 3.
(-21,-4+3) > (-21,-1)

(-6,1+3) > (-6, 4)

(0,6+3)—(0,9)

(9, 7+3)—>(9,10)
Step 5

Plot and join the transformed points.
v

Step 1
Apply the vertical stretch.

Since the graph of y = x> + 4 is vertically stretched by a

factor of % replace y with 2y.
y=x}+4
2y=x*+4

Step 2
Apply the vertical translation.

Since the graph of y = x> +4 is translated 12 units up,
replacey in 2y = x* +4 with y-12.
2y=x"+4
2(y-12)=x>+4
Step 3
Isolate y.
2(y-12)=x*+4
1
—12==x%+2
y 2
1.3
=—X"+14
Y 2
Therefore, the equation of the transformed graph

. 1.,
is y==x"+14.
y 2

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

The equation y+8=4f (%(x - 2)) is of the form

y—k =af (b(x—h)), where a=4, b:%, h=2,
and k =-8.

Therefore, the graph y +8=4f [%(x - 2)) is formed

from y = f(x) by avertical stretch factor of 4,

a horizontal stretch factor of 7, a horizontal translation
2 units right, and a vertical translation 8 units down.

CASTLE ROCK RESEARCH
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ANSWERS AND SOLUTIONS

Step 1
Determine how to obtain the graph of

y—B:%f(x+5) from the graph of y = f (x).

The equation y—3 :% f (x+5) is of the form
1

y—k=af (x—h),where a==, h=-5,

4
1 .
and k = 3. Therefore, the graph y—3:z f(x+5) is
formed from y = f ()
1
by a vertical stretch factor of Z a horizontal translation

5 units left, and a vertical translation 3 units up.

Step 2
Apply the vertical stretch.

The vertical stretch by a factor of % will transform the
. 1 1
point (12, -1) to | 12, -1x— |=|12, ——|.
4 4

Step 3
Apply the horizontal and vertical translations.

The horizontal translation 5 units left and vertical

1
translation 3 units up will transform the point [12, —Zj

to [12—5, —1+3j =[7, 1—1j.
4 4

Therefore, the corresponding transformed point on the

graph of y—3=% f(x+5) is [7, 1741)

Step 1
Apply the horizontal stretch.

3
Replace x in the equation Y = —3X+7 with > X.

3
=-3| =X |+7
’ (2 j

Step 2
Apply the horizontal translation.

Replace x in y:—S(ng+7 with x—(-1).

y= —3(2 xj+ 7
y= —3(2(x—(—1))j+7
Step 3

Apply the vertical translation.

Replaceyin y = —3(%(X—(—l)))+ 7

with y—(-11).

Step 4
Isolate y, and simplify.

y—(-11)= —3(%(x—(—1)))+ 7

y+11= _3(§(X+1)j+7

y=-—(x+1)-4
yo 9 0
2 2
9 17
=——X——
2 2
Therefore, the equation of the transformed graph
is y= —g X— E
2 2

Step 1
Determine how to obtain the graph of

y—S:% f (x—3) from the graph of y = f (x).

The equation y—5== f (x—3) is of the form

1
2
y—k=af (b(x—h)), where a:%, h=3,
and k =5. Therefore, the graph of

y—5:%f(x—3) is formed from y = f ()

. 1 ) )
by a vertical stretch factor of E a horizontal translation

3 units right, and a vertical translation 5 units up.

Not for Reproduction
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ANSWERS AND SOLUTIONS

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (X) are (-4, 0), (0, 2),

(0,-2), (5, 3), and (-5, -3).

Step 3
Apply the vertical stretch.

Multiply the y-coordinates of y = f (x) by %

(—4, OX%) > (~4,0)
(o, ZX%j 5(0,1)

(o, _2x%j 5 (0,-1)
(5, 3><%J —(5.15)
(5, —3><%J —(5,-15)

Step 4
Apply the vertical translation.

Increase the y-coordinates from step 3 by 5.
( -4, 0+ 5) ( —4, 5)

(0,1+5) — (0, 6)
(0.-1+5)— (0, 4)
(5,1.5+5) - (5, 6.5)
(5,-1.5+5) > (5, 3.5)

Step 5
Apply the horizontal translation.

Increase the x-coordinates from step 4 by 3.
(—4+3, 5) ( 1, 5)

Lesson 4—Reflections

CLASS EXERCISES
ANSWERS AND SOLUTIONS

(0+3,6)—>(3,6)
(0+3,4)—>(3,4)
(5+3, 65)—)(8 65)
(5+3, 35)—)(8 35)
Step 6
Plot and join the transformed points.
v
101-
Bt ¥l 5 i3
6__/__._____—-0—-
:1‘:':'"""“—-—-—0——-
24
-t >
108 —6—4—2_2__ 2461810
44_-
6+
—8+
Al()_-

Step 1
Determine how to obtain the graph of y=—f (x) from

the graph of y = f(x).

The equation y =—f (x) is obtained by substituting -y
fory in the equation y = f (x). Therefore, the graph of
y = f(x) will be reflected in the x-axis to obtain the
graph of y=—f(x).

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (x) are (-7, 0), (-5, -5),
(-3,8),and (1, 5).

Step 3
Transform points on the graph of y = f (x) to obtain

points on the graph of y=—f(x).

Multiply the y-coordinates of y = f (x) by 1.

(-7, 0x(-1)) > (70)
(=5, -5x(-1)) > (-5,
(-3.8x(-1)) > (-3,
(15x(-1))—> (1, -5)
Step 4
Plot and join the transformed points.
Y
1o
8
" y=Ax)
2

CASTLE ROCK RESEARCH

Copyright Protected



ANSWERS AND SOLUTIONS

Step 1
Determine how to obtain the equation of the transformed

graph from the equation y = +12x.

1
=X
4

Since the graph is reflected in the x-axis, the equation of
the transformed graph is obtained by replacing y with -y

in the equation y:‘%x +12X.
1
=|=X|+12x
-
1
-y =|=X|+12x
v-l;
Step 2
Isolate y.
—y—lx +12x
4
1
=—| [=Xx|+12x
r=-{fof
1
=—|=x—-12x
v--f

Therefore, the equation of the transformed graph

—12x.

1
=X
4

is y=—

Step 1
Determine how to obtain the graph of y = f (—x) from

the graph of y = f(x).

The equation y = f (—x) is obtained by substituting —x
for x in the equation y = f (x). Therefore, the graph of
y = f(x) will be reflected in the y-axis to obtain the
graph of y = f (—x).

Step 2
Identify points on the graph of y = f(x).

Points on the graph of y = f (x) are (-9,-2), (-7, 7),
(-4,-3),(-3,1),(1,2),and (2, 1).

Step 3

Transform points on the graph of y = f (x) to obtain

points on the graph of y=f (—x).

Multiply the x-coordinates of y = f (x) by 1.
(-9x(-1),-2) > (9,-2)

(-7x(-1), 7)>(7.7)
(—4x(-1),-3) > (4,-3)
(-3x(-1),1)>(3,1)
(1x(-1), 2) > (-1 2)
(2x(-1).1)>(-2,1)
Step 4
Plot and join the transformed points.
y
y=fx) 81+ )

=10+

Since the transformed graph is a reflection in the
y-axis of the graph y =|x +6|+3, the equation of the

transformed graph is obtained by replacing x with —x in
the equation y =|x+ 6| +3.

y=|x+6/+3

y=|(-x)+6[+3

y=|-x+6|+3

Therefore, the equation of the transformed graph
is y=|-x+6|+3.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

The graph of y=—f (x) is a reflection in the x-axis of

the graph of y = f(x). Therefore, a reflection in the
x-axis will transform the point (5, —3) to

(5. -3x(-1))=(5, 3).

Not for Reproduction
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ANSWERS AND SOLUTIONS

2. Step1l
Determine the equation of the transformed graph from

the equation y = x* +2x—9.

Since the graph is reflected in the y-axis, the equation of
the transformed graph is obtained by replacing x with —x

in the equation y = x* +2x—9.
y=x*+2x-9
y= (—x)2 +2(-x)-9
Step 2
simplify y =(—x) +2(-x)-9.
y= (—x)2 +2(-x)-9
y=x*-2x-9
Therefore, the equation of the transformed graph
is y=x*-2x-09.
3. Step 1
Determine how to obtain the graph of y = f (—x) from the

graph of y = f (x).

The equation y = f (—X) is obtained by substituting —x for x
in the equation y = f (). Therefore, the graph of

y = f(x) will be reflected in the y-axis to obtain the graph
of y=f(-x).

Step 2

Identify points on the graph of y = f (x).

Points on the graph of y = f (X) are (-6, 0),

(-3,1), (-1, 3), (3, 3), (6,-1), and (7, 5).

Step 3

Transform points on the graph of y = f (X) to obtain points
on the graph of y = f (—x).

Multiply the x-coordinates of y = f (X) by 1.
(-6x(-1),0)—>(6,0)

Step 4
Plot and join the transformed points.

[
10t

8_-
TSGR o1 Y=1)
X
2 4% 810

Step 1
Determine how to obtain the graph of y =—f (x) from

the graph of y = f ().

The equation y =—f (X) is obtained by substituting -y
fory in the equation y = f (). Therefore, the graph of
y=f (x) will be reflected in the x-axis to obtain the
graph of y =—f(x).

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (x) are (-6, 0),
(-3,1), (-1, 3), (3, 3), (6, 1), and (7, 5).

Step 3
Transform points on the graph of y = f (X) to obtain

points on the graph of y =—f (x).

Multiply the y-coordinates of y = f (x) by 1.
(-6, 0x(-1)) > (-6, 0)

(-3x(-1),1) > (3,2) (-3, 1x(-1)) > (-3, -1)
(-1x(-1),3) > (L 3) (-1 3x(-1)) > (-1 -3)
(3x(-1),3) > (-3,3) (3,3x(-1)) > (3,-3)
(6(-1), -1) - (-6, -1) (6. -1x(-1)) > (6,2)
(7x(-1),5)—>(-7.5) (7,5%(-1)) > (7.-5)

Copyright Protected



ANSWERS AND SOLUTIONS

Step 4
Plot and join the transformed points.
¥y

1
10T

L1
[==]
dot
[S®]
PO+
e}
>

=10+

Since the transformed graph is a reflection in the
x-axis of the graph y = +/X+5, the equation of the
transformed graph is obtained by replacing y with

—yin the equation y = /X +5.
-y =+x+5
Isolate y.

—y =+/Xx+5

Yy =—JX+5

Therefore, the equation of the transformed graph

is y= —JX+5.

Practice Test

ANSWERS AND SOLUTIONS

The equation 2y +4 = f (x—1) can be written as

1

y+2=%f(x—1). The equation y+2==f(x-1) is

N~ N

of the form y —k =af (x—h), where a==, h=1,

and k =—2. Therefore, the graph 2y +4=f (x—-1) is

formed from y = f (x) by a vertical stretch factor of %

a horizontal translation 1 unit right, and a vertical
translation 2 units down.

Step 1
Apply the vertical stretch.

Replace y in the equation y = i with l y.
X+

3
1
Y =%+s
1 1
37 x5
Step 2

Apply the horizontal translation.

Replace x in %y Lt with X —(=7).

X+5

1,1
3y_x+5
1, 1
3 (x—(—7))+5
Step 3
Isolate y, and simplify.
1,1
37 (x=(-7))+5
1 B 1
37 X+7+45
E 1
37 x+12

3
y_x+12

Therefore, the equation of the transformed graph

isy= .
y X+12

3
The graph of y = E X| is obtained from the graph of

. 2
y =|x| by a horizontal stretch factor of 3T Under a

horizontal stretch, the y-intercept on the graph of
y =|X| is an invariant point.

Therefore, the invariant point is (0, 0).
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ANSWERS AND SOLUTIONS

Step 1
Determine how to obtain the graph of

y = f(3x+9)+4 from the graph of y = f (x).

The equation y = f (3x+9)+4 is equivalent

to y—4=f(3(x+3)). The equation
y—4=f(3(x+3)) is of the form
y—k=f(b(x=h)), where b=3, h=-3,

and k = 4. Therefore, the graph y = f (3x+9)+4 is
formed from y = f (X) by a horizontal stretch factor of
%, a horizontal translation 3 units left, and a vertical

translation 4 units up.

Step 2
Apply the horizontal stretch.

. 1
The horizontal stretch by a factor of 3

will transform the point (-18, 16) to

1
(—18><—, 16} = (—6, 16).

3
Step 3
Apply the horizontal and vertical translations.
The horizontal translation 3 units left and vertical
translation 4 units up will transform the point
(-6, 16) to (-6 — 3, 16 + 4) = (-9, 20).
Therefore, the corresponding transformed point on the
graph of y = f (3x+9)+4 is (-9, 20).
Step 1

1 1
Determine how to obtain the graph of y = f (g X _Ej

from the graph of y = f (x).

. 1 1), .
The equation y = f 3 X - is equivalent

to y= f[%(x—gD The equation
y=f 1[x—§) is of the form y = f (b(x—h)),
3 2

where b:l and h=§.
3 2

Therefore, the graph of y = f (%[X_SD

is formed from y = f (x) by a horizontal

stretch factor of 3 and a horizontal translation

3
— units right.
2 g

Step 2
Identify points on the graph of y = f (x).

Points on the graph of y = f (X) are (-7, -3),
(-4,-4), (-2,0), (0, 0), (2, 4), and (5, 3).

Step 3
Apply the horizontal stretch.

Multiply the x-coordinates of y = f (x) by 3.
(~7x3,-3) > (21, -3)

(—4><3, —4) - (—12, —4)
(-2x3,0) > (-6, 0)
(0x3,0)— (0, 0)
(2><3, 4) - (6, 4)
(5x3, 3) - (15, 3)

Step 4

Apply the horizontal translation.
Increase the x-coordinates from step 3 by

§0r1.5.
2
(—21+1.5, —3) - (—19.5, —3)
(—12+1.5, —4) - (—10.5, —4)
(~6+15, 0) > (4.5, 0)
(0+15,0) - (L5, 0)
(6+1.5, 4) —>(7.5, 4)
(15+1.5, 3) - (16.5, 3)
Step 5
Plot and join the transformed points.
A
lin
gt
6+ b Ly 2L
T -fl3 2]
24
ATt
-2(1—127—'4_2__ 48 12 16 20
at
6t
=81
10T
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ANSWERS AND SOLUTIONS

6. Stepl Step 2

Determine how to obtain the graph of y =—f (x) from Transform the x-intercepts.

Since the graph of x® + y? =16 is horizontall
the graph of y = f (). grap y y

1
stretched by a factor of E, every point (x, y) on the

The equation ¥ = —f (X) is obtained by substituting —
q y (x) Y 9y graph of x* +y? =16 will be transformed to the point
fory in the equation y = f (). Therefore, the graph of

1 .
y = f(x) will be reflected in the x-axis to obtain the (E X, yj' Therefore, the x-intercepts on the graph of

raph of y =—f (x).
graph of 'y (x) x> +y? =16 will transform to [—4x%, Oj:(—Z, 0)

Step 2

1
Identify points on the graph of y = f (x). and [4x§, OJ =(2,0).
Points on the graph of y = f (X) are (-1, 3), (0, 6), and
(1, 3). Alternative Method
Step 3 Stepl _
Transform points on the graph of y = f (x) to obtain Determine the equation of the transformed graph.
points on the graph of y =—f (X). Replace x in the equation x* +y? =16 with 2x.
Multiply the y-coordinates of y = f (X) by 1. X’ +y*> =16
2x)° +y? =16
(-1 3x(-1)) > (-1 -3) (2x)7+y* =
(O' 6 (_1)) —(0.-6) Step 2
(1, 3x (—1)) - (1,-3) Determine the x-intercepts on the graph
of (2x)2 +y? =16.
Step 4
Plot and join the transformed points. The x-intercepts occur when y = 0.

y (2x)2+y2 =16

10!_
(2x)" +(0)" =16
(2x)" =16
4x* =16
x> =4
x X=%2

Therefore, the x-intercepts on the graph of X* +y* =16
will transform to (-2, 0) and (2, 0).

7. Stepl
Determine the x-intercepts on the graph

of X’ +y*=16.
The x-intercepts occur wheny = 0.
X +y* =16
X +(0)" =16
x* =16
X =24

Therefore, the x-intercepts on the graph of X* +y* =16
are (4, 0) and (4, 0).
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ANSWERS AND SOLUTIONS

OPERATIONS ON ) zti)zgtte ?—49 for f(x) and x+7 for g(x)
ubstitute x* — X X+ g(x
FUNCTIONS )
into the expression $EX; .
Lesson 1—Combining Functions
9(x)  x+7
f(x) x?—49
CLASS EXERCISES x)
ANSWERS AND SOLUTIONS Step 2
Factor the denominator of the rational expression.
1. a) Stepl 9(x)
Substitute x> —2x+7 for f(x) and 3x*+2x-1 f(x)
for g(x) into the expression f(x)+g(x). = x)z(ijlg
f(x)+9(x)=(x* —2x+7)+(3x* +2x~1) __ X+7
(x+7)(x=7)
Step 2
Combine like terms, and simplify. Step 3
f(x)+9(x) State the non-permissible values.
= (X2 2x+7)+ (3% + 2x-1) (x+7)(x=7)=0
=X —2x+7+3x* +2x-1 X+7¢07 x—7¢$
_ 4)(2 46 X#— X #
b) Stepl The non-permissible values of x are 7 and —7.
Substitute x* —2x+7 for f(x) and 3x*+2x-1 Step 4
for g(x) into the expression f(x)—g(x) . Reduce tge rational expression.
X+
f(x)—g(x)=(X* —2x+7)—(3x* +2x-1) (x+7)(x-7)
1
Step 2 Tx_7
Combine like terms, and simplify.
F9-a(x) PRACTICE EXERCISES
= (X" —2x+7)—-(3x" +2x-1)
R : ANSWERS AND SOLUTIONS
=X"—-2X+7-3x"-2x+1
=-2x"-4x+8
1. Step1l
2. a) Stepl Substitute 4x*+11x—3 for f(x) and x+3 for g(x)
Substitute x*—49 for f(x) and x+7 for g(x) into the expression  (x)+g(x).
into the expression f (x)g(x). f(x)+g(x)=(4x2+11x—3)+(x+3)
f(x)g(x)=(x*-49)(x+7)
Step 2
Step 2 Combine like terms, and simplify.
Expand and simplify. f(x)+9g(x)
f(x)g(x) =(4x* +11x - 3) +(x+3)
=(x* —49)(x+7) =4x? +11X—3+ X +3
=x°+7x° —49x - 343 =4x% +12x
2. Stepl
Substitute 4x* +11x—3 for f(x) and x+3 for
g(x) into the expression f (x)—g(x).
f (x)—g(x)=(4x2 +11x—3)—(x+3)

CASTLE ROCK RESEARCH 14 Copyright Protected



ANSWERS AND SOLUTIONS

Step 2 Step 4
Combine like terms, and simplify. Reduce the rational expression.
f(x)-9(x) 9(x)
=(4x2+11x—3)—(x+3) f(x)
=4x* +11x-3-x-3 __ x+3
= 4x2 +10X—6 4x* +11x -3
B X+3
3. Stepl - (x+3)(4x-1)
Substitute 4x” +11x—3 for f(x) and x+3 for 1
g(x) into the expression f (x)g(x). 4x-1

F(x)9(x) = (4x" +12x-3)(x+3) Lesson 2—Compositions of Functions

Step 2
Expand and simplify. CLASS EXERCISES
F(x)g(x) ANSWERS AND SOLUTIONS
= (4x* +11x-3)(x+3)
=4x3 +11x* =3x+12x* +33x -9 1. a) Stepl
=4x% +23x* +30x -9 Replace variable x in g(x) with the
4 Stepl function f(x).
Substitute 4x” +11x—3 for f(X) and x+3 for g(x)=-x+4
(X) g(f(x)):—(3x2+5)+4
g(x) into the expression g .
(x) Step 2
g (x) ~ X4+3 Simfplify the exprzession.
f(x) 4x*+11x-3 9(f () =~(3x" +5)+4
g(f(x))=-3x"-5+4
Step 2 g(f(x)=-3x"-1
Factor the denominator of the rational expression.
9(x) b) Step1
f (X) Replace x in f (x) with the function g(x).
3 X+3 f(x)=3x*+5
4%% +11x -3 fog:S(_x+4)2+5
B X+3
(x+3)(4x-1) Step 2
Simplify the expression.
Step 3 fog=3(-x+4)"+5
State the non-permissible values. fog= 3(—x + 4)(—x +4)+5
(x+3)(4x-1)=0 fog=3(x"-8x+16)+5
X+3#£0  4x-1#0 fog=3x>—24x+48+5
X #-3 4x 21 fog=3x"-24x+53
X # 1
4 c) Stepl

Replace xin g(x) with —x+4.

The non-permissible values of x are -3 and l .
4 g(x)=-x+4

geg=—(-x+4)+4

Not for Reproduction 15 Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

Step 2
Simplify the expression.
gog=—(-x+4)+4
goeg=x—-4+4
geg=X

2. Stepl

Replace variable x in g(x) with the function f (x).

9(x)=——

1
(x+3)2 —-(x+3)
Step 2
State the non-permissible values.
(x+3)2 —(x+3)=0
X2 +3Xx+3x+9-x—-3%0
x> +5x+6=0

o f

(x+2)(x+3)=0
X+2#0 x+3=#0
X#—2 X#—-3

The non-permissible values of x are —2 and —3.

Step 3

Simplify the expression.

.

(x+3)" —(x+3)
1

T X 43X43x49-x-3
1

T X2 15x+6

gof:

gof
gof

Therefore, go f = , Where x #-2

x> +5x+6
and x=-3.

3. a) Step1l
Calculate the value of g(2).
g(x)=x+3
9(2)=2+3
9(2)=5

Step 2
Calculate the value of (g(2)).

Since g(2)=5, find the value of f(5).

f(x)=-2
f(5)-c
f(5)-2
f(5)-3

b) Step1l
Calculate the value of f (-5).
f(x)= Xizl
(-5)= 5+1
f(-5)= —g
f(-5)= -5
Step 2

Calculate the value of g( f(-5)).

Since f(—5):—%,find the value of g(—%].

g(x)=x+3

1 1
~Z|=-Z+3
o 3)-3+
[_EJ__1+§
92 22

Therefore, g(f (—5)) :g ,or2.5.

c) Stepl
Calculate the value of f (7).
2
f(x)=—
() x+1
2
f(7)=—
() 7+1
2
(7)==
(7=
1
f(7)==
(7)=4
Step 2
Calculate the value of f (f (7)).
Since f(7)= % , find the value of f Gj .
2
f(x)=——
() x+1
f(ij:li
4 —+1
4
1 2
()%
4) 1.4
4 4
1 2
3=
4
fﬁi
4) 5

Therefore, f(f(7))= % orl1.6.
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ANSWERS AND SOLUTIONS

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl

Replace variable x in f (x) with the function g(x).

f(x)=-4x+11
x—-1

fog=—42—|+11
’ [ 5 ]

Step 2
Simplify the expression.

x-1
fog=-—4l 222|411
¢ [ SJ

fog= _4’;+4+11
—4X+4 55
fog= +—
5 5
—4X+4+55
fog=———
5
fogo —4x+59
9975
2. Stepl
Replace variable x in g (x) with the function f ().
x-1
9(x) =
(—4x+11)—l
gof = —F——
5
Step 2
Simplify the expression.
(—4x+1l)—l
gof=t——
5
—4x+11-1
gof ="
5
gof = -4x+10
5
3. Stepl
Replace variable x in f (x) with —4x+11.
f(x)=-4x+11

fof=—4(-4x+11)+11

Step 2

Simplify the expression.
fof :—4(—4x+11)+11
fof=16x-44+11
fof=16x-33

Step 1

Replace variable x in g (X) with XT_l

-1
X —_—
9(x) = c
(x 1j 1
gog_5—
5
Step 2

Simplify the expression.

gog= 5
x-1.5
o] = 5 5
gog 5
x-1-5
og — 5
gog 5
X—6
cg=_2
gog 5
25
Step 1

Calculate the value of g(5).

g(x) =§x+11
9(5)= 2(5)+11
g(5):€+11
9(5)2 13? 333
9(5)-
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ANSWERS AND SOLUTIONS

Step 2
Calculate the value of (g (5)).

Since g (5) = ? , find the value of f (?j )

f(x)=-17-9x

(Snds

3 3
f [% __17-3(43)
f [ﬁj = 17-129

3
f (QJ = -17-129

3
f (ﬁ) _ 146

3

Therefore, f(g(5))=-146.

6. Stepl

1
Calculate the value of g [EJ .

=Zx+11

«
—_

>
~—

«

«

«

le}
NI NP NP N -

N N N N
Il

Step 2

Calculate the value of g {g (%D .

. 1 34 34
Since ¢ (Ej =—, find the value of ¢ (?j .

3

Step 1

Calculate the value of g(-3).
g(x)=3x

9(-3)=3(-3)

g(-3)=-9

Step 2
Calculate the value of h(g(-3)).

Since g(—3)=-9, find the value of h(-9).

Therefore, h(g (—3)) = 7—12 .

Step 1

1
Calculate the value of h ik

1
h(x)=
(x) X% + X
(8
()
— + _
4) \a
1 1
o)
4) 1.1
16 4
1 1
3)-
4) 1. 4
16 16
1 1
35
16
2]
4 5
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ANSWERS AND SOLUTIONS

Step 2 Step 2

1 Using a TI-83 graphing calculator, press and input
Calculate the value of h| h| — ||. the function as Y, = 4X? —8X 5.

Flotl Flotz Flots
1 16 16 \.Ei Bdixe—3K-5
b -

Since h(—j = —, find the value of h(—j x'~.-'§=
4 5 5 sYy=

“Ne=

Ye=
h(X)= 2 :v?:

[EN

j — . Step 3
16 N 16 Use the window settings of x: [-5,5,1] and
5 5 y: [-15,10,1], and press to obtain

1 this window.
J- 75 Vo
25 5

5 = & |V
5) 256 80

= 176 Step 4
— State the domain and range of the composite function.

25 The composite function is a parabola opening upward.

Determine the coordinates of the minimum by pressing

and selecting 3:minimum.

Therefore, h(h(ln =£ .
4 176 \ /
Lesson 3—Graphing a Composition ”\w/
of Functions inimur
%=.99898723 [v=-9
CLASS EXERCISES Therefore, the domain is x e R , and the range
ANSWERS AND SOLUTIONS isy>=-9.
1 Stepl 2. Stepl

Determine the composite function.

Find the composite function. Replace variable x in g(x) with f(x).

Replace variable x in g(x) with f(x), and simplify. g(x)=1x+2
g(x) =x*+6x 3 )
o(f (x)) = (2x-1)" +6(2x-1) 9(f(x)=5(<)+2
g(f(x))=(2x-1)(2x-1)+6(2x-1) e et
g( (X)) =4x - 2x-2x+1+12x -6 o(100)=3x+2

g(f(x))=4x"-8x-5 Step 2

Describe the transformations that occur to f (x).

The graph of f(x)=x? is transformed to the graph of

g(f(x)):%x2+2. Thus, the graph of g( f(x)) is

obtained from f (x) by a vertical stretch factor of %

and a translation 2 units up.
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ANSWERS AND SOLUTIONS

Step 3
Sketch the graph of g( f(x)) :%x2 +2.

The graph of g( f(x)) is the graph of f(x) vertically

stretched by a factor of % and translated 2 units up.

g(flx))

2345

S54-32-1.] 1

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1.

Step 1
Find the composite function.

Replace variable x in f (x) with g(x), and simplify.
f(x)=-x*+2x+1

2
f(g(x)):—(4x+9j +2[%x+9)+1
f(g(x)):—(%x+9j{%x+9j+2(%x+9)+l
f(g(x))=- [116x2+%x+%x+81 +%x+18+1
f(g(x))=- [%x2+%x+81j+jx+19
f(g(x))=- 116)(2_%)( 81+ix+19
f(g(x)):—%xz—%x 62
f(g(x))=—%x2—4x—62

Step 2

Using a TI-83 graphing calculator, press , and input
the function as Y, =—(1/16)X* —4X —62..

Flotl Flokz Floks
\Eéﬂ “ClolEHE-4

wMe=
N r=
=
wNe=
“NE=

Step 3
Use the window settings of x: [-90,20,10
and y: [-100,20,10], and then press | GRAPH

to obtain this window.

/[

Step 4
State the domain and range of the composite function.

The composite function is a parabola opening downward.

Determine the coordinates of the minimum by pressing

and selecting 4:maximum.

/N

Therefore, the domain is xe R, and the rangeis y<2.

Step 1
Find the composite function.

Replace variable x in f (X) with 5x—x*, and simplify.
f(x)=5x-x’

—25x? +10x° —
=25x —30x% +10x% - x*

f(f(x)):5(5x—x2)—(5x—x2)z
f(f(x))=5(5x—x2)—(5x—x2)(5x—x2)
f(f(x))=25x-5x"—(25x* ~5x* ~5x> + x")
f(f(x)):25x 5x? (25x 10x3+x4)
F(f(x))

(1 (x)

Step 2
Using a TI-83 graphing calculator,
press , and input the function as

Y, = 25X —30X2 +10X"3— X"4 .

Flotl Flotz Flots
S E2TH-3AKE 10
I=r"d

wMe=
~ =
wMNy=
wMe=

“NE=
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ANSWERS AND SOLUTIONS

Step 3

Use the window settings of x: [-10,10,1] and
y: [-10,10,1], and then press | GRAPH | to obtain

this window.
Step 4

State the domain and range of the composite function.
Determine the coordinates of each maximum by pressing

and selecting 4:maximum.

Wi

=625

Wi

H=4.4xE49 IYV=6.2E

Haxirur
H=.EeE0rE

Therefore, the domain is X € R, and the range
is y<6.25.

Step 1

Determine the composite function.

Replace variable x in g(x) with f(x).
g(x)=2x+4

g(f(x)=2(x*)+4

g(f(x))=2x*+4

Step 2

Describe the transformations that occur to f (x)

to obtain g( f (x)). Thegraphof f (x)=x*is
transformed to the graph of g ( f (x)) =2x*+4. Thus,
the graph of g( f (X)) is obtained from f (x) bya

vertical stretch factor of 2 and a translation 4 units up.

Step 3
Sketch the graph of g ( f (X)) =2x*+4.

The graph of g ( f (x)) is the graph of f (X) vertically

stretched by a factor of 2 and translated 4 units up.
18U

& 4
=21

Step 1
Determine the composite function.

Replace variable x in f (x) with g(x).
f(x)=x?

f(9(0)=(4(x-5))

Step 2
Describe the transformations that occur to  f (x)

to obtain f (g (x)).

The graph of f (X)=x" is transformed to the graph of
f (g (X)) = (4(x —5))2 . Thus, the graph of
f (g(x)) is obtained from f (x) by ahorizontal

1 . . .
stretch factor of " and a translation 5 units to the right.
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ANSWERS AND SOLUTIONS

Step 3 Step 3
Sketch the graph of f (g (x)) = (4(x —5))2 , Sketch the graph of f(g(x)) :(4(x—5))2 .

The graph of f (g(x)) is the graph of f (x) stretched The graph of f(g(x)) is the graph of f(x) stretched
. 1 .
horizontally by a factor of % and translated horizontally horizontally by a factor of n and translated horizontally

5 units to the right. 5 units to the right.

Y

i
3

‘ 1(glx))
f(g(x) | , , | | .
Ly 4 [ 2 4 6 8
6 | 8 1l
4 Stepl Practice Test
Determine the composite function.
ANSWERS AND SOLUTIONS
Replace variable x in f (x) with g(x).
f(x)=x* , 1. Step1l
f(g(x))=(4(x-5)) Substitute 3x+16 for f(x) and 3x*+10x—32 for
g(x) into the expression f(x)+g(x).
Step 2 ,
Describe the transformations that occur to f (x) to f(x)+9(x)=(3x+16)+ (3X +10x _32)
obtain f(g(x)). Step 2
Combine like terms, and simplify.
The graph of f(x)=x? is transformed to the graph of f(x)+g(x)
2 =(3x+16)+(3x* +10x—32
f(9(x)) = (4(x-9))" (3x+16)+ )
=3x+16+3x"+10x - 32
_3y? _
Thus, the graph of f(g(x)) is obtained from f (x) by =3 +13x-16
2. Step1l

a horizontal stretch factor of l and a translation 5 units )
4 Substitute X* +4 for h(x) and 3x+16 for f (x)

to the right.
o mend into the expression h(x)— f (x).

h(x)-f(x) :(x2 +4)—(3x+16)

Step 2
Combine like terms, and simplify.

h(x)-f(x)

= (% +4)-(3x+16)
=x?+4-3x-16
=x?-3x-12
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ANSWERS AND SOLUTIONS

3. Step1l Step 4
1 ) Reduce the rational expression.
Substitute —— for k(x) and 3x° +10x—32 for f
X—2 (x)
g(x) into the expression k(x)g(x). 9(x)
1 _ 3x+16
N 2 _ = T Ao
k(x)g(x)—[x_zJ(Bx +10x 32) (3x+16)(x—2)
1
Step 2 X=2
State the non-permissible values.
x=2=0 5. Stepl
X#2 Replace variable x in k (x) with the function f (x).
The non-permissible value of x is 2. k (X) = 1
X—2
Step 3 kof = 1
Reduce if possible. ohE (3x+16)-2
(L)(sx2 +10x-32)
X—2 Step 2
(3x+16)(x—2) State the non-permissible values.
- ) (3x+16)-2=0
=3x+16 3X+16#2
3x=-14
4. Stepl 14
Substitute 3x+16 for f(x) and 3x* +10x—32 for X#03
g (X) into the expression f EX; . The non-permissible value of x is —% .
g(x
Step 3
f(x) _ 3x+16 Simplify the expression.
g(x) 3x*+10x-32 Ko f = 1
(3x+16)—2
Step 2 1
Factor the denominator of the rational expression. kef=—"—
3x+16-2
f(x) _ 1
g(x) 3x+14
_ 3x+16
=
3x° +10x—32 Therefore, ko f = , where X # —E )
__ 3x+16 3x+14 3
(3x+16)(x—2)
6. Stepl
Step 3 Replace variable x in g (x) with the function f ().
State the non-permissible values. o2
(3x+16)(x—2) %0 9(x)=3x" +10x~32
341620 (220 gof =3(3x+16)" +10(3x+16)—32
3x#-16 X#2 Step 2
X % _E Simplify the expression.
3 16 go f =3(3x+16)" +10(3x+16) - 32
The non-permissible values of x are 3 and 2. go f =3(3x+16)(3x+16)+10(3x+16)—32
go f =3(9x* +96X+256)+30x+160—32
go f =27x%+288x+768+30x +128
go f =27x*+318x+896
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7.

Step 1

Replace variable x in h(X) with the expression X* +4.

h(x)=x*+4
h(h(x))=(x2 +4)2 +4

Step 2
Simplify the expression.

h(h(x)) —(x2 +4)2 +4

h(h(x))= (x2+4)(x2+4)+4
h(h(x))=x"+4X* +4x* +16+4
h(h(x))=x*+16x*+20

Step 1

Replace variable x in g (x) with the function h(x).
g(x)=3x"+10x—32
g(n(x))=3(x* +4)  +10(x* +4)-32

Step 2
Simplify the expression.

g(h(x))=3(x* +4)2 +10(x* +4)-32

g(h(x)):S(xz+4)(x2+4>+10(x2+4)—32
g(h(x))=3(x* +4x* +4x* +16)+10x" + 4032
g(h(x))=3(x* +16x* +16)+10x* +8
g(h(x))=3x" +48x* +48+10x" +8
g(h(x))=3x" +58x" +56

Step 1

Calculate the value of f (6)

f(x)=x*+6

f(6)=(6)"+6

f(6)=36+6

f(6)=42

Step 2

Calculate the value of g( (6)).

Since f(6)=42, find the value of g(42).

9(0=-="
12(42)
(12) ==
(42)- -7
g(42)=-72

Therefore, g(42)=-72.

10. Step1
Calculate the value of g(10).
1
g(x)——§
1
o )__5(10)
1
10)=-—
g( ) 50
Step 2

11.

Calculate the value of g(g(10)).

Since g(10) = —5—10 , find the value of g(g(10)).

Therefore, g(g(10)) =

Step 1
Determine the composite function g ( f (x)) :

Replace variable x in g(x) with f(X), and simplify.

g( )=3x-19
g(f(x))=3(x+1)-
g(f( ):3x+3 19
g(f(x))=3x-16

Step 2
Determine the value of x in the composite function.

Substitute 2 for g ( f (x)) , and solve for x.

g(f(x))=3x-16
2=3x-16
18 =3x
6=Xx

Therefore, the value of x is 6.
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12.

13.

14.

Step 1

Replace variable x in f (x) with g(x).
f (x)=-6x"+x

f(g(x))=-6(x+4)" +(x+4)

Step 2

Simplify the expression.

f(g (><))——6(><+4)2 +(x+4)
f(g(x))=-6( (x+4)" +(x+4)
f(g(x))= 6(x+4 (x+4)+(x+4)
f(g(x))=-6(x"+4x+4x+16)+x+4
f(g(x)):—ﬁ(x2+8x+16y+x+4
f(g(x))=—6x"—48x—96+x+4
f(g(x))=—6x*—47x-92
Step 1
Using a T1-83 graphing calculator, press | Y =|, and input
the function as Y, = —6X* —47X—-92.
Flotl FIote Fiets
SVMIECERE—4TR-92
M=
“Na=
“Ny=
“Ne=
~Ne=
wNe=
Step 2

Use the window settings x:[-10, 5, 1] a
nd y:[-100,10,10] and press | GRAPH | to obtain this
window.

/)

The composite function is a parabola opening downward.

Determine the coordinates of the maximum

by pressing TRACE | and selecting 4:maximum.

[\

Hu:-:.
351556.‘-‘ ¥=.04166667

Therefore, the domain is X € R, and the range
is y<-0.0417 .

15. Step1

Determine the composite function.

Replace variable x in h(x) with g(x).
h(x)=2x-10

h(g(x))=2(x*)-10

h(g(x))=2x*-10

Step 2
Describe the transformations that occur to g (X) = X* to

obtain h(g(x)).

2

The graph of g(X) =X
h(g(x))=2x*—10. Thus, the graph of h(g(x)) is

obtained from g (X) by a vertical stretch factor of 2 and

is transformed to the graph of

a translation 10 units down.
Step 3
Sketch the graph of h(g(x))=2x*-10.

The graph of h(g (x)) is the graph of g(x) vertically
stretched by a factor of 2 and translated 10 units down.

Y
[
g(x)
124
{4
44
—t—t p——f——t—>x
~-12 -8 | -4 4 8 12
hig(x))
121
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ANSWERS AND SOLUTIONS

INVERSE RELATIONS

Lesson 1—Graphs of
Inverse Relations

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1.

Step 1
Display points on the graph of y = f (x) using a table
of values.
X y
-8 -5
4 | -2
1 -3
5 2
7 1
Step 2

Reflect the points across the line y = x by interchanging
the x- and y-coordinates.

X y
-5 -8
-2 -4
-3 1
2 5
7
Step 3

Plot and connect the reflected points.

The result is the graph of the inverse relation, which
is a reflection of the graph of y = f (x) through the

line y=x.

Step 1
Determine the domain and range of y = f(x).

From the given graph, the domain is x> -5 and the
rangeis y<2.

Step 2
Determine the domain and range of the inverse relation.

The domain of the inverse relation is the range of
y = f(x). The range of the inverse relation is the

domain of y = f(x).

Therefore, the domain of the inverse relation is x < 2
and therange is y >-5.

Apply the horizontal line test to determine if the inverse
of y=f(x) isa function.

The graph of y = f(x) does not pass the horizontal line

test because the line passes through more than one point
on the graph of the function.

Therefore, the inverse graph of y=f (x) is not
a function.
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Step 1
Sketch the inverse of y = f (x).

Points on the graph of y = f (x) are (-5,-5), (-3, 0),

(-2,-0.5), (-1, -1), and (1, 4). Therefore, points on the
inverse graph are (-5, -5), (0, -3), (-0.5, -2), (-1, -1),
and (4, 1).

Plot and join the new points to obtain the inverse graph.

},

[

Ty =1

8_-

6__

4-- 1.

ol =70
—— >
246810

Step 2
Restrict the domain of y = f (x) in order for its inverse

to be a function.

For the inverse to be a function, the range should be
y>-1 or y<-3. Therefore, the domain of y=f (x)

should be either x> -1 or x <—3 in order for its inverse
to be a function.

When y = f(x) hasadomain of x>-1, the inverse

graph has arange of y>-1.
¥

y=f) xz 1

i1 1Y 3

When y = f(x) has adomain of x<-3, the inverse
graph has a range of y <-3.

1
1T

PRACTICE EXERCISES

ANSWERS AND SOLUTIONS
Step 1
Display points on the graph of y = f (x) using a table
of values.
X y
-3 8
-2 4
-1 2
0 1
Step 2

Reflect the points across the line y = x by interchanging
the x- and y-coordinates.

X y
8 3
4 2
2 1
1 0
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Step 3
Plot and connect the reflected points. The resultis a
reflection through the line y = x.

Step 1
Display points on the graph of y = f (x) using a table
of values.

X y
-3 -35
-2 -3
-1 -2
0 0
1 4
Step 2

Reflect the points across the line y = X by interchanging
the x- and y-coordinates.

X y
35 | -3
-3 )
2 1
0 0
4 1

Step 3
Plot and connect the reflected points. The result is a
reflection through the line y = X.

Step 1
Display points on the graph of y = f (X) using a table
of values.

X y

-10 5

—6 9

3 -1
Step 2

Reflect the points across the line y = X by interchanging
the x- and y-coordinates.

X y
5 -10
9 -6
-1 3
Step 3

Plot and connect the reflected points.

The result is a reflection through the line y =X.
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4. Stepl 5. Step1l
Sketch the inverse of y = f (x). Sketch the inverse of y = f ().

Points on the graph of y = f (X) are (-2, -8),

Points on the graph of y = f (x) are (-1,1), (0, 0), (1, 1), and (2, 8). Therefore, points on the
(-9, 0), (-6,-6), (-1,-7), (3, 1), and (7, 2). inverse graph are (-8, -2), (-1, -1), (0, 0), (1, 1), and
(8, 2).
Therefore, points on the inverse graph are
(0,-9), (-6,-6), (-7,-7), (1, 3),and (2, 7). Plot and join the new points to obtain the inverse graph.
J,‘
Plot and join the new points to obtain the inverse graph. 10_‘_
y

3 8
HoT
8.._

-

Step 2
Apply the vertical line test.
Step 2 y

Apply the vertical line test. o}

(=)
1
T

108

L
=

L
+

Since the inverse graph passes the vertical line test, it is a
—107 function.

Since the inverse graph does not pass the vertical line
test, it is not a function.

Step 3

Restrict the domain of y = f () in order for its inverse
to be a function.

For the inverse to be a function, the range
shouldbe y>—-1 or -1<y<-9,

Therefore, the domain of y = f (X) should

be either X>—1 or —1< X < -9 in order for
its inverse to be a function.
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Step 1
Sketch the inverse of y = f (x).

Points on the graph of y = f (X) are (-1, 2), (0, 4), and

(1, 2). Therefore, points on the inverse graph are (-2, —
1), (4,0), and (2, 1).

Plot and join the new points to obtain the inverse graph.
¥y

10

[} S e o]

108 6 4 2 46810

Step 2
Apply the vertical line test.
¥y

Since the inverse graph does not pass the vertical line
test, it is not a function.

Step 3
Restrict the domain of y = f (X) in order for its inverse
to be a function.

For the inverse to be a function, the range should be
y >0 or y<0. Therefore, the domain of y = f (X)

should be either x>0 or X <0 in order for its inverse
to be a function.

Lesson 2—Equations of
Inverse Relations

CLASS EXERCISES
ANSWERS AND SOLUTION

Step 1
Replace f(x) withy.
y = -10x-8
3
Step 2
Interchange x and y.
xo —10y-8
3
Step 3
Solve fory.
. -10y -8
3
3x=-10y-8
3x+8=-10y
3.8,
10 10
o3, 4
10 5
Step 4

Replace y with f~*(x) if the inverse is a function.

Since y = —% X —g is a linear function, the inverse is

3 4
T(X)=——=x-—.
( ) 10 5

Step 1

Replace f(x) withy.
y=-3x—-6

Step 2

Determine the equation of the inverse relation.

Interchange x and y, and solve fory.

y=-3x-6
X=-3y—6
X+6=-3y
X+6
-3
1
=—=X-2
Y 3
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Step 3
Graph the equation y = —% X=2.

The result is the graph of f™*(x)= —%x -2.

LIS REE S e ]

3. Stepl
Replace f(x) withy.

y=x"+4x+4

Step 2
Interchange x and y.
X=y>+4y+4

Step 3
Solve fory.

Xx=y +4y+4

x=(y+2)?
iﬁ=y+2

y=-2£x

Since the inverse is not a function, the equation of the
inverse remainsas y=-2+ \/; .

4. a) Stepl

Replace f(x) withy.
y= (x—2)2

Step 2
Determine the equation of the inverse relation.

Interchange x and y, and solve fory.
y=(x- 2)2

(y-2)

y-2

y

N
N

H o+

2

Step 3
Determine a table of values for the inverse relation.
y=2+Jx y=2-x
X y X y
0 2 0 2
1 3 1 1
4 4 4 0
9 5 9 -1
16 6 16 -2
Step 4

Plot and connect the points of the inverse relation.

The result is the graph of y=2+ Ix .

b) Step1l
Sketch the graph of y =(x - 2)2 and its inverse

y:Zi\/;.

¥
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Step 2
Restrict the domain of y = (x—2)° so its inverse is
a function.

For the inverse to be a function, the range should be
y>2 or y<2. Therefore, the domain of

y=x"-2 shouldbe x>2 or x<2.

Step 3
Verify the restriction graphically.

When y = (x—2) has a domain of x> 2,
the inverse graph is defined by y=2++/x .

¥

—t ¥ — —t——+——+—t+»x
—4—22 24681012 14116
4
=6
=&

When y =(x~2)" has a domain of x<2, the
inverse graph is defined by y = 2-Jx.

y

1
y={x-2Y,x<2

~10-8 —6 -4 |2
2

Both inverse graphs pass the vertical line test.

Step 1
Replace f(x) withy.

y=7(x+2)" -1

Step 2
Interchange x and y, and solve fory.

y=7(x+2)" -1
x=7(y+2) -1

—==(y+2)

Step 3
Apply the restriction on the domain.

The domain of f (x) is restricted to x-values on the left
of the vertex.

Therefore, the inverse function is defined by the negative

radical and can be stated as f *(x)=-2— XTH .

PRACTICE EXERCISES

ANSWERS AND SOLUTIONS
Step 1
Replace f(x) withy.
1
=—x-13
y 2
Step 2
Interchange x and y.
1
X==-y-13
> y
Step 3
Solve fory.
1
x==y-13
> y
1
X+13=—=
+ 5 y
y =2X+26
Step 4

Replace y with f*(x) if the inverse is a function.

Since y =2x+26 isa linear function, the inverse is
f(x)=2x+26.
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2. Step1l
Replace f(X) withy.

3
=——Xx+15
y 2

Step 2
Interchange x and y.
3
X=——y+15
5 y
Step 3
Solve fory.
x——§y+15
2
3
x=15=——
5 y
2x—-30=-3y
2
=——x+10
y 3

Step 4
Replace y with f (X)) if the inverse is a function.

. 2 L . . .
Since y = _§ X+10 is a linear function, the inverse is

f’l(x)=—§x+10.

3. Stepl
Replace f(X) withy.
7
=-5X+—-
y 2
Step 2
Interchange x and y.
7
X=-5y+—
y 2
Step 3
Solve fory.
X = —5y+Z
2
2x =-10y+7
2x—7=-10y
2x—=7
-10
y—-Lxal
5 10

Step 4
Replace y with f (X)) if the inverse is a function.

. 1 - . . .
Since y = 5 X +— is a linear function, the inverse is

Step 1
Replace f(X) withy.

y = x> +14x+49

Step 2
Interchange x and y.

X =y’ +14y +49

Step 3
Solve fory.

X =y>+14y+49
x=(y+7)(y+7)

x=(y+7)2
X =y+7
y=-7+x

Since the inverse is not a function, the equation of the
inverse remainsas y =—7* \/;

Step 1

Replace f(X) withy.
y:(x—3)2+12
Step 2

Interchange x and y.

2
x=(y-3) +12
Step 3
Solve fory.

x:(y—3)2+12
x—12:(y—3)2
+x-12=y-3
y=3+£4/x-12

Since the inverse is not a function, the equation of the
inverse remains as Yy =3+ x—12 .

Step 1
Replace f(X) withy.

y:(x+1)2
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Step 2
Interchange x and y.

x=(y+1)2

Step 3
Solve fory.

x:(y+1)2
J_r\/;=y+1
y=-1x

Since the inverse is not a function, the equation of the
inverse remainsas y = -1+ Ix.

7. Stepl
Replace f(X) withy.
y= —4x+3
6

Step 2
Determine the equation of the inverse relation.

Interchange x and y, and solve fory.

_ —Ax+3
6
X:—4y+3
6
6x=-4y+3
6x-3=-4y
6x-3
—4
y———x+E
2 4
Step 3

3 3
Graph the equation y = _E X +Z.

The result is the graph of f*(x)= —g X +% .

Ny
108642 IN 416 810
4t
=b1
=81

10t

Step 1
Replace f (X) withy.

y:(x—5)2

Step 2
Determine the equation of the inverse relation.

Interchange x and y, and solve fory.
2
y =(x-5)
x=(y-5)
J_r\/; =y-5

y=5%++/x

Step 3
Determine a table of values for the inverse relation.

y=5+x y=5-x

O (|, |O|X

O |FP,|O|X
O |0 (N[ | oI
P IN WO <

16

Step 4
Plot and connect the points of the inverse relation.

The result is the graph of y =5% Jx.
y

y=5ﬂ:\!;

—t —t——+——+—»x
=2 2468101211416

|
¥

Step 1
Replace f(X) withy.

y=2(x-11)° +12
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10.

Step 2
Interchange x and y, and solve fory.

y=2(x-11)" +12
x=2(y-11)" +12
x—12=2(y-11)’

1 2
“x-6=(y-11
5 x=6=(y-11)

’1
+,/=x-6=y-11
5 y
1
=11+ }—X—G
y 2
Step 3

Apply the restriction on the domain.

The domain of f (X) is restricted to x-values on the left
of the vertex.

Therefore, the inverse function is defined by the negative

radical and can be stated as f ™ (x) =11 /%X—B :

Step 1
Replace f(x) withy.

y=(x-7)

Step 2
Interchange x and y, and solve fory.

y:(x—7)2

x:(y—?)2
i\/;zy—7

y=7+x

Step 3
Apply the restriction on the domain.

The domain of f () is restricted to x-values on the
right of the vertex.

Therefore, the inverse function is defined by the positive
radical and can be stated as f *(x)=7 +Jx.

Lesson 3—Determining Whether Two
Functions Are Inverses

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Compose the two functions as g(h(x)), and simplify.

g(x)=2x—-4
(h( )):2(%x+8]—4
(h(x))=x+16-4
h(x))

g(h(x))=x+12

g X
g X

Since the composition of the two functions does not
simplify to x, the functions are not inverses.

2. Compose the two functions as f (g(x)), and simplify.

f(x)=4x*+7

f(g(x)):4[ )(;7]2+7

Since x>0, then \/x_zzx.
o(f(x)) =¥
9(f (x)=x

Since the result is x in both cases, the functions
are inverses.
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3. On the same axes, sketch the graphs of y = %x -3,

y:—%x+3,and y=X.

=10+

The graphs of y:%x—3 and y:—%x+3 are not

reflections of each other through the line y =x.
Therefore, the functions are not inverses.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. Compose the two functions as f(g(x)), and simplify.

1 1
g(x):5x+E
0(f(x) =521+
11
g(f(x)):x—5+E
9(f(x)=x

Since the result is x in both cases, the functions
are inverses.

Compose the two functions as f (g (x)) , and simplify.

f(x)zJZSES_—x
f(g(x))=/36-(x*-36)
f(9(x))=v36-x*+36
fo(x)=v=x

Since the composition of the two functions does not
simplify to x, the functions are not inverses.

Compose the two functions as f (g (x)), and simplify.
f(x)=-12x+10

f(g(x)):—12[—%x+§j+10

f(g(x))=x-10+10

f(g(x)=x

Compose the two functions as ¢ (f (x)) , and simplify
1 5

g(x)= _EX+€

g(f(x)= —%(—12x +10)+=
10 5

g(f(x)= X-5%%

g(f(x)= x—g+§

9(f(x)=x

Since the result is x in both cases, the functions
are inverses.

Compose the two functions as f (g (x)) , and simplify.
f (x)=x* +16x+64

Since the composition of the two functions does not

simplify to x, the functions are not inverses.
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Compose the two functions as f (g (x)) , and simplify.

Practice Test

f(x)=2x+5
X 5 ANSWERS AND SOLUTIONS
f(g(x))=2 > +5
f(g(x))=x-5+5 1. Step1l
f (g (x)) —x Display points on the graph of y = f (x) using a table
of values.
Compose the two functions as g ( f (x)), and simplify N y
(x)=%- ] 3 7
2 2 5 3
g(f(x))_(2x+5)_§ . .
2 2 *0 :
2X+5-5
f(x))=
9(f (%)==, .
2X
g(f(x))—? Step 2
g ( f (x)) =X Reflect the points across the line y =x by interchanging
the x- and y-coordinates.
Since the composition of these two functions simplifies
to x, they are inverses. X y
-7 -3
On the same axes, sketch the graphs of y =—-6x+1, 3 )
y:—1x+1,and y=X. 1 -1
6 6 5 0
Step 3
Plot and connect the reflected points.
The result is a reflection through the line y=x.
¥
1o} -
N el am
/I
//
,I
i /’ )
X
46810
The graphs of y =—6x+1 and y = —% X +E are
reflections of each other through the line y = x.
Therefore, the functions are inverses.
37 Pre-Calculus 12 SNAP
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ANSWERS AND SOLUTIONS

2.

Step 1

Display points on the graph of y = f (X) using a table

of values.
X y
-8 2
-6 0
4 2
-2 0
0 2
2 4
4 6
6 8

Step 2

Reflect the points across the line y = X by interchanging
the x- and y-coordinates.

o
|
o))

oo~ IN| O
oA~ |IN|O

Step 3
Plot and connect the reflected points.

The result is a reflection through the line y = X..

3.

Step 1

Apply the horizontal line test to the graph of y = f (x).
:l’)

[

10t

8__

6__

y=x)

£
+

The graph of y = f (X) does not pass the horizontal
line test. Therefore, the inverse graph is not a function.

Step 2
Determine the domain and range of y = f (X).

From the given graph, the domain is —8 < x <5 and the
rangeis —7 <y <7,

Step 3
Determine the domain and range of the inverse relation.

The domain of the inverse relation is the range of
y = f(X). The range of the inverse relation is the

domain of y = f(x).

Therefore, the domain of the inverse relation is
—7<X<7 andtherangeis -8<y<5.

Step 1
Replace f(X) withy.

1
==X+6
y 4
Step 2
Interchange x and y, and solve fory.

1
=—X+6
y 4
1
X==Yy+6
4y
x—6=ly

4
y=4x-24

The inverse relation is defined as Y =4Xx—24 .
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Step 3
Determine the x-intercept on the graph of y =4x—-24 .

Let y =0, and solve for x.
y=4x-24
0=4x-24

24 = 4x
X=6

Therefore, the x-intercept on the graph of y =4x—-24
is (6, 0).

5. Step1l
Replace f(X) withy.

2
=—X+7
y 3

Step 2
Determine the equation of the inverse relation.

Interchange x and y, and solve fory.

2
X=—y+7
3y
2
X—7=—
3y
3x-21=2y
3
=—x-10.5
y 2

Step 3

Graph the equation y = g x—-10.5.

The result is the graph of f*(x) = g x—105.

-
T

6T 1= 3x-105

108 6 4 2 :

—104

BEy AN

6. Stepl
Replace f(X) withy.

y=(x-5)"+4

Step 2
Determine the equation of the inverse relation.

Interchange x and y, and solve for y.

x=(y- 5)2 +4
x—4=(y-5)
+x-4=y-5
y:Sin—4
Step 3
Determine a table of values for the inverse relation.
y=5+J;jZ y=5-+X-4
X y X y
4 5 4 5
5 6 5 4
8 7 8 3
13 8 13 2
Step 4

Plot and connect the points of the inverse relation.
The result is the graph of y =5+ +Xx—4 .

f 3

y=5+tvVx+4

=2 2

46 8

T
101214

Step 5

Restrict the domain of f (x)= (x—5)2 +4 soits
inverse is a function.

For the inverse to be a function, the range should be
y=>5or y<5.

Therefore, the domain of f (x) = (x—5)2 +4 should
be x>5 or x<5.

Step 1
Replace f(X) withy.

y= 5(x+10)2 +2
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Step 2
Interchange x and y, and solve fory.

y=5(x+10)2 +2
x:5(y+10)2 +2
x—2=5(y+10)’

U2 (y 40y

(x-2)

+ =y+10
5 y

(x-2)
=10+,
y 5

Step 3
Apply the restriction on the domain.

The domain of f (X) is restricted to x-values on the left
of the vertex.

Therefore, the inverse function is defined by the negative

_ 0|22

radical and is expressed as f ™ (x) c

8. Stepl
Compose the two functions as f (g (x)) , and simplify.

f(x)=2(x-4)"+5

f(g(x))= 2([4+ %5}_4}2 5

5

f(g(x)):Z( %J2+5

f(9(x)=

Step 2

Compose the two functions as g ( f (x)) , and simplify.
g(x)=4+ XT_S

g(f(x)):4+\/(2(x—4)2 +5)-5

o(1 () =4+

Step 3
Since x> 4, then (x—4)2 =(x—-4).

g(f (x))=4+(x—4)

Since the composition of the two functions simplifies
to x, the functions are inverses.

9. Compose the two functions as f (g (x)) , and simplify.

f(x):gx+1l

f(g(x))zg(llx—§]+ll
f(g(x)) =5—25x—1+11
f (g(x)):s—;x—lo

Since the composition of the two functions does not
simplify to x, the functions are not inverses.

10. Compose the two functions as f (g (x)) , and simplify.

f(x)=6(x+11)’ 2
f(g(x)):G[[—11+\/§]+ll]
(a0 -o{ 5|
t(a() =[5 |
f(9(x)=x

Compose the two functions as g ( f (x)) , and simplify.

Since x> 11, then J(x+11)" = x+11.

2

g(f(x))=-11+/(x+12)
g(f(x))=-11+x+11
g(f(x))=x

Since the composition of the two functions simplifies to
X, the functions are inverses.

X
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POLYNOMIAL FUNCTIONS

Lesson 1—Defining a Polynomial
Function

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. The function f (x) =37 +5x is not a polynomial

function because it contains a term with a variable as
an exponent.

The function h(x)=5x- JX +1 is not a polynomial

function because it contains a term with an exponent that
is not a whole number.

The function g(x)=x° —g+ 6 is a polynomial function

because the coefficients are real numbers, and the
exponents are positive whole numbers.

2. The leading coefficient is /5 , the degree is 6, and the
constant term is 2.

3. Write the given function in general form.
f(x)=—-6x(3x+1)+ (9%’ = 7)(x+5)+11
f (x)=-18x* —6x+9x° + 45x* - 7x—-35+11
f(x)=27x*-13x+9x*> - 24
f(x)=9x°+27x* —13x - 24

The leading coefficient is 9, the degree is 3, and the
constant term is —24.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. In the given polynomial, the coefficients are all real
numbers, and the exponents are positive whole numbers.
Therefore, the function is a polynomial function.

The leading coefficient is —%, the degree is 1, and the

constant term is ﬁ .
11

2. The equivalent form of f (x)= (4X2 —17)_2 is
f (x)=———— . This function is not a
(4x* -17)

polynomial because it contains a term with a variable in
the denominator.

Express the function in general form.
n(x)=(-7x-1)(x+8)

n(x)=-7x*-56x—x-8

n(x)=-7x*-57x-8

The coefficients are all real numbers, and the exponents

are positive whole numbers.
Therefore, the function is a polynomial function.

The leading coefficient is —7, the degree is 2,
and the constant term is —8.

Express the function in general form.
1
g(x)=—(2x° —3)(5x3 —3J+14
1
g(x)= —[le—Gx3 —15x3 +9]+14

1
g(x)=-10x+6x° +15x3 —9+14
1

g(x)=6x>-10x+15x° +5

The function is not a polynomial function because it
contains a term with an exponent that is not a whole
number.

In the given polynomial, the coefficients are all real
numbers, and the exponents are positive whole numbers.
Therefore, the function is a polynomial function.

The leading coefficient is —Sﬁ , the degree is 5, and
the constant term is 87.

In the given polynomial, the coefficients are all real
numbers, and the exponents are positive whole numbers.
The function is a polynomial function.

The leading coefficient is 32, the degree is 0, and the
constant term is 32.

The function g(X)=2x"*-3x"+7x*+33 isnota

polynomial function because it contains two terms with
negative exponents.

Express the function in general form.
(%) = (—vx+1)(5¢x - 4x)
f(x)= —5x+4xg +5x — 4x
f(x)= 4x% —9x+54X
The function is not a polynomial function because it

contains a term with an exponent that is not a whole
number.
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Lesson 2—Dividing a Polynomial by
a Binomial

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Set up the division expression as x —5)3x* —11x—20 .

Step 1
Divide 3x? by x to obtain the first term in the quotient.
2
3x =3X
X

The first term in the quotient is 3x.
3x

X —5)3x? —11x — 20

Step 2
Multiply 3x by (x—5), and align the product below the

like terms in the dividend.
3x

X —5)3x* —11x - 20

3x? —15x

Step 3
Subtract (3x2 —15x) from (3x2 —11x) , and bring down

the next term (-20).
3x
x—5) 3x* —11x - 20

3x% —15x
4x - 20

Step 4
Divide 4x by x to obtain the second term in the quotient.
X _y

X

The second term in the quotient is 4.
3x+4

x—5)3x? —11x — 20

3x* —15x

4x—-20

Step 5
Multiply 4 by (x—5), and align the product below the

like terms in the dividend.
3Xx+4

x—5)3x? —11x — 20

3x* —15x
4x—20
4x —20

Step 6
Subtract (4x—20) from (4x—20) to determine the
remainder.

3x+4
X —5)3x? —11x — 20

3x? —15x
4x-20
4x-20
0

The quotient is 3x + 4 with a remainder of 0.

The solution can also be written as
3x?-11x—-20
x-5
3x* —11x—20=(x—5)(3x +4).

=3x+4 or

Set up the division expression as
x+7)8x3 +54x% —9x+29 .

Step 1
Divide 8x° by x to obtain the first term in the quotient.
3

8i = 8)(2

X
The first term in the quotient is 8x2.

8x?

X+7)8X" +54x" —9x+29

Step 2
Multiply 8x? by (x + 7), and align the product below the
like terms in the dividend.
8x>
x+7)8x3 +54x* —9x +29

8x% +56x*

Step 3
Subtract (8x° +56x”) from (8x’+54x") , and bring
down the next term (—9x).
8x?
X+7)8X" +54x" ~9x+29
8x® +56x°
—2x* -9x

Step 4

Divide —2x2 by x to obtain the second term in

the quotient.

—2x2
X

—2X

The second term in the quotient is —2x.
8x% —2x
X+7)8X" +54x" —9x+29
8x> +56x*
—2x2 - 9x
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Step 5
Multiply —2x by (x + 7), and align the product below the
like terms in the dividend.

8x% —2x
x+7)8x3 +54x* —9x + 29
8x® +56x°
—2x* —9x
—2x* —14x

Step 6
Subtract ( —2x”~14x) from (-2x* -9x), and bring
down the next term (29).
8x? —2x
x+7)8x3 +54x% —9x + 29
8x° +56x°
—2x% -9x
—2x* —14x
5x+29

Step 7
Divide 5x by x to obtain the third term in the quotient.
5x
2 _5
X

The third term in the quotient is 5.
8x*—2x+5
x+7)8x3 +54x% —9x + 29

8x® +56x2
—2x% —9x
—2x% —14x
5x + 29

Step 8
Multiply 5 by (x+7), and align the product below the

like terms in the dividend.
8x* —2x+5
X+7)8X" +54x" —9x+29
8x2 +56x°
—2x* - 9x
—2x* —14x
5x +29
5x+35

Step 9
Subtract (5x+35) from (5x+29) to determine

the remainder.
8x2 —2x+5
><+7)8x3 +54%% —9x + 29

8x% +56x°
—2x% —9x
—2x% —14x
5x+ 29
5x+35
-6

The quotient is 8x* —2x +5 with a remainder
of -6.

The solution can also be written as
3 2
8x° +54x° —9x +29 8% —2x4+3 6 or
X+7 X+7
8x% +54x* —9x + 29 =(x+7)(8x2 —2x+3)—6 .

The expression (12x+9x°) is equivalent to

(9x2 +12x + 0) . The division expression is
x-11)9x* +12x+0 .

The complete division process is as shown:
9x+111
X —11)9x* +12x+0
9x? —99x
111x+0

111x-1221
1221

The quotient is 9x+111 with a remainder of 1 221.

The solution can also be written as
2
9x“ +12 :9x+9+1221
x—11 x—11
9x* +12=(x—11)(9x+9)+1 221.

or

The root of (x—6) is 6.

Step 1
Express the divisor and dividend in synthetic division
form, and bring down the first coefficient (5).

6|5 -30 -3 18 1 -6
{
5

Step 2

Multiply 6 by 5 to get 30. Write 30 under —30, and add
to get 0.

6|5 -30 -3 18 1 -6

30
5 0
Step 3

Multiply 6 by 0 to get 0. Write 0 under -3, and add to
get -3.
6|5 -30 -3 18 1 -6

i 30 o

5 0 -3
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Step 4
Multiply 6 by -3 to get —18. Write —18 under 18,
and add to get 0.

6|5 -30 -3 18 1 -6
{ 3 o0 -18
5 0 -3 0
Step 5
Multiply 6 by 0 to get 0. Write 0 under 1, and add to
get 1.
6|5 -30 -3 18 1 -6
{ 30 0-180
5 0 -3 01
Step 6

Multiply 6 by 1 to get 6. Write 6 under —6, and add to
get 0.

6|5 30 -3 18 1 -6
J 30 0 -180 6
5 0 -3 01 0

Step 7

Express the solution in the form

P(x)=D(x)Q(x)+R(x).

The quotient is 5x* —3x? +1 with a remainder of 0.
The result can be stated as

5x° —30x* —3x* +18x* +x -6

:(x+6)(5x4 —3x? +1)

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. The division expression is X + 3| x? —%x -7.

The complete division process is as shown:

11
X_i
3
X+3 xz—gx—7
3
X% +3x
—EX—7
3
—Ex—ll
3

Lo 11 . .
The quotient is x — 3 with a remainder of 4.

Therefore, the solution is

X2 —EX—7:(X+3)(X—E]+4.
3 3

2.

The missing x-term must be added to the polynomial.
Therefore, the division expression is

x—3)2x“—7x3—5x2 +0Xx—2 .

The complete division process is as shown:
2x —x*—8x—24
X—3)2x* —7x =5x* +0x -2
2x* —6x°
—x®—5x?
X3 +3x°
—8x% +0x
—8x° +24x
—24x-2
—24x+72
—

The quotient is 2x* — x*> —8x — 24 with a remainder of
—74.

Therefore, the solution is
2x* —7x3 —5x? +0x -2
=(x-3)(2x° - x* -8x—24)-74

The expression 4x* —5—4x is equivalent to
4x3 — 4x 5. The missing x>-term must be added to the
polynomial. Therefore, the division expression is

x—6)4x3—0x2 _4x-5.

The complete division process is as shown:
4x* + 24x+140
X—6)4x* —0x" —4x-5
4x% — 24x%°
24%% — 4x
24x3 —144x
140x -5
140x —840
835

The quotient is 4x? + 24x + 140 with a remainder
of 835.

Therefore, the solution is
4 —5—4x = (x—6)(4x2 +24x+l40)+835 .
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The expression 8x3 — 5 — 7x — 2x? is equivalent
t0 8x% - 2x% - 7x - 5.

The synthetic division process is as shown:

2|18 -2 -7 -5
l 16 28 42
8 14 21 37

The quotient is 8x? +14x + 21 with a remainder
of 37.

Therefore, the solution is

3 _ 2 _ _
8 Z2X - 7X=5 8x° +14x + 21+—37 .
X—2 X—2

The expression (x* — 1) is equivalent to
(x4 +0x3 +0x* +0x —1) , and the root of (x — 1)
is 1.

The synthetic division process is as shown:
1/2 0 0 0 1
111 1

11110

The quotient is x3 + x? + x 1 with a remainder of 0.

4

X =1,
Therefore, the solution is =X+ X +x+1.

The expression (3x4 —5x2 +12x) is equivalent to

(C‘SX4 +0x® =5x% +12x + 0), and the root of (X+1) is
-1.

The synthetic division process is as shown:
3 0 -5 12 0

_Jh -3 3 2 -14
3 -3 -2 14 -14

The quotient is 3x° —3x? —2x +14 with a remainder of
-14.

Therefore, the solution is
4 2
w — 3)(3 _3)(2 —2X+14—& .
X+1 Xx+1

Lesson 3—The Remainder Theorem

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1

Apply the remainder theorem.

When P(x) is divided by (x—2), the remainder
is P(2).

Determine the value of P(2).
P(x)=x’—4x"+2x+5

P(2)=(2)" - 4(2)" +2(2)+5
P(2)=8-16+4+5
(2)=1

o

2

The remainder is 1.

Step 2
Verify the solution by dividing P(x) by (x—2) using
synthetic division.

2]1 -4 2 5
1 2 4 4
12 -2 1

The remainder using synthetic division is 1.

Step 1
Apply the remainder theorem.

When P(x) is divided by (x+2) (or (x—(-2))),

the remainder is equal to P(-2).

Since the remainder is —18 when P(x) is divided by
(x+2), P(-2)=-18.

Step 2
Substitute —2 for x and —18 for P(x), and solve
for k.

P(x)=x"—7x*+kx+10
-18=(-2)° - 7(-2)* +k(-2)+10
~18=-32-28-2k +10

-18=-50-2k
32=-2k
k=-16

The value of k is —16.
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PRACTICE EXERCISES > itepllthe remainder theorem
ANSWERS AND SOLUTIONS PPy .
When P(x)=-2x>-16x* +§x—19 is divided by
1. Stepl (x—9), the remainder is P(9).

Apply the remainder theorem.
Determine the value of P(9).

When P(x):%x2+5x—13 is divided by (x—4), the P(x):—2x3—16x2+lx—19
3

remainder is P(4).

1
P(9)=-2(9)" -16(9)° +§(9)—19
Determine the value of P(4).
clermicle e velie © @ P(9) = 14581296 +3-19
2
P(X):EX +5x-13 P(9)=-2770
P(4) N +5(4)-13 The remainder is —2770.
P(4)= 8 +20-13
P(4)=15 Step 2
Verify the solution by dividing
The remainder is 15. (—ZXS —16x> +§ X_lgj by (x—9) using synthetic
Step 2 division.
1
Verify the solution by dividing (ZX +5x— 13) by 92 _16 5 _19
(x—2) using synthetic division. J -18 -306 -2 751
1
45 5 13 2 34 Y 5910
3
2 28
1 7 15 The remainder using synthetic division is -2 770.
4. Stepl
The remainder using synthetic division is 15. Apply the remainder theorem.
When P(x) is divided by (Xx—4), the remainder is equal
2. Stepl to P(4).

Apply the remainder theorem.

When P(x)=15x" —4x" ~7 is divided by (x+1), Since the remainder is —7 when P(x) is divided by

the remainder is P(-1) (x—4), P(4) =-7.
Determine the value of P(-1). Step 2
P( ) =15x" —4x° -7 Substitute 4 for x and -7 for P(x), and solve for m.
4 5
P(-1)=15(-1)' ~4(-1)f -7 p()= L it 414
P(-1)=15+4-7 2
P(-1)=12 —7=%(4)3—m(4)2+14
The remainder is 12. _;:7% z ii(;nlfm +14
Step 2 m= S3
Verify the solution by dividing (15x4 —4x° —7) by 16

(x+1) using synthetic division.

-1/-4 15 0 0 0 -7
! 4 19 19 -19 19
-4 19 -19 19 -19 12

The value of m is 5—3 .
16

The remainder using synthetic division is 12.
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5. Stepl Lesson 4—The Factor Theorem

Apply the remainder theorem.

Since dividing f(x) by (x—1) gives a remainder

of 24, f(1)=-24. CLASS EXERCISES

ANSWERS AND SOLUTIONS

Substitute 1 for x and —24 for f(x), and simplify.
f (x) =3 +mx%®+nx-30 1. Apply the factor theorem.
~24=(1)"+m(1)" +n(1)-30
—24=1+m+n-30
—24=-29+m+n
5=m+n

If P(-4)=0, then (x+4) is a factor of P(x).

Evaluate P(-4).

P(x)=x"+9x*-2x+5
P(—4)=(-4)" +9(-4)’ —2(-4)+5
P(—4)=256-576+8+5
f(-2)=-12. P(~4)=—-307

Since dividing f(x) by (X+2) gives a remainder of ~12,

Substitute —2 for x and —12 for f(x), and simplify.
f (x) = x*+mx? +nx—30
~12=(-2)" +m(-2)" +n(-2)-30

Since P(—4)=0, (x+4) is not a factor of
P(x)=x*+9x*-2x+5.

-12=-8+4m-2n-30 2. Stepl
-12=-38+4m-2n Apply the factor theorem.
26 =4m-2n
13=2m-n If P(a)=0,then x—a isa factor of P(x).
Step 2 _ Since P(-5)=0, (x+5) is a factor of P(x).
Set up a system of equations.
Let 5=m+n represent equation @ and 13=2m-n Step 2
represent equation @ . Using synthetic division, find another factor of P(x) by
® 5=m+n dividing it by the known factor (x+5).
®13=2m-n 53 -13 -131 45
I -15 140 45
Step 3

Solve for m and n using the method of elimination. 3 -28 9 0

Add equations @ and @ .

5=m+n The other factor is 3x* —28x+9, and P(x) can be
13=2m-n expressed as P(x)=(x+5)(3x* —28x+9).
18=3m
Step 3
Solve for m. Factor the trinomial 3x* —28x+9.
18=3m
m=6

The factor 3x* —28x +9 is a quadratic trinomial. It can

be factored as (x—9)(3x-1).
Substitute 6 for m in equation @ , and solve for n. ( )( )

c=men Th lete factorization i
5-64+n e complete factorization is
n=-1 P(x)=(x+5)(x—-9)(3x-1).

Therefore, m=6 and h=-1.
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3. Apply the factor theorem.

If (x—10) is a factor of P(x), then P(10)=0.

Substitute 10 for x and 0 for P(x), and solve for k.
P(x)=kx® +14x* — 41x +10
0=k(10)’ +14(10)" - 41(10)+10
0=1000k +1400-410+10
0=1000k +1000
—1000 =1000k
k=-1

The value of k is —1.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. Apply the factor theorem.
If P(6)=0,then (x—6) is a factor of P(x).

Evaluate P(6).
P(x)=3x>-10x’ + 27x - 450

P(6)=3(6)" ~10(6)" +27(6) - 450
P(6) =648 360 +162 — 450
P(6)=0

Since P(6)=0, (x—6) is a factor of
P(x)=3x>—10x" +27x —450.

2. Apply the factor theorem.
If P(~1)=0, then x+1 is a factor of P(x).

Evaluate P(-1).

P(x)=2x"+5x" —x* —14x+1
P(-1)=2(-1)’ +5(-1)" —(-1)’ ~14(-1)+1
P(-1)=-2+5+1+14+1
P(-1)=19

Since P(—1)#0, (x+1) is not a factor of
P(x)=2x"+5x" —x*—14x+1.

3. Stepl
Apply the factor theorem.

If P(a)=0,then x—a isafactor of P(X).

Since P(—1)=0, x+1 isa factor of P(x).

Step 2
Using synthetic division, find another factor of P(x) by

dividing it by the known factor (x+1).
-1 -4 -131 -126

{ -1 5 126

1 -5 -126 0

The other factor is Xx* —5X—126 , and P(x) can be
expressed as P(x) = (x+1)(x2 —5x—126) .

Step 3

Factor the trinomial x*> —5x—126 .

The factor x* —5x—126 is a quadratic trinomial. It can
be factored as (X —14)(x+9).

The complete factorization is
P(x)=(x+1)(x-14)(x+9).

Step 1
Apply the factor theorem.

If P(a)=0,then x—a isafactor of P(x).
Since P(—4)=0, (x+4) is a factor of P(x).

Step 2
Using synthetic division, find another factor of P(x) by

dividing it by the known factor (X +4).

412 48 1 4
l 48 0 4

12 01 O

The other factor is 12x* +1, and P(x) can be expressed
as P(x) :(x+4)(12x2 +l).

Step 3
Factor the binomial 12x* +1.

The factor 12x* +1 is a quadratic binomial that cannot
be factored any further.

The complete factorization is
P(x)= (x+4)(12x2 +1).

Step 1
Apply the factor theorem.

If (x+11) is a factor of P(x), then P(-11)=0.

CASTLE ROCK RESEARCH

48

Copyright Protected



ANSWERS AND SOLUTIONS

Step 2
Determine the value of k.
Substitute —11 for x and 0 for P(x), and solve for k.

P(x)=x*=x>+2x* +kx - 22
0=(-11)" —(~11)° +2(-11)" +k(-11)-22
0=14641+1331+ 24211k — 22
0=16192-11k
11k =16192
k =1472

The value of k is 1 472.
6. Apply the factor theorem.
If (x+2) and (x—1) are factors of
P(x)=2x’—mx+n, P(-2)=0 and P(1)=0.
Step 1
Since P(—2) =0, substitute —2 for x and 0 for P(x) in
P(x)=2x°—mx+n, and simplify.
P(x)=2x°—mx+n
0=2(-2) -m(=2)+n
2m+n=16

Step 2
Since P(1) = 0, substitute 1 for x and 0 for P(x) in

(x)=2x*—mx+n, and simplify.
(%)

0=2(1)
0=2-m+n
n=2

P
P(x)=2x*-=mx+n

m_

Step 3

Set up a system of equations using the simplified
equations.

@2m+n=16

@ m-n=2

Step 4
Solve the system of equations using the method of
elimination.

Add equations @ and @ to eliminate n.
O2m+n=16
® m-n=2

3m=18

Solve for m.
3m=18
m=6

Step 5
Substitute m = 6 into equation @ .
2m+n=16

2(6)+n:16
12+n=16
n=4

Therefore, m=6and n=4.

Lesson 5—The Integral Zero Theorem

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Identify the potential integral zeros of P(x).
The potential integral zeros are the factors of —15.
These factors are +1, +3, £5, and +15.

Step 2
Determine a factor using the factor theorem.

Since -1 is a potential zero, determine if (x + 1) isa
factor of P(x).

P(x)=x>—9x*+23x—15
P(-1)=(-1)" —9(-1)° + 23(-1)-15
P(-1)=-48

Therefore, (x + 1) is not a factor.

Since 1 is a potential zero, determine if (x—1) isa
factor of P(x).

P(x)=x>—9x*+23x—15

P(1)=(1)’ -9(1)° +23(1)-15

P(1)=0
Therefore, (x — 1) is a factor.

Step 3
Find another factor by dividing P(x) by (x-1).
Divide P(x) by (x—1) using synthetic division.
1 -9 23 -15
{ 1-8 15

1 815 0

Another factor is x> —8x+15, and P(x) can be
expressed as P(x)=(x —1)(x2 —8x +15) .
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Step 4
Factor the trinomial (x2 -8x +15) .

The factor (x2 —8x +15) can be factored as
(x=3)(x-5).

The complete factorization is

P(x)=(x+2)(x—3)(x-5).

Step 1

Identify the potential integral zeros of P(x).

The potential integral zeros are the factors of 35.
These factors are +1, +5, +7 and +35.

Step 2
Determine a factor of P(x) using the factor theorem.

Since 1 is a potential zero, determine if (x-1) isa
factor of P(x).

P(x)=x*+10x* +12x* —58x +35

P(1)=(1)" +10(1)’ +12(1)" ~58(1) +35

P(1)=0

Therefore, (x—1) is a factor.

Step 3
Divide P(x) by (x—1) using synthetic division.
110 12 -58 35

{ 111 23 -35

111 23 -35 0

Another factor is (x° +11x* +23x —35), and P(x) can be
expressed as P(x)=(x—1)(x*+11x* +23x—35) .

Step 4
Apply the factor and integral zero theorems to factor

(x*+11x° + 23x - 35).
The potential zeros of (x3 +11x% + 23x — 35) are +1, +5,
+7, and £35.

By inspection, 1 is a zero, and (x—1) is a factor of

(x3 +11x? +23x—35).

Divide (X*+11x* +23x —35) by (x—1) using synthetic

division.

111 23 -35
I 112 35
112 35 0

Another factor is (x* +12x+35) , and P() can be
expressed as P(x)=(x—1)(x —1)(x2 +12x +35) .

Step 5
Complete the factoring process by factoring

(x2+12x+35).

The factor (x2 +12x +35) is a quadratic trinomial

and can be factored as (x+7)(x+5).

Therefore, the complete factorization is
P(x)=(x-1)(x=1)(x+7)(x+5) or

P(x) :(x—l)z(x+7)(x+5) .

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Identify the potential integral zeros of P(x).

The potential integral zeros are the factors of —6.
These factors are +1, +2, £3, and 6.

Step 2

Determine a factor using the factor theorem.
Since 1 is a potential zero, determine if (x — 1) is a
factor of P(x).

P(x)=x*+4x’+x-6
P(1)=(1) +4(1)° +(1)-6
P(1)=0

Therefore, (x — 1) is a factor.
Step 3

Using synthetic division, find another factor by dividing
P(x) by (x—1).

141 -6
J 15 6
156 0

Another factor is (x? + 5x + 6), and P(x) can be expressed
as P(x) =(x—1)(x2 +5x+6) .

Step 4
Factor the trinomial (x2 +5X+ 6) .

The factor (x2 +5%+ 6) can be factored as
(x+2)(x+3).

The complete factorization is
P(x)=(x-1)(x+2)(x+3).
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2. Step1l
Identify the potential integral zeros of P(x).
The potential integral zeros are the factors of —3.
These factors are £1 and £3.

Step 2

Determine a factor using the factor theorem.

Since —1 is a potential zero, determine if (x + 1) isa
factor of P(x).

P(x)=2x>+7x*+2x-3
P(-1)=2(-1)° +7(-1)" +2(-1)-3
P(-1)=0
Therefore, (x + 1) is a factor.

Step 3

Find another factor by dividing P(x) by (x + 1).
Divide P(x) by (x + 1) using synthetic division.

- 7 2 -3
l 2 5 3
2 5 -3 0

Another factor is (2x2 +5x—3), and P(x) can be
expressed as P(x) =(X +1)(2x2 +5x—3) .

Step 4
Factor the trinomial (2x2 +5x— 3) )

The factor (2x2 +5x —3) can be factored as
(2x-1)(x+3).

The complete factorization is
P(x)=(x+1)(2x-1)(x+3).

3. Stepl
Identify the potential integral zeros of P(x).
The potential integral zeros are 1, £2, +3, +4, +6, +8,
+12, and +24.

Step 2
Determine a factor of P(x) using the factor theorem.

Since 2 is a potential zero, determine if (x - 2) isa
factor of P(x).

P(x)=x*-3x>—6x* +28x — 24
P(2)=(2)"-3(2)° -6(2)" +28(2)-24
P(2)=0

Therefore, (X—2) is a factor.

Step 3
Divide P(x) by (X —2) using synthetic division.
211 -3 -6 28 -24

1 2 -2 -16 24

1 -1 -8 12 0

Another factor is (x3 —x? —8x +12) , and P(x) can be

expressed as P(x) = (x—2)(x3 —x?—8x +12) .

Step 4
Apply the factor and integral zero theorems to factor

(x3 —x? —8x +12) .
The potential zeros of (x3 —x?-8x +12) are 1, +2,
+3, +4, +6, and £12.

By inspection, 2 is a zero, and (X - 2) is a factor of

(x3 —x2 —8x+12) .

Divide (x3 —x2 —8x+12) by (x—2) using synthetic
division.
211 -1 -8 12

I 2 2 12

1 1 -6 0

Another factor is (x2 + x—6) , and P(x) can be
expressed as P(x) = (x—2)(x—2)(x2 + x—6) .

Step 5
Complete the factoring process by factoring

(X*+x-6).
The factor (x2 + x—6) is a quadratic trinomial and can

be factored as (X +3)(x—2).

Therefore, the complete factorization is
P(x)=(x=2)(x=2)(x+3)(x—2) or

P(x):(x—2)3(x+3).

Step 1
Identify the potential integral zeros of P(x).
The potential integral zeros are +1, +2, +3,
and 6.
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Step 2
Determine a factor of P(x) using the factor theorem.

Since 1 is a potential zero, determine if (x — 1) is a factor
of P(x).

P(x)=8x"+33x> +12x* —47x -6
P(x)=8(1) +33(1)’ +12(1)" ~47(1)-6
P(x)=0

Therefore, (x — 1) is a factor.

Step 3
Divide P(x) by (x — 1) using synthetic division.
8 33 12 47 6
]h 8 41 53 6
8 41 53 6 O

Another factor is (8x3 +41x* +53x + 6) , and P(x) can

be expressed as
P(x)=(x—1)(8x> +41x" +53x+6)

Step 4
Apply the factor and zero theorems to factor

(8x3 +41x% +53x + 6) .

The potential integral zeros of (8X3 +41x% +53x + 6)
are =1, £2, £3, and 6.

By inspection, -3 is a zero, and (x + 3) is a factor of
(8X° +41x" +53x+6).

Divide (8x® +41x” +53x+6) by (x + 3) using
synthetic division.
-38 41 53 6

l 24 51 -6

8 17 2 0

Another factor is (8x? + 17x + 2), and P(x) can be
expressed as P(x) =(x—1)(x +3)(8x2 +17x+ 2) .

Step 5

Complete the factoring process by factoring

(8x% + 17x + 2).

The factor (8x? + 17x + 2) is a quadratic trinomial that

can be factored as (8x+1)(x+2).

The complete factorization is
P(x)=(x-1)(x+3)(8x+1)(x+2).

Lesson 6—Graphs of Polynomial
Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

When a polynomial function is in factored form
f(X)=(x—1)(x—r,)(x—r,), the zeros will be equal to

ri, r2, and rs.

Step 1
Determine the zeros of the polynomial function
f(X)=(x+7)(x-2)(x+3).

Write the polynomial function in the form
f (X):(X_ﬁ)(x_ 2)(X—r3) :
f(x)=(x+7)(x-2)(x+3)

P00 =(x=(-7)(x=2)(x~(-3))

The zeros of the polynomial function are x = -7, x = -3,
and x = 2.

Step 2

Confirm the solution by graphing
y=X+7)(x-2)(x+3).

Press | Y=], enter Y1= (X + 7)(X - 2)(X + 3),
and press | GRAPH |.

An appropriate window setting is x: [-10, 10, 1]
andy: [-50, 50, 5].

The resulting graph is as shown.

AL
[\

Press , and select 2:zero.

When asked for a left bound, move the cursor to the left
of the first zero, and press | ENTER | When asked for a
right bound, move the cursor to the right of the first zero,

and press | ENTER |.
Press | ENTER | after the “Guess?” prompt.

AL
7

ko
w= 7 =0
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Repeat the process for the second and third zeros.

AL
e\

¥=0

J

¥=0

)
4\

The solution is confirmed, since the graphing calculator
shows that the x-intercepts are at x = -7, x = -3,
and x = 2.

Step 1
Determine the zeros of the function

f(x)= x(x+2)3(x—4)2 )
The zeros of the function are 0, -2, and 4.

Step 2
Determine the multiplicity of each of the zeros.

- Since factor x has an exponent of 1, the zero 0 has a
multiplicity of 1.

« Since the factor (x+2) is cubed, the zero -2 has a
multiplicity of 3.

« Since the factor (x—4) is squared, the zero 4 has a
multiplicity of 2.

Step 3

Determine the behaviour of the graph at the x-intercepts.

 Because the multiplicity of 0 is 1, the graph cuts
the x-axisat x=0.

 Because the multiplicity of —2 is an odd number
greater than 1, the graph is tangent to the x-axis at
X =-2 and crosses it.

 Because the multiplicity of the zero 4 is an even
number, the graph touches, or is tangent to, the x-axis
at x=4.

Step 4

Graph the function f (x)=x(x+ 2)3(x - 4)2 using a

TI1-83 or similar calculator.

Press , and input the function
Y, :X(X+2)"3(X—4)’\2 .

Use the window settings of x: [~ 5,5, 1] and
y: [~ 50, 550, 100], and press | GRAPH | to obtain
this window.

The graph of f(x)=x(x+ 2)3(x —4)2 confirms the
behaviour in step 3.

The zeros of the function f (x) :(x+6)3(x+ 2)(x-2)
arex=-6,x=-2,and x = 2.

The zero —6 has a multiplicity of 3, and the zeros —2
and 2 each have a multiplicity of 1.

Therefore, the degree of the functionis3+1+1=5.

As x — o, the y-values of f(x) will be extremely large
and positive. Also, the extreme ends of the graph are in
quadrants | and II.

Therefore, the degree of f(x) is even.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Write the polynomial function to have the form
f (X):(X—rl)(x— 2)(X—r3) :
f(x)=(x+6)(x-8)(x-1)
F(x)=(x=(-6))(x-8)(x-1)

The zeros of the polynomial function are x = -6, x = 8,
andx = 1.

Write the polynomial function to have the form
f (X) = a(x—rl)(x—rz)(x—rs)(x—rA).
(x)=(2x+16)(x—9)(x)(x+3)
(x)=2(x+8)(x-9)(x-0)(x+3)
(%) =2(x=(-8))(x=9)(x-0)(x~(-3))

The zeros of the polynomial function are X =—8,
Xx=9, x=0,and X=-3.

The zeros of the function f (x)=(x— 7)5 (x+9) are 7

and -9. Since the factor (X —7) has a power of 5, the

multiplicity of the zero 7 is 5. Likewise, the multiplicity
of the zero -9 is 1.
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2
4. The zeros of the function f (x)=x(3x +9)2 (X —%j

1
are 0, -3, and > Since the factors (3x +9) and

1
(X - Ej are squared, the multiplicity of each of the

1
zeros —3 and E is 2. Likewise, the multiplicity of the

zero 0 is 1.

5 a)

b)

Step 1
Determine the zeros of the function

f(x)= —(x—5)4 (x+4)5 .
The zeros of the function are 5 and —4.

Step 2
Determine the multiplicity of each of
the zeros.

 Since the factor (x — 5) has an exponent
of 4, the zero 5 has a multiplicity of 4.

« Since the factor (x + 4) has an exponent
of 5, the zero —4 has a multiplicity of 5.

Step 3

Determine the behaviour of the graph at the
x-intercepts.

» Because the multiplicity of the zero 5 is

an even number, the graph is tangent to the x-
axis at x = 5, but it does not cross it.

« Because the multiplicity of the zero —4 is an odd
number greater than 1, the graph crosses the x-
axisatx =—4.

Step 1
Determine the degree and leading coefficient of the
polynomial.

The degree is 9, and the leading coefficient
is—1.

Step 2
Describe the end behaviour of the graph of the
function.

The degree of f(x):—(x—5)4(x+4)5 is odd,

and the value of a is negative. Therefore, as x — —
oo, the y-values of f(x) will be extremely large and
positive. Also, as x — o, the y-values of f(x) will
be extremely large and negative.

The extreme ends of the graph are in quadrants
Il'and IV.

6.

7.

a)

b)

Step 1
Determine the zeros of the function

f(x)= 2x(x—2)3 (x+10)2 )
The zeros of the function are 0, 2, and —10.

Step 2

Determine the multiplicity of each of

the zeros.

 Since the factor (x) has an exponent of 1, the
zero 0 has a multiplicity of 1.

 Since the factor (x — 2) is cubed, the zero 2 has a
multiplicity of 3.

 Since the factor (x + 10) is squared, the
zero —10 has a multiplicity of 2.

Step 3

Determine the behaviour of the graph at the

x-intercepts.

- Because the multiplicity of the zero 0 is 1,
the graph passes through the x-axis at x = 1.

» Because the multiplicity of the zero 2 is
an odd number, the graph is tangent to the x-
axis at x = 2 and crosses it.

« Because the multiplicity of the zero 10 is an
even number, the graph touches, or is tangent
to, the x-axis at x = —10.

Step 1
Determine the degree and leading coefficient of the
polynomial.

The degree is 6, and the leading coefficient
is 2.

Step 2
Describe the end behaviour of the graph of
the function.

The degree of f(x)= 2x(x—2)3 (x +1O)2 is
even, and the value of a is positive. Therefore, as

X — —oo, the y-values of f(x) will be extremely
large and positive. Also, as

X — oo, the y-values of f(x) will be extremely large
and positive.

The extreme ends of the graph are in quadrants
land Il.

Step 1
Determine the zeros of the graph.
The zeros of the graph are -5, 0, and 4.
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Step 2

Determine the multiplicity of each of the zeros.

- Since the graph is tangent at x = -5 and crosses it, the
multiplicity of the zero -5 is odd and at least 3.

- Since the graph is tangent to the x-axisat x =0 and
X = 4 but does not cross it, the multiplicity of the zeros
0 and 4 is even and at least 2.

Step 3
Determine the minimum degree of the polynomial
function represented by the given sketch.

The degree of a polynomial function is equal to the sum
of the multiplicities of its zeros.

Therefore, the minimum degree of the polynomial
modelled by the given sketch is 3+2+2=7.

Step 1
Determine the zeros of the graph.
The zeros of the graph are -6, —4, -1, and 0.

Step 2

Determine the multiplicity of each of the zeros.

« Since the graph passes straight through the
x-axisat Xx=—-6, x=-1,and x=0, the
multiplicity of each zero is 1.

« Since the graph is tangent to the x-axis at X =—4 and
does not cross it, the multiplicity of the zero —4 is
even and at least 2.

Step 3
Determine the minimum degree of the polynomial
function represented by the given sketch.

The degree of a polynomial function is equal to the sum
of the multiplicities of its zeros.

Therefore, the minimum degree of the polynomial
modelled by the given graph is 1+1+1+2=5.

Lesson 7—Sketching Polynomial
Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine the x- and y-intercepts of the graph of
the function.

According to the factored form, the x-intercepts of the
graph are 2 and 5.

The y-intercept is y=—(0— 2)2 (0—5)2 =-100.

Step 2
Determine the behaviour of the graph at the
x-intercepts.

Since the multiplicity of 2 and 5 is 2, the graph does not
cross but is tangent to the x-axis at x =2 and x = 5.

Step 3
Determine the end behaviour.

The degree of f(x)=—(x— 2)2(x —5)2 is an even
number (4), and the leading coefficient is a negative
number (-1). As x — —oo , the y-values of f(x) will

be extremely large and negative. Also, as x — « ,

the y-values of f(x) will be extremely large and negative.
Therefore, the extreme ends of the graph are in quadrants
Il and IV.

Step 4
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the
zeros and end behaviour to draw a smooth curve through
the points.

y

Step 5
Verify the shape of the graph using a T1-83 or
similar calculator.

Press , and input the function
Y, =—(X-2)"(X-5) .

Use the window settings of x: [-2, 8, 1] and
y: [-120, 20, 10], and press to obtain

this window.

A

The graph obtained on the calculator verifies the shape of
the graph.
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2. Step1l
Apply the factor theorem.
If P(a)=0,then x—a is a factor of P(x).
Since f(3)=0, (x—3) isa factor of f(x).

Step 2
Using synthetic division, completely factor
f (x)=-2x°+8x” + 6x—36 using the known

factor (x-3).

3-2 8 6 -36
I 66 36

-2 212 O

Another factor is —2x* +2x +12, which can be factored
as —2(x—3)(x+2) . Therefore, the complete

factorization is f (x)=-2(x—3)(x—3)(x+2) or
f(x):—2(x—3)2(x+2).
Step 3

Determine the x- and y-intercepts of the graph of
the function.

According to the factored form, the x-intercepts of the
graph are 3 and 2.

According to the general form, the y-intercept is —36.

Step 4
Determine the behaviour of the graph at the x-intercepts.

Since the multiplicity of 3 is 2, the graph is tangent to the
x-axis at x =3, but it does not cross it.

Since the multiplicity of -2 is 1, the graph passes through
the x-axisat x=-2.

Step 5
Determine the end behaviour.

The degree of f (x)=-2x°+8x"+6x—36 isan odd
number (3), and the leading coefficient is a negative
number (-2). As x — —o , the y-values of f(x) will

be extremely large and positive. Also, as x — « ,

the y-values of f(x) will be extremely large and negative.

Therefore, the extreme ends of the graph are in quadrants
Iland IV.

Step 6
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the
zeros and end behaviour to draw a smooth curve through
the points.

Step 7
Verify the shape of the graph using a T1-83 or
similar calculator.

Press , and input the function
Y, =-2X"3+8X"2+6X~-36.

Use the window settings

of x: [-6, 6, 1] and
y: [-40, 10, 5], and press | GRAPH | to obtain

this window.

The graph obtained on the calculator verifies the shape of
the graph.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. The factored form of f(x)=x*(x-5) is
f (x):(x70)3(x75).
Step 1
Determine the x- and y-intercepts of the graph of

the function.

According to the factored form, the x-intercepts of the
graph are 0 and 5.

The y-intercept is y =(0 —0)3 (0-5)=0.
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Step 2
Determine the behaviour of the graph at the x-intercepts.

Since the multiplicity of 0 is 3, the graph is tangent to the
x-axis at x =0 and crosses it.

Since the multiplicity of 5 is 1, the graph passes straight
through the x-axisat x=5.

Step 3
Determine the end behaviour.

The degree of f(x)=x*(x—5) isan even number (4),

and the leading coefficient is a positive number (1).

As x — — , the y-values of f(x) will be extremely large
and positive. Also, as x — o, the y-values of f(x) will
be extremely large and positive.

Therefore, the extreme ends of the graph are in quadrants
land II.

Step 4
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the
zeros and end behaviour to draw a smooth curve
through the points.

R
A

304
201
101

-3 -2 -1
~104

_20.
,30.
—401
_50.
—601
~70+

Step 5

Verify the shape of the graph using a T1-83 or
similar calculator.

Press , and input the function Y1 = X*3(X-5).
Use the window settings of x: [-3, 6, 1] and

y: [~70, 30, 10], and press to obtain
this window.

The graph obtained on the calculator verifies the shape of
the graph.

Step 1
Determine the x- and y-intercepts of the graph of the
function.

According to the factored form, the x-intercepts of the

graph are —4 and %
1 3
The y-intercept is y = —(0+4)2 (O_E) =2.

Step 2
Determine the behaviour of the graph at
the x-intercepts.

Since the multiplicity of —4 is 2, the graph is tangent to
the x-axis at x = —4, but it does not
Cross it.

. o 1. .
Since the multiplicity of E is 3, the graph is tangent to

. 1 .
the x-axis at X = E and crosses it.

Step 3
Determine the end behaviour.

3
The degree of f(x)=—(x+4)2(x—%j isan

odd number (5), and the leading coefficient is a negative
number (-1). As x — —oo, the y-values

of f(x) will be extremely large and positive.

Also, as X — oo, the y-values of f(x) will be extremely
large and negative.

Therefore, the extreme ends of the graph are in quadrants
Il and IV.

Step 4
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the zeros
and end behaviour to draw a smooth curve through the
points.
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Step 5
Verify the shape of the graph using a T1-83 or similar
calculator.

Press , and input the function
Y, =—(X+4)"2(X—(1/2))"3.

Use the window settings of x:

—6,3,1
andy: [—40, 70, 10], and press | GRAPH | to

obtain this window.

\\

The graph obtained on the calculator verifies the shape of
the graph.

3. Stepl
Determine the x- and y-intercepts of the graph of the
function.

According to the factored form, the x-intercepts of the
graph are —6 and —1.

The y-intercept is y = %(0+ 6)2 (0 +1)2 =9,

Step 2
Determine the behaviour of the graph at
the x-intercepts.

Since the multiplicity for both —6 and -1 is 2,
the graph is tangent to the x-axisat X =—6 and x=-1,
but it does not cross at these points.

Step 3
Determine the end behaviour.
1 2 2.
The degree of f(x)= Z(X+6) (x+1)" isaneven
number (4), and the leading coefficient is a positive
1
number (Zj . As X — —oo, the y-values of f(x) will be

extremely large and positive. Also, as X — o, the y-
values of f(x) will be extremely large and positive.

Therefore, the extreme ends of the graph are in quadrants
land II.

Step 4
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the zeros
and end behaviour to draw a smooth curve through the
points.

Y
12-7

—8-7-6-54-3-2-1 12

_2__
Step 5
Verify the shape of the graph using a T1-83 or similar
calculator.

Press , and input the function
Y, =(174)(X+6)"2(X+1)" 2.

Use the window settings of x: [-8,2,1
andy: [-2, 12, 1], and press | GRAPH | to

obtain this window.

The graph obtained on the calculator verifies the shape of
the graph.

4, Stepl
Apply the factor theorem.

If P(a)=0,then x—a isafactor of P(x).
Since f(-1)=0, (x+1) isa factor of f(x).

Step 2
Using synthetic division, completely factor

f (x) = x* +11x* +35x+ 25 using the known factor

(x+l).

11 11 35 25
d -1 -10 -25
110 25 0
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Another factor is X* +10xX + 25 , which can be factored
as (x+5)(x+5) or (x+5)°.

Therefore, the factored form of the function is
f(x)= (x+1)(x+5)2 )

Step 3
Determine the x- and y-intercepts of the graph of the
function.

According to the factored form, the x-intercepts of the
graph are -1 and -5.

The y-intercept is 25.

Step 4
Determine the behaviour of the graph at
the x-intercepts.

Since the multiplicity of —1 is 1, the graph passes through
the x-axisat x =1.

Since the multiplicity of -5 is 2, the graph is tangent to
the x-axis at X =-5.

Step 5
Determine the end behaviour.

The degree of f(x):(x+1)(x+5)2 is an odd

number (3), and the leading coefficient is a positive
number (1). As X — —oo, the y-values of f(x) will be
extremely large and negative. Also, as X — oo , the y-
values of f(x) will be extremely large and positive.

Therefore, the extreme ends of the graph are in quadrants
land I11.

Step 6
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the zeros
and end behaviour to draw a smooth curve through the
points.

¥

\i
=

Step 7
Verify the shape of the graph using a T1-83 or similar
calculator.

Press , and input the function
Y, = XA3+1IXM2+35X+25.

Use the window settings of x: [-8, 2, 1] and
y: [-20, 40, 5], and press | GRAPH | to obtain

this window.

i

/"“x_f

The graph obtained on the calculator verifies the shape of
the graph.

Step 1
Apply the factor theorem.

If P(a)=0,then x—a isafactor of P(x).
Since f(1)=0, (x—1) isa factor of f(x).

Step 2
Using synthetic division, completely factor

f (x) = 4x* +8x* —7x—5 using the known
factor (x—1).

14 8 -7 -5
l 4 12 5

412 5 0

Another factor is 4% +12x+5, which can be factored

as (2x+5)(2x+1) or 4(x+g)[x+%).

Therefore, the factored form of the function is

f(x)= 4(x—1)(x+g](x+%j.

Step 3
Determine the x- and y-intercepts of the graph of the
function.

According to the factored form, the x-intercepts of the

5 1
raphare1l, ——,and ——.
grap > >

The y-intercept is y = 4(0—1)(0+gj(0+%) =5,
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Step 4
Determine the behaviour of the graph at the
x-intercepts.

Since the multiplicity of each zero is 1, the graph passes

through the x-axisat x =1, x = g )

and X:l.
2

Step 5
Determine the end behaviour.

The degree of f (x)= 4(X—1)(X+g)(x+%j is an

odd number (3), and the leading coefficient is a positive
number (4). As X — —oo, the y-values of f(x) will be
extremely large and negative. Also, as X — oo , the y-
values of f(x) will be extremely large and positive.

Therefore, the extreme ends of the graph are in quadrants
Iand 111

Step 6
Sketch the graph of the function.

Plot the intercepts, and use the multiplicities of the zeros
and end behaviour to draw a smooth curve through the
points.

¥
Iy
124
104

8
6
4
2
4 3 [2 4 X 2
—64
-8

104

Step 7
Verify the shape of the graph using a T1-83 or similar
calculator.

Press , and input the function
Y, =4X"3+8X"2-7X-5.

Use the window settings of x: [-4, 2, 0.5] and
y: [-10, 12, 5], and press | GRAPH | to obtain

this window.

A

|V

The graph obtained on the calculator verifies the shape of
the graph.

Lesson 8—Solving Problems with
Polynomial Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

a) Since the function h(t):—%t5+30 is in

general form, the y-intercept corresponds to the
constant (30).

Therefore, the ledge is 30 m tall.
b) Determine the height when t=2.

Press TRACE |, and select 1:value. Input 2,
and press | ENTER | to obtain this window.

1==0.EN"E+30

[#=2 =14

Therefore, the height of the arrow after 2 s
is 14.0 m.

c) The time at which the arrow hits the ground
corresponds to when h(t)=0. The point at which

h(t) =0 corresponds to the x-intercept on the graph

of y=—%x5+30. Press, and

select 2:zero.
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a)

b)

When asked for a left bound, move the cursor to the
left of the zero, and press [ENTER|. When asked
for a right bound, move the cursor to the right of the
zero, and press | ENTER|. Press [ENTER | after the
“Guess?” prompt.

2k
Wog.267933E V=0

Therefore, the arrow hits the ground approximately
2.27 s after its release.

Step 1
Determine the independent and dependent variables.

The independent variable, x, is the width, and the
dependent variable, V(x), is the volume of the bin.

Step 2
Draw a diagram.

Let x equal the width of the bin.

2x—1

x+1

Step 3

Determine a function that models the volume of
the storage bin.

volume = length x width x height

V(x)=(x+1)(x)(2x-1)

Therefore, the function that represents the volume
of the storage binis V (x)=(x)(x+1)(2x-1),
where x represents the width of the bin.

Since the volume of the bin is 7.5 m?,
7.5=(x)(x+1)(2x-1) .

Solve the equation 7.5=(x)(x+1)(2x—1) using a
TI1-83 or similar calculator.

Step 1

Subtract 7.5 from both sides of the equation.

7.5=(x)(x+1)(2x-1)
0=(x)(x+1)(2x-1)-7.5

Step 2
Graph the related function on a T1-83 or
similar calculator.

Press , and input the equation as

Use the window settings of x: [-3, 3, 1] and
y: [-10, 10, 1], and press | GRAPH | to obtain

this window.
Y

The width, x, corresponds to the positive
x-intercept.

Step 3
Determine the zeros of the graph.

Press , and select 2:zero.

When asked for a left bound, move the cursor to the

left of the first zero, and press | ENTER |.

When asked for a right bound, move the cursor to

the right of the first zero, and press | ENTER |
Press| ENTER | after the “Guess?” prompt.

A f—‘*/

=0

Step 4
Determine the dimensions of the storage bin.

Since the zero of the graph represents the width,
the width of the storage bin is 1.5 m, the length is
1.5+1=25m, and the height is 2(1.5)-1=2m .
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PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1.

Using a TI-83 or similar calculator, determine the value
of h(t) when t = 3.

Press , and input the function as
Y, =-X"4+8XN3-16X"2+25.

Use the window settings of x: [0, 7, 1] and
y: [0, 30, 5], and press | GRAPH | to obtain

this window.

Press TRACE |, and select 1:value. Input 3,
and press | ENTER | to obtain this window.

1= =0 4+BR"3-16H" 2+ 2k

Therefore, the height of the toy airplane after 3 s
is 16 m.

Since the height is 13 m, 13 = —t* +8t* —16t* + 25 .
Graph the line Y =13 in the same window as

h(t)=—t*+8t>-16t* +25.

Press , and input the equation as Y, =13. Press

GRAPH | to obtain this window.

\U/\\

Press , and select 5:intersect.

When asked for a first curve, move the cursor to the left

of the first intersection, and press I ENTER |
1= R H+BR F-16R Z+Eh

A

First curye™ \l
w=.96808511 _¥=16.z84885 .

When asked for a second curve, move the cursor to the

left of the first intersection point, and press | ENTER |.

VA

Zecond curveT ‘\
= B9z61702 V=13

Press| ENTER | after the “Guess?” prompt.

\ N

Interseckion

IH:i.EE?!HBE =71z

Repeat this process for the other two intersection points.

ANWA

sy

Inksy

seckion w
|H E./3E0E0E V=13

ANA

Inkerseckion ’\
nEY P EZ0E0B V=1

Therefore, the toy airplane is 13 m above the ground at
1.27s,2.73s,and 4.73 s.

Step 1
Determine the independent and dependent variables.

The independent variable, x, is the radius, and the
dependent variable, V(x), is the volume of the jewellery
container.

Step 2
Draw a diagram.
Variable x is the radius of the container.
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Step 3
Determine a function that models the volume of the
jewellery container.

V =z x(radius)’ x height
V(x)=7x*(3x—4)

Therefore, the function that represents the volume of the
jewellery container is V (X) = 7 (3x —4) , where x
represents the radius of the container.

4. Since the volume is 402 cm®, 402 = zx’ (3x—4).
Solve the equation 402 = 7x”(3x—4) using a

TI-83 or similar calculator.

Step 1
Subtract 402 from both sides of the equation.

402 = 7x* (3x—4)
0= 7x? (3x—4)— 402

Step 2
Graph the related function using a T1-83 or
similar calculator.

Press , and input the equation as
Y, =3.14X"2(3X -4)-402.

Use the window settings of x: [-2, 7, 1] and
y: [-600, 600, 50], and press | GRAPH | to obtain this

/
—

Step 3
Using the graph, determine the radius of the container.

-~

The radius corresponds to the positive x-intercept. Press

, and select 2:zero.

When asked for a left bound, move the cursor to the left
of the first zero, and press | ENTER |.

When asked for a right bound, move the cursor to the
right of the first zero, and press |ENTER |.

Press | ENTER | after the “Guess?” prompt.

/
—

Z&ro]
[E=woonzzre v=o

Therefore, the radius of the jewellery container
is 4 cm.

Step 1
Determine the independent and dependent variables.

The independent variable, x, is the side length of the
corner square, which is equivalent to the height of the
box. The dependent variable, V(x), is the volume of the
box.

Step 2
Draw a diagram.
Variable x is equal to the height of the box.

ey
[N
3'2_ZI 3i2m —» 2—lr

32-2x

:Fl2—2x4:

Step 3
Determine a function that models the volume of the
cardboard box.

volume = length x width x height
V(x)=(3.2-2x)(3.2—2x)x

Therefore, the function that represents the volume of the
box is V (X) = (3.2 - 2X)(3.2 - 2X) X, where x
represents the height of the box.

The maximum volume corresponds to the maximum
value of the function V (x) =(3.2—2x)(3.2—-2x)x,

where 0<x<1.6.

Step 1
Graph the function using a T1-83 or similar calculator.

Press , and input the function as
Y, = (3.2—2X)(3.2—2X)X .
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Use the window settings of x: [0, 1.6, 0.2]
andy: [0, 4, 1], and press | GRAPH | to obtain

this window.

Step 2
Determine the maximum of the function.

Press , and select 4:maximum.

For “Left Bound?”, position the cursor just left of the
maximum, and press | ENTER |.

=03 2-2RME 2-2H0

LeFtEound?
n=.2xBEA7EF LV=1.767HZEE .

For “Right Bound?”, position the cursor just right of the
maximum, and press | ENTER |.

1= I:3 E=ERICE E-ERIN

| ht Eound?
Qiziz7E6 J¥=1.7E74E7E .

For “Guess?”, press | ENTER . The results are the
coordinates of the maximum of the function.

Haxinum
W=.B3333048 LY=2.427 2503 4

The maximum of the function is approximately
(0.53,2.43).

Step 3
Determine the dimensions of the box that result in a
maximum volume.

The maximum of the function is (0.53, 2.43).

In order to maximize the volume of the box, the height
must be approximately 0.53 m and the length and width

must both be 3.2—-2(0.53) ~ 2.14m .

Practice Test

ANSWERS AND SOLUTIONS

Step 1
Divide each term by 3.

5 2
f (x) _ 24x—12x3+15x +8

f(x)=8x—4x5+5x2+§

Step 2
Rewrite the terms in order from highest degree to
lowest degree.

f(x)=—4x5+5x2+8x+%

The leading coefficient is —4 because it is the coefficient
of the term of highest degree. The degree is 5 because it
is the largest exponent on a variable. The constant term

. 8
is —.
3

The division expression is
X—8)x° ~12x" +32x° +3x°

—13x-8.

The complete division process is as shown:
x* —4x® +0 +3x+11

x—s) X° —12x* +32x° +3x2 —13x -8

x* —8x*
—4x* +32x°
—4x* +32x°
0+3x?
0+0
3x* —13x
3x% — 24x
11x-8
11x—88
80

The quotient is X* —4x® +3x+11 with a remainder of
80.

The solution is written as
(x5 —12x* +32x% +3x° —13x—8)
=(x-8)(x" —4x° +3x+11)+80
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3. since P(-3) =44, according to the remainder

theorem, when P(x) is divided by (X +3), the remainder

is 44,

Substitute -3 for x and 44 for P(x), and solve for k.
P(x)=5x%>+kx’ —9x+8
44 =5(-3)" +k(-3)" -9(-3)+8
44 =-135+9k +27+8
44 =-100+9k
144 =9k
k=16

Therefore, the value of k is 16.

4. Stepl
Apply the remainder theorem.

Since dividing f(x) by (X—2) gives a remainder of 6,
f(2)=6.

Substitute 2 for x and 6 for f(x), and simplify.
f(x)=x*+ax’ -3x+c
6=(2)"+a(2)" -3(2)+c
6=8+4a-6+c
6=2+4a+c
4=4a+c

Since f (1)=8, substitute 1 for x and 8 for (x), and
simplify.
f(x)=x"+ax*-3x+c
8=(1)" +a(1)’ -3(1)+c
8=1+a-3+cC

8=-2+a+c
1l0=a+c
Step 2

Set up a system of equations.
Let 4 =4a+c represent equation @ and 10=a+c
represent equation @ .

® 4=4a+c

@10=a+c

Step 3

Solve for a and c using the method of elimination.
Subtract equation @ from equation @ .
4=4a+c

10=a+c

—6=3a

Solve for a.
—-6=3a
a=-2

Substitute —2 for a in equation @ , and solve for c.
4=4a+c

4= 4(—2) +C

4=-8+c

c=12

Therefore, a=-2,and c=12.

a) Stepl
Apply the factor theorem.
Since f(-9)=0, (x+9) is afactor of f(x).

Step 2
Using synthetic division, find another factor of f(x)

by dividing it by the known factor (X +9).

1
The other factor is X* + X + Z , and f(x) can be
2 1
expressed as f (x)=(x+9)| x*+ X+Z .
Step 3

. . 1
Factor the trinomial x> + X + 7

1. o
The factor X* + X + Z is a quadratic trinomial and

( 1 ( 1 1Y
can be factoredas | X+— || X+—]or | X+—| .
2 2 2

The complete factorization is

f (x):(x+9)(x+%j2.
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b)

©)

Step 4
Determine the x-intercepts of the graph.
The x-intercepts of the graph are X =-9 and

1
X=-=.
2

Step 1
Determine the multiplicity of each of
the zeros.

Since the factor (X +9) has an exponent of 1, the
zero -9 has a multiplicity of 1.

1 1
Since the factor [X + Ej is squared, the zero _E

has a multiplicity of 2.

Step 2
Determine the behaviour of the graph at
the x-intercepts.

Because the multiplicity of -9 is 1, the graph cuts
through the x-axis at X =-9.

1
Because the multiplicity of _E is an even number,

. . 1 .
the graph is tangent to the x-axis at X = _E , but it

does not cross it.

Step 1

Determine the degree and leading coefficient of the
polynomial.

The leading coefficient is 1.

The zero —9 has a multiplicity of 1, and the zero

1
_E has a multiplicity of 2.

Therefore, the degree of the functionis1 +2 + 3.

Step 2
Describe the end behaviour of the graph of
the function.

2
The degree of f(x):(x+9)(x+%j is an odd

number, and the value of a is a positive number.
Therefore, as X — —oo, the y-values of f(x) will be
extremely large and negative. Also, as X — oo , the
y-values of f(x) will be extremely large and positive.

The extreme ends of the graph are in quadrants
land 1.

Step 1
Apply the factor theorem.

If P(a)=0,then x—a isafactor of P(x).
Since f(4)=0, (x—4) isafactor of f(x).

Step 2
Using synthetic division, completely factor
f (x) = x> —=5x* — 2x+ 24 using the known
factor (x — 4).
411 5 -2 24
I 4 -4 -24
1 -1 -6 O

Another factor is x> —X—6 , which can be factored as
(x+2)(x=3).

Therefore, the complete factorization is

f(x)=(x—-4)(x+2)(x-3).

Step 3
Determine the x- and y-intercepts of the graph of the
function.

According to the factored form, the x-intercepts of the
graph are -2, 3, and 4.
The y-intercept is 24.

Step 4
Determine the behaviour of the graph at the
x-intercepts.

Since the multiplicity of each zero is 1, the graph passes
through the x-axisat x=-2, x=3,
and x=4.

Step 5
Determine the end behaviour.

The degree of f(Xx)=(x—4)(x+2)(x—3) isan odd
number (3), and the leading coefficient is a positive
number (1). As X — —oo, the y-values of f(x) will be
extremely large and negative. Also, as X — oo, the y-
values of f(x) will be extremely large and positive.

Therefore, the extreme ends of the graph are in quadrants
I and 111
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Step 6 _ Press TRACE |, and select 2:zero.
Sketch the graph of the function. When asked for a left bound, move the cursor to the left
. o of the first zero, and press -ENTER . When asked for a
Plcét th(ej gltﬁrcgpts, fng use the mumpllcmefhof thﬁ fﬁros right bound, move the cursor to the right of the first zero,
agin‘:: ehaviour to draw a smooth curve through the and press [ENTER]. Press[ENTER] after the “Guess?”
P ' prompt.
2k l.‘r
H=1.E =it
— Therefore, the length of the base is 1.5 m.
-8 6 4 - The height of the base is 0.5+1.5=2 m , and
the height of the prismis 2(1.5)=3m.
7. Use the given diagram and the formula 9. Stepl
(Width)(height) . Draw a diagram.
volume =~———— 2 xlength to determine the
) 2 Let x represent the side length of the square base and h
function, V(x). represent the height of the box.
width ) ( height '
volume = Mx length : h
X(0.5+x i
V(x):—( 5 )><2x R A
2 /)
V(x)=x*(05+x) g ¢
V(x)=05x*+x* K
Therefore, the function that represents the volume of the X
tentis V (X) = 0.5x* + x*, where x represents the
length of the base Step 2
) Determine an equation that represents the surface area.
SA=(Xx)(X)+4(xh
8. Since the volume is 4.5 m®, 4.5=0.5x* +x°. (2)( )+4(xh)
40 = x“ +4xh
Solve the equation 4.5 = 0.5x* + x* using a T1-83 or
similar calculator. Therefore, the equation that represents the surface area of
. ) the box is 40 = x* +4xh , where x represents the side
Subtract 4.5 from both sides of the equation. length of the base, and h represents the height of the box.
45=05x>+x°
0=05x*+x3-45 10. The equation that represents the surface area of the box
is 40 = x> +4xh
Press , and input the equation as
Y, =0.5X"2+X"3-45. Step 1
Isolate variable h.
Use the window settings of x: [-10, 10, 1] 40 = x* +4xh
and y: [-10, 10, 1], and press | GRAPH | to obtain this 40— x% = 4xh
window. 40— x>
=h
[ 4x
10 1
h=—-=x
J‘ X 4
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11.

Step 2
Determine the function that represents the volume as a
function of side length, x.
volume = length x width x height
vV =(x)(x)(h)

V =x*h

10 1
Replace h with the expression (—0 - Z xj ,
X

and simplify.

V =x’h

V= xz[g—lxj
X 4

V :10x—£x3
4

Therefore, the function that represents the volume of the
box is V :10><—%x3 or V(x) :10><—%x3 , Where x
represents the side length of the base.

The maximum volume corresponds to the maximum
value of the function V (x) =10x —%x3 :

Step 1
Graph the function using a T1-83 or similar calculator.

Press , and input the function as
= (10X)—(1/4)(X)"3.

Use the window settings of x: [0, 7,1
andy: [0, 30, 2], and press | GRAPH | to

obtain this window.

Step 2
Determine the maximum of the function.

Press , and select 4:maximum.

For “Left Bound?”, position the cursor just left of the

maximum, and press | ENTER |.

RETFTENELE BU N AR
Ltm{\

w2 0106383 _Y=18.0742098 .

For “Right Bound?”, position the cursor just right of the
maximum, and press | ENTER |.

1= l:ilJH:l A0S
Ridht Eound?

HSE.i3B2EFE _Y=17.467E0E L

For “Guess?”, press | ENTER |. The results are the
coordinates of the maximum of the function.

3 551'153'1 =TEEH.SHEEEE L

The maximum of the function is approximately
(3.65, 24.34).

Step 3
Determine the dimensions of the box that result in a
maximum volume.

The maximum of the function is approximately
(3.65, 24.34), so to maximize volume, the side length
must be approximately 3.65 m.

Use the formula V = x°h to determine the height.
V =x*h
24.3~(3.65)°h
24.3
— = h
(3.65)
1.83=h
Therefore, in order to maximize the volume of the box,

the side length of the base must be approximately 3.65
m, and the height must be approximately 1.83 m.
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RADICAL FUNCTIONS

Lesson 1—Properties of y = Jx

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Build a table of values.

Only positive values of x need to be considered,

since the square root of a negative number does not exist.
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Step 2
Plot the points, and sketch the graph of the function

Step 3
State the domain and range.

Since the square root of a negative number does not
exist, the domain of y = —Jx is x=0. The graph
extends downward, so the range is y <0.

Step 4
Determine the intercepts.

The graph of the function y = —Jx has x- and
y-intercepts located at (0, 0).

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine the inverse relation of the function y = x°.

Find the inverse of the relation y = x* by interchanging
x and y and then solving for y.
XZ

2

N

y
X
y

Il
H+ <

The inverse relation is y =++/x .

Step 2
Graph y=x? and y=++/x onthe same
Cartesian plane.

The graphs of the function and its inverse are
as shown.

¥y

X
121620

Step 3
By looking at the graphs, describe how the inverse of
y = x* is not a function.

You can determine whether the graph of y = +x
represents a function by using the vertical line test.

The vertical line test implies that if a vertical line drawn
on the grid touches the graph at more than one point,
then the graph is not a function.

The inverse relation y = +JX isa sideways parabola

that does not pass the vertical line test. Therefore, the
inverse relation is not a function.
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2. If the domain of y = x? is restricted to only positive x-

values (X >0), then the inverse relation is restricted to
only positive y-values.

The graphs of y = x?, where x>0, and its inverse are

shown.
¥
& T
20+ yex,xz0
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The resulting inverse graph is the graph of the radical
function y = \/; , which has the shape of half of a
parabola that has been reflected about the y = X line.

Therefore, when the domain of y = x2 is restricted to

x>0 , its inverse is the radical function y = \/; .

Lesson 2—Graphs of Radical
Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Determine the equation of the transformed function.

Since the graph of y = JX is reflected in the x-axis and
stretched about the x-axis by a factor of 4, replace y
with —ly
e
y=+x
1
——V =4/X
Jy=

Solve fory.
1
7 y= Jx
—y=4Jx
y=—4x

Therefore, the equation of the transformed graph
isy= —4\/; .

Step 2
State the domain and range of the function y = —4x.

Since only non-negative numbers have square roots,
the domainis x>0.

Since a <0 in the equation y = —4x , the range
is y<0.

Step 1
Determine how to obtain the graph of y = ,/(-6x) from

the graph of y=+/x .

The equation y = /(-6x) is of the form y = /bx

where b=-6.

Therefore, the graph of y = ,/(~6x) is obtained from

y =+/Xx by a reflection in the y-axis and a horizontal

stretch by a factor of % .

Step 2
Transform the points on the graph of y = Jx.

Points on the graph of y = JX are 0,0), (1, 1), (4, 2),
(9, 3), and (16, 4).

Multiply the x-coordinates by 7% .

(-9
({34
{3
EEAREE

¥
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Step 4
State the domain and range.

The domain is x <0, and the range isy > 0.

Step 1
Determine the equation of the transformed graph.

If the graph of y = Jx is horizontally translated 9 units
to the left, the value of h is -9, and the new equation is

y=y(x=(-9)) or y=/(x+9).

Step 2
Find the new intercepts.

Since the x-coordinates will decrease by 9 units,
the x-intercept of (0, 0) on the graph of y =+/x will

become (-9, 0) on the graph of y =,/(x+9).

To find the y-intercept of the graph of y = f(x +9),
substitute x =0, and solve fory.

<< < <

[ T
O.)S

—_

© o x

+| +

©| ©

S—" ] ~—"

The y-intercept is (0, 3).

Step 1
Apply the vertical translation.

Let k represent the vertical translation. The equation of
the radical function after the vertical translation will be

y=«/§+k.

The graph passes through the point (9, 10). Substitute 9
for x and 10 for y in the equation y = JX +k , and solve
for k.

y=x+k
10=+9+k
10=3+k

k=7

Step 2
Write the equation of the transformed function.

After a vertical translation of 7 units up, the graph of the
function y = JX is transformed to the graph of the

function y = \/;+7 .

b)

Step 1
Apply the vertical reflection.

Since the graph of y = Jx is reflected in the x-axis,
replace y with —y in the equation y = Jx .

y=x
—y=+x

Step 2
Apply the horizontal stretch.

Since the graph of y = Jx is horizontally stretched
by a factor of % , replace x with éx in the

equation —y =+/x .
—y=x

e

Step 3
Apply the vertical translation.

Since the graph of y =+/x is translated 3 units
down, replace y with y —(-3) or y+3 inthe

. 2
equation -y = /(?xj .

|

<

Il
/N
~ N
<
N—

/L
<
+
w
~
]
VD

~ N
<
N—

Step 4

Solve for y in the equation —(y +3)= [% xj .

L
< <
T +
w
< w ~—
] ] I
| |
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~N N NN <
< < N
N AN
|
w

Therefore, the equation of the transformed function
. 2
isy=—/| =x|-3.
! [7 j
. 2 .
The equation y =— [? xj —3 is of the form

y:a.fb(x—h)+k,where a=-1, bz% h=0,

and k=-3.
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Step 1
Determine the domain of y=- [%xj -3.

Parameters b and h have an effect on the domain.
Since b>0 and h=0, the domainis x>0.

Step 2
Determine the range of y=— (; xj -3.

Parameters a and k have an effect on the range.
Since a<0 and k=-3, therange is y <-3.

Step 1
Determine how to obtain the graph of

y=- f—%(x+8) —1 from the graph of y=+/x .
The equation y =— !—%(x+8) -1 is of the form

y:a,fb(x—h)+k,where a=-1, b:—%,

h=-8,and k=-1. Therefore, the graph of

y=— f—%(x+8)—l is obtained from y =+/x

by a vertical reflection in the x-axis, a horizontal
reflection in the y-axis, a translation 8 units left, and a
translation 1 unit down.

Step 2
Apply the vertical and horizontal reflections.

Some points on the graph of y = Jx are (0,0), (1, 1),
(4,2),(9,3), and (16, 4).

Multiply the x- and y-coordinates by —1.

(O><—1,0>< l) ( )
(Ix-11x-1) > (-1-1)
(4><—1,2>< l)—)( , 2)
(9><—1,3>< l)—)( 3)
(16><—1,4>< 1)—)( l , 4)
Step 3

Apply the horizontal stretch to the points obtained in
step 2.

Multiply the x-coordinates by 3.
(0x3,0)—>(0,0)

(-1x3,-1) > (-3,-1)

(~4x3,-2) > (-12,-2)

(-9x3,-3) > (-27,-3)
(~16x3,~4) — (-48,-4)

Step 4
Apply the horizontal translation to the points obtained in
step 3.

Decrease the x-coordinates by 8 units.

(0-8,0)—(-8,0)
(-3-8,-1)—>(-11,-1)
(-12-8,-2) > (-20,-2)
(-27-8,-3) »>(-35,-3)
(-48-8,-4) — (-56,-4)
Step 5

Apply the vertical translation to the points obtained
in step 4.

Decrease the y-coordinates by 1 unit.

(-8,0-1) > (-8,-1)
(-11,-1-1) > (-11,-2)
(-20,-2-1) > (-20,-3)
(-35,-3-1) > (-35,-4)
(-56,-4-1) — (-56,-5)
Step 6

L 1 L
56 =48 =40 =32 {424 {6

1 -4
e

Step 7
State the domain and range.

The domain is x<-8, and the range is y <-1.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

If the graph of y = IX s vertically stretched by a factor

of 4, then any point (x, y) on the graph of y = Ix
becomes point (x, 4y) on the graph of the transformed
function. Since (144, 12) is on the graph of y = Ix it
follows that point (144, 12 x 4), or (144, 48), is on the
graph of the transformed function.
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2. Step1l

Determine how to obtain the graph of y = (x + 4)

from the graph of y = \/; .

The equation y = /(X +4) is of the form
y =/(x—h), where h =—4_ Therefore, the graph of

y =/(x—h) is formed from y = JX by atranslation
4 units to the left.

Step 2
Transform points on the graph of y = «/; to obtain
points on the graph of y = f (x+4).

Some points on the graph of y = \/; are (0, 0), (1, 1),
(4,2), (9, 3), and (16, 4).

Decrease the x-coordinates of y = \/; by 4 units.

(0-4,0) > (-4,0)
(1 4 l) ( 3,1)
(4—4,2) —>(0,2)
(9—4 3) —>(5,3)
(16—4 4) —>(1 ,4)
Step 3
Plot and join the transformed points
Y

10 12
=2
—4
=6
Step 4

State the domain and range.

The domainis X > —4, and the rangeis y >0 .

3. a) Stepl

Apply the vertical stretch.
Since the graph of y = \/; is vertically stretched

1
by a factor of 4, replace y with Z y in the equation

y=x.
y=+x

1

ZY=\/;

b)

Step 2
Apply the horizontal stretch.

Since the graph of y = \/; is horizontally

stretched by a factor of 8, replace x with % X inthe

equation %yzx/;.

1

— - X
4y J_
27 7 \\3
Step 3

Apply the horizontal translation.
Since the graph of y = \/; is translated 7 units

left, replace x with X—(=7) or X+7 inthe

o)
equatlon—y: =x1.

b {2)
4° \\8
l (l(x+7
4 8
Step 4

1 1
Solve for y in the equation " y= (g(x + 7)) .

1
= 7
HE)

1
4 || = 7
y= 8(x+

Therefore, the equation of the transformed function
1
isy=4 /[§(X+7)j .

1
The equation y =4 (g(x + 7)] is of the form

y:a«/b(x—h)+k,where a=4, b:%,

h=-7,and k=0.
Step 1

1
Determine the domain of y =4 [g(x + 7)] .

Parameters b and h have an effect on the domain.
Since b>0 and h=-7, the domainis X >—7.
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Step 2
. 1
Determine the range of y =4 §(X+7) .

Parameters a and k have an effect on the range.
Since a>0 and k=0, therangeis y=>0.

Step 1
Apply the horizontal stretch.

Let b represent the horizontal stretch. The equation of
the radical function after the horizontal stretch will be

y =+/bx.

Step 2
Apply the horizontal translation.

Let h represent the horizontal translation.

The equation of the radical function after the horizontal
translation will be y = fb(x—h).
Step 3

Set up a system of equations.

The graph passes through the points (11, 2)
and (14, 4).

Substitute 11 for x and 2 for y in the equation
y=/b(x=h).

y —,/b(x—h)
2=/b(11-h)

Substitute 14 for x and 4 for y in the equation
y= —h).

y =b(x=h)
4= b(14—h

O
A
~—

~

Therefore, let O represent the equation
2= (11 h) and @ represent the equation

4=Jo(14-h

~—

Step 4
Solve for b and h using the method of substitution.

Isolate b in equation @ .

2=fb(11-h)
4= b(11— h)
4
11-h
Substitute for b in equation @ , and solve for h.

1_

4- /(ﬁj(m-h)

4
16_(11_hj(14 )
16(ll—h)=4(14— )
4(11-h)=14-h
44—-4h=14-h
3h=-30
h=10

Substitute 10 for h in equation @ , and solve for b.
Jo(t1=h)

,/b(ll—lO)

Jb

4

2
2
2
b

Step 5
Write the equation of the transformed function.

1
After a horizontal stretch by a factor of Z and a

translation of 10 units to the right, the graph of the
function y = \/; is transformed to the graph of the

function y = ,/4(x—10).

Step 1
Determine how to obtain the graph of y =—5

from the graph of y = \/; .

X—4

The equation Y = —5+X—4 is of the form
y=ayx—h where a=-5and h=4.
Therefore, the graph of Y = —5+X—4 is obtained from

y= «/; by a vertical reflection in the x-axis, a vertical
stretch factor of 5, and a translation 4 units right.

CASTLE ROCK RESEARCH

74

Copyright Protected



ANSWERS AND SOLUTIONS

Step 2
Apply the vertical reflection.

Some points on the graph of y = \/; are (0, 0), (1, 1),
(4,2), (9, 3), and (16, 4).

Multiply the y-coordinates by —1.

(0,0x(-1)) > (0,0)
(L1x(-1)) > (1-1)
(4.2x(-1)) > (4,-2)
(9,3x(-1)) > (9,-3)

(16,4%(-1)) — (16,-4)

Step 3

Apply the vertical stretch to the points obtained

in step 2.

Multiply the y-coordinates by 5.
(0,0x5)—(0,0)
(L-1x5)—>(1,-5)
(4,-2x5) —(4,-10)

( —3><5)—>(9 1)

(16 —4x5)—>(16 20)

Step 4

Apply the horizontal translation to the points obtained in
step 3.

Increase the x-coordinates by 4 units.
(0+4 0) (4 0)

Step 5

The function y = 2,/(—3x+15) —8 is equivalent to
y= 2,/—3(x—5) -8

Step 1
Determine how to obtain the graph of

y=2./—3(x—5)—8 from the graph of y = /X .

The equation Y = 2,/-3(x—5) —8 is of the form
y:a«,b(x—h)+k,where a=2,b=-3, h=5,

and k =—-8. Therefore, the graph of

y =2,/-3(x—5) -8 is obtained from y=+X bya

vertical stretch factor of 2, a horizontal reflection in the
. . 1 .
y-axis, a horizontal stretch factor of § , a translation 8

units down, and a translation
5 units right .

Step 2
Apply the vertical stretch.

Some points on the graph of y = \/; are (0, 0), (1, 1),
(4,2), (9, 3), and (16, 4).

Multiply the y-coordinates by 2.
(0, 0x 2) (0, 0)

(L1x2)—>(L2)
(4,2x2) - (4,4)
(9,3x2) —>(9,6)
(16,4x 2) — (16,8)
Step 3

Apply the horizontal reflection to the points obtained in
step 2.

Multiply the x-coordinates by —1.

(0x(-1),0)—>(0,0)

(1x(-1),2) > (-1.2)

(4x(-1).4) > (-4.4)

(9x(-1),6) —>(-9.6)
(16x(-1),8) —>(-16,8)
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Step 4
Apply the horizontal stretch to the points obtained in
step 3.

Multiply the x-coordinates by % .
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Step 5
Apply the horizontal translation to the points obtained in
step 4.

Increase the x-coordinates by 5 units.
(0+5,0) > (5,0)

Step 6
Apply the vertical translation to the points obtained in
step 5.

Decrease the y-coordinates by 8 units.
(5, 0 —8) - (5, —8)

Step 7

Plot and join the transformed points.
A

101

3G IS8T

—104+

Lesson 3—Solving Radical Equations
Graphically

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1

Bring all terms to one side of the equation 2 = —Jx-5.
2=-Jx-5

0=—x-7

Step 2

Graph the related function y = —Ix-7.
J}

&

24

gL

_1o4

124

Step 3
Determine the solution to the equation 2=—yx -5

The graph does not cross the x-axis.

Therefore, the solution setis { } or & .
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2. Step1l
Graph each side of the equation x+1= Jx+3.
The equation y = x+1 represents a linear graph with a
slope of 1 and a y-intercept of (0, 1).

The graph of y =+/x+3 is obtained from the graph of
y= JX by a horizontal transformation 3 units left.

The graphs of y=x+1 and y=+/x+3 are
as shown.

Step 2
Determine the solution to the equation x+1= Yx+3.

The point of intersection between the two graphs is
located at (1, 2).

Therefore, the solution set is {1}.

3. Stepl
Bring all terms to one side of the equation

j(x2+2x+6)=3x2—5.

Step 2
Graph the related function using a T1-83 or similar
graphing calculator.

Press , enter the equation as

Y, = (X2 +2X+6) —3X? +5, and press .

An appropriate window setting is
x: [-10, 10, 1] and y: [-10, 10, 1].

The resulting graph is as shown.

/\
i

Step 3
Determine the zeros of the function.

Press , and select 2:zero.

For “Left Bound?”, position the cursor just left of one
zero, and press | ENTER|.
1=+ 2 H+A)-ZHE+E

Left Eound?

n="1.91489Y4 |¥=-%.EB4Y4ER

For “Right Bound?”, position the cursor just right of the
same zero, and press | ENTER |.
1= +ZH+A)-ZHE+E

i

Ridht Eound?
n="1.27BRERE |V=E.2ENM02

For “Guess?”, press | ENTER|. The result is one of the
zeros of the function.

[

L ]
n=-1.560474 1¥=0

Repeat the process to find the second zero.

2eka
n=i.6B24818 1¥=0

The zeros of the function are —1.56 and 1.68.

Therefore, the solution set is {-1.56, 1.68}.

Step 1
Graph each side of the equation -5x%+2 = 4(x+3)2
using a TI-83 or similar graphing calculator.

Press , enter the equation as Y, = ,/(-5X"3+2)

and Y, =4(X+3)"2 and press .

An appropriate window setting is x: [-10, 3, 1]
andy: [-3, 55, 5].
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The resulting graph is as shown. PRACTICE EXERCISES
/ ANSWERS AND SOLUTIONS
1. Step1l
Bring all terms to one side of the equation
-8J/x-9=14.
-8Jx-9=14
Step 2 —8Jx-9-14=0
Find the points of intersection.
Press TRACE |, and select 5:intersect. Step 2
Graph the related function using a TI-83 or similar
For “First curve?”, position the cursor just left or right of graphing calculator.
the first intersection point, and press | ENTER |.

Press , enter the equation as Y, =8, /(X—Q) -14,
and press | GRAPH |. An appropriate window setting is

x: [-10, 40, 5] and y: [-60, 10, 5].

1=I0-ER"Z+2)

The resulting graph is as shown.

Firsk cur'.'t?'xh
n=-"6.600851 *Y=3B.63HA1Z

For “Second curve?”, position the cursor just left or right
of the first intersection point, and press | ENTER |.

b TE Rk -t

Step 3
Determine the zero of the function.
The graph does not cross the x-axis.

Therefore, the solution setis { } or & .

For “Guess?”, press | ENTER |. The result is one of the

points of intersection. 2. Step1l
Bring all terms to one side of the equation

—/6X+11=-x-3.
—J6x+11=-x-3
Inkersection —/6X+11+x=-3

HZE.7A34ER “Y=31.212026 ¢ _JBx+11+x+3=0

Repeat the process for the second point of intersection.

Step 2
Graph the related function using a T1-83 or similar
graphing calculator.

Press , enter the equation as
Y, =—, /(GX +11)+ X +3, and press .

An appropriate window setting is x: [-3, 3, 1]andy: [~
3,3 1]

Inl:-a:vse:n:l:ilrurnL
n=-1.81e7B7 “Y=E.637897 —

The points of intersection are (-5.79, 31.21)

and (-1.81, 5.64). The resulting graph is as shown.

Therefore, the solution set is {-5.79, —1.81}.
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Step 3
Determine the zeros of the function.

Press , and select 2:zero.

For “Left Bound?”, position the cursor just left of one of
the zeros, and press| ENTER | For “Right Bound?”,
position the cursor just right of the same zero, and press
[ENTER | For “Guess?”, press [ENTER|. The results
are the coordinates of one of the zeros.

kN —

o —

ZeFo
A=cihiyEly IY=0

Repeat the process to find the second zero.

AN =

2eFO
[E=iuauzaze Iv=o

The zeros of the function are —1.41 and 1.41.

Therefore, the solution set is {-1.41, 1.41}.

Step 1
Bring all terms to one side of the equation

X +4x =6
VX2 +4x =6

X*+4x-6=0

Step 2
Graph the related function using a T1-83 or similar
graphing calculator.

Press , enter the equation as

Y, = {(X"2+4X) -6, and press .

An appropriate window setting is x: [-15, 10, 1] and y:
[-10, 10, 1].

The resulting graph is as shown.

I
SV

Step 3
Determine the zeros of the function.

Press , and select 2:zero.

For “Left Bound?”, position the cursor just left of the
first zero, and press | ENTER [ For “Right Bound?”,
position the cursor just right of the same zero, and press
LENTER I For “Guess?”, press [ENTER|. The results
are the coordinates of one of the zeros.

I
N Z

ZEF o
W="B.ZEHEEE Y=

Repeat the process for the second zero.

I
N Z

2eF0
[E=uzzuscez v=o

The zeros of the function are —8.32 and 4.32.

Therefore, the solution set is {-8.32, 4.32}.

Step 1

Graph each side of the equation /2X+3 = X+1 using
a T1-83 or similar graphing calculator.

Press , enter the equation as Y, = ,/(2X+3) and

Y, =X+1, and press [ GRAPH |.

An appropriate window setting is x: [-4.7,4.7, 1] and y:
[-3.1,3.1, 1].

The resulting graph is as shown.

p
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Step 2 9 1

Find the point of intersection. 2. The function y = > _Z(X —12) —1 is of the form

Press|2nd || TRACE |, and select 5:intersect. 9 1

y:a«,b(x—h)+k,where a==—,b=-=,h=12,
: . , . 2 4

For “First curve?”, position the cursor just left or right of and k = -1

the intersection point, and press |ENTER |. For “Second '

curve?”, position the cursor just left or right of the Step 1

intersection point, and press | ENTER |. For “Guess?”, 9 1

press [ENTER]. Determine the domain of y = > _Z(X -12)-1.
Parameters b and h have an effect on the domain.

,-/ Since b <0 and h =12, the domainis x <12.
i

Step 2

Inkersection H 9 1

=i Yiyzize lv=z.yiyzizs Determine the range of y= E —Z(X—12) -1.

The point of intersection is (141, 2.41). Pgrameters a and k have an effect on .the range.
Since a>0 and k =—1, therangeis y > -1.
Therefore, the solution set is {1.41}.
3. Stepl

Apply the vertical reflection.

Practice Test _ _ _
Since the graph of y = \/; is reflected in the

ANSWERS AND SOLUTIONS s, replacey with — inthe equation =X
y=+x
1. Stepl v =
) .5 ;
Write the function SY= y/(8=x) +20 in the form Step 2 _
Jea b(x_h) " Apply the vertical stretch.

5 Since the graph of y = \/; is vertically stretched by a
—y= (8 — X) +20 2 3

factor of —, replace y with —y in the equation
y==(8-x)+8 3 2

3 —y=x.

2
=2 f(~x+8)+8
y g (-x+8)+ _y:\/;
y=¢ —(x-8)+8 _gy:ﬁ
Step 2 Step 3

Determine how to obtain the graph of Apply the vertical translation.

2
y= g«f (x—8) +8 from the graph of y =/ . Since the graph of y = /X is vertically translated
6 units up, replace y with ¥ —6 in the equation

. 2 . 3
Th t =—,/—(x—8) +8 is of the fi _Zy=
e equation y = (x—8) +8 is of the form 2y—\/;.
2
y=afb(x—h)+k , where a=g,b=-1h=8 _gy:\&

and k = 8.

3
BN
Therefore, the graph of yzg —(x—8) +8 is obtained

from y = \/; by a vertical stretch factor of % ,

a horizontal reflection in the y-axis, and a translation
8 units right and 8 units up.
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Step 4
Solve for y in the equation —g(y—G) =Jx.
3

2(y-6)-x
(y-6) -2
y=—§\/§+6

Therefore, the equation of the transformed function is

y:—§&+6.

4. Stepl
Find the x-intercept.
Let y =0, and solve for the value of x.

y=—§\/§+6

o_—gﬁw
2

—6=—=+/x
3J_

9=4/x

x =81

Therefore, the x-intercept is (81, 0).

Step 2
Find the y-intercept.
Let x =0, and solve for the value of y.

y=—§«/§+6
y:—§ﬁ+6
y=6

Therefore, the y-intercept is (0, 6).
5. Thedomainis x>0.
In the function y:—§&+6, a<0and k=6.

Therefore, the range is Y <6 .

6. Stepl
Determine how to obtain the graph of

y:—3./(x+20) +12 from the graph of y =X .

The equation y =-3,/(X+20)+12 is of the

form y =a,/(x—h)+k, where a=-3, h=-20, and

k=12.

Therefore, the graph of y = —3,/(x+20) +12

is obtained from y = \/; by a vertical reflection

in the x-axis, a vertical stretch factor of 3, and a
translation —20 units left and 12 units up.

Step 2

Apply the vertical reflection and vertical stretch to the
point (169, 13).

The point (169, 13), which is on the graph of y = \/; ,
will be transformed to the point
(169,13x(-3)) =(169,-39) when the graph of

y= \/; is reflected in the x-axis and vertically
stretched by a factor of 3.

Step 3

Apply the horizontal and vertical translations.
The point (169, —39) will be transformed to the point

(169-20,-39 +12) = (149, -27).

Thus, the point (169, 13) on the graph of Yy = /X
corresponds to the point (149, —27) on the graph of

y =-3, /(x+ 20)+12.

’1
The function y—8=— E X is equivalent to the

function y = —, ’%X +8.

Step 1

’1
Determine how to obtain the graph of y =— E X+8

from the graph of y = «/; .

’1
The equation y = — E X +8 is of the form

y=a\/&+k,where a=-1, bzé,and k=8.

fl
Therefore, the graph of y =— E X +8 is obtained from

y= \/; by a vertical reflection in the x-axis, a
horizontal stretch factor of 2, and a translation 8 units up.
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Step 2
Apply the vertical reflection.

Some points on the graph of y = \/; are (0, 0), (1, 1),

(4,2), (9, 3),and (16, 4).

Multiply the y- coordinates by -1.

1)-

Step 3
Apply the horizontal stretch to the points obtained in
step 2.
Multiply the x-coordinates by 2.
(0><2 O) (O O)

(1x2,-1) > (2,-1)

(4x2,-2) - (8,-2)

(9><2 ) - (18, 3)
(16>< 2 —4) - (32, 4)
Step 4

Apply the vertical translation to the points obtained in
step 3.

Increase the y-coordinates by 8 units.

(0,0+8)—(0,8)
(2-1+8) > (2,7)
(8,—2+8)—(8,6)
(18,-3+8) —(18,5)
(32,-4+8) —(32,4)

Step 5
Plot and join the transformed points.
y

—rh e O 00 e D

A
P

:': 4 8 12 1620242832"56

Step 6
State the domain and range.

The domainis x>0, and the range is ¥y <8.

Step 1

Graph each side of the equation /3x+3 =6X using a
TI1-83 or similar graphing calculator.

Press , enter the equation as Y, = /(83X +3) and

Y, =6X, and press .

An appropriate window setting is x: [-5,5, 1]andy: [~
10, 10, 1].

The resulting graph is as shown.

Step 2
Find the point of intersection.
Press|2nd | i | TRACE |, and select 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point, and press | ENTER |.

=I5+ 30

A

First curye?
|#=-425E240 1¥=1.z1z7B49

For “Second curve?”, position the cursor just left or right
of the intersection point, and press | ENTER |.

r2=sﬁ
‘-*

Zecond CurveT
Eriatte 14300 - 8 -

For “Guess?”, press | ENTER |.

Interseckion
WS EEEFEFER IV=E

The point of intersection is approximately (0.3, 2).

Therefore, the solution set is {0.3}.
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RATIONAL FUNCTIONS

Lesson 1—Asymptotes and Holes of a
Rational Function

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine the vertical asymptotes.

Set the denominator equal to zero, and solve for x.
6x+12=0
6x =-12
X=-2

The vertical asymptote is x=-2.

Step 2
Determine the horizontal asymptotes.

The degree of the numerator (5x3 +1) is 3, and
the degree of the denominator (6x +12) is 1. Since the

degree of the numerator is greater than the degree of the
denominator, there are no horizontal asymptotes.

Step 1
Determine the vertical asymptotes.

Set the denominator equal to zero, and solve for x.
x*+8x2+16=0
(x2 + 4)(x2 + 4) =0

xX*+4=0
x* =—4

x=+J-4

Since the square root of a negative number does not
exist, there are no vertical asymptotes.

Step 2
Determine the horizontal asymptotes.
The degree of the numerator (40x2) is 2, and the degree

of the denominator (x4 +4x? +16) is 4. Since the

degree of the numerator is less than the degree of the
denominator, the horizontal asymptote occursat y=0.

Step 1
Express the function in factored form, and state the
non-permissible values of x.

)= o
~ (x+4)(x+4)
0= xra)(x+9)

Set the denominator equal to zero, and solve for x.
X(x+3)(x+4)=0

x+3=0
Xx=-3

Xx+4=0

x=0
X=—4

The non-permissible values are x=0, x=-3,
and x=-4.

Step 2
Determine if the graph of f (x) will have a vertical

asymptote or a hole for the non-permissible values of x.

The factor (x+4) occurs in both the numerator and
denominator.

Express the function in reduced form.
f(x)= (x+4)(x+4)
X(x+3)(x+4)

() ()
x)_ x(x+3)M’X¢O’73’74

The factor (x+4) remains in the numerator.

Therefore, x=-4 isaholeand x=0 and x=-3 are
vertical asymptotes.

Step 3
Determine the horizontal asymptotes.

The degree of the numerator (x2 +8x +16) is 2,

and the degree of the denominator (x*+x* +12x) is 3.

Since the degree of the numerator is less than the degree
of the denominator, the horizontal asymptote occurs
at y=0.
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PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Express the function in factored form, and state the
non-permissible values of x.

2
f(x):x —-2x-8

X—4
f(x):(x+2)(x—4)

X—4
Set the denominator equal to zero, and solve for x.

x-4=0
x=4

The non-permissible value is x=4.

Step 2
Determine if the graph of f(x) will have a vertical

asymptote or a hole for the non-permissible value of x.

The factor (x —4) occurs in both the numerator and
denominator.

Express the function in reduced form.

_(x+2)M
f(x)fi)(/4

f(x)=(x+2),x=4

The factor (x —4) completely cancels out of the
numerator and denominator, so x =4 is a hole.

Step 3

Determine the horizontal asymptotes.

The degree of the numerator (x2 —2X —8) is 2, and the

degree of the denominator (x —4) is 1.

Since the degree of the numerator is more than the
degree of the denominator, there are no horizontal
asymptotes.

2. Step1l
Express the function in factored form, and state the non-
permissible values of x.

f (X) - X§X+22
f(x)= 2000

Set the denominator equal to zero, and solve for x.
X*+2=0

Since the square root of a negative number does not
exist, there are no non-permissible values. Therefore,
there are no vertical asymptotes

or holes.

Step 2
Determine the horizontal asymptotes.

The degree of the numerator (ZXZ) is 2, and the degree

of the denominator (x2 + 2) is 2. Since the degree of

the numerator is equal to the degree of the denominator,
. a
the horizontal asymptote occurs at y = 5 where a and

b are the leading coefficients of the numerator and
denominator, respectively.

y:

N | NNo |

y:
y:
The

=

orizontal asymptote is y =2.

Step 1
Express the function in factored form, and state the non-
permissible values of x.

2x-16
f =
(x) 3X3_AESX2+192X
2(x-8
f(0-p
x(x —16x+64)
2(x-8)

=S8y xe)

Set the denominator equal to zero, and solve for x.
3x(x—8)(x-8)=0
3x=0 x—8=0

x=0 x=8
Therefore, the non-permissible values are X =0 and
x=8.

Step 2
Determine if the graph of f (X) will have a vertical

asymptote or a hole for the
non-permissible values of x.

The factor (X —8) occurs in both the numerator and
denominator.

Express the function in reduced form.
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The factor (X —8) remains in the denominator.
Therefore, X =0 and X =8 are vertical asymptotes.

Step 3
Determine the horizontal asymptotes.

The degree of the numerator (2x—16) is 1, and
the degree of the denominator (3X3 —48x? +192X) is

3. Since the degree of the numerator is less than the
degree of the denominator, the horizontal asymptote
occursat y=0.

Step 1
Express the function in factored form, and state the non-
permissible values of x.

X% = 2x
f -~ e
(x) X% +4x% —12x
£(x) __ X(x=2)
X(x+6)(x—-2)
Set the denominator equal to zero, and solve for x.
X(x+6)(x—2)=0
X+6=0
X=-6

x=0 X—2
X

0
2

Therefore, the non-permissible values are X =0,
X=-6,and xX=2.

Step 2
Determine if the graph of f (X) will have a vertical

asymptote or a hole for the
non-permissible values of x.

The factors (X) and (Xx—2) occur in both the
numerator and denominator.

Express the function in reduced form.
()= X (x~2)
X (x+6) M

f(x)=i6,x¢—6,0,2
X+

The factors (X) and (X—2) both cancel out of the

numerator and denominator. Therefore, X =0 and
X =2 are holes and X =—6 is a vertical asymptote.

Step 3
Determine the horizontal asymptotes.

The degree of the numerator (x2 — 2x) is 2, and the

degree of the denominator (x3 +4x? —12x) is 3. Since

the degree of the numerator is less than the degree of the
denominator, the horizontal asymptote occursat y =0 .

Step 1
Express the function in factored form, and state the non-
permissible values of x.

X +8x° —9x°

f(X)— 2

e xz(:((2 J:E;(X—Q)
()= x(x-1)
f(x)=(x)(x)x((xx—_ll))(x+9)

Set the denominator equal to zero, and solve for x.
x(x-1)=0

x=0 x-1=0
x=1

Therefore, the non-permissible values are X =0 and
x=1.

Step 2
Determine if the graph of f (X) will have a vertical

asymptote or a hole for the
non-permissible values of x.

The factors (X) and (x—1) occur in both the
numerator and denominator.

Express the function in reduced form.
() - LT (x+9)
X (x~T)

f(x)=x(x+9),x=0,1

The factor (X) remains in the numerator,

and (x—1) cancels out.

Therefore, X =0 and X =1 are holes.

Step 3
Determine the horizontal asymptotes.

The degree of the numerator (x4 +8x° —9x2) is 4, and

the degree of the denominator (x2 — X) is 2. Since the

degree of the numerator is greater than the degree of the
denominator, there are no horizontal asymptotes.
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Lesson 2—The Behaviour of a
Rational Function

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Determine the vertical asymptotes of the function.

3ax*-1
(x+6)(x-1)"
where x=—6 and x=1. There are no factors that occur

in both the numerator and denominator. Therefore, there
is a vertical asymptote at x=-6 and x=1.

The factored form of the function is y =

Step 2
Determine the horizontal asymptotes.

The degree of the numerator and denominator is 2.

Since the degree of the numerator is equal to the degree
of the denominator, the horizontal asymptote occurs at

3
=—=3.
y 1

Step 3
Determine the behaviour on the left of x=-6.

Calculate values of y as x approaches —6 from
the left.

If x=-6.01:

_ -1
X’ +5x—6
3(-6.01)" -1
(-6.01)" +5(-6.01) -6
~107.3603

~0.0701
y =1531.530 67

If x=-6.0001:

o3 -1
~ X*+5x—6
3(-6.0001)" -1
(~6.0001)" +5(—6.0001) - 6
~107.003 603

" 0.000 700 01
y =152 860.102

As x approaches —6 from the left, the y-values approach
positive infinity.

Step 4
Determine the behaviour on the right of x=-6.

Calculate values of y as x approaches —6 from
the right.

If x=-5.99:

_ -1
Y ex-s
3(-5.99)" -1
(-5.99)° +5(-5.99) -6
_106.6403

~0.0699
y =-1525.612 303

If x=-5.9999:

_ -1
x* +5X 6
3(-5.9999) -1
(-5.9999)° +5(~5.9999) - 6
106.9964

~20.000 699 99
y = —152 854.1836

As x approaches —6 from the right, the y-values approach
negative infinity.

Step 5
Determine the behaviour on the left of x=1.

Calculate values of y as x approaches 1 from
the left.

If x=0.99:

_ -1
X’ +5x—6
3(0.99)° -1
(0.99)° +5(0.99) -6
~1.9403

Y= 20,0699
y =-27.7582...

If x=0.9999:

_ 3x* -1
X2 +5x—6
3(0.9999)° -1
(0.9999)" +5(0.9999) -6

1.999...
Y= Z0.0006...
y =—2856.3265...

As x approaches 1 from the left, the y-values approach
negative infinity.
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Step 6
Determine the behaviour on the right of x=1.

Calculate values of y as x approaches 1 from
the left.

If x=1.01:

_ -1
Y ex—s
3(1.01)" -1
(1.01)" +5(1.01) -6
_ 2.0603

0.0701
y =29.3908...

If x = 1.0001:

_ -1
X +5X -6
3(1.0001)° —1
(1.0001)" +5(1.0001) - 6
~ 2.0006...

Y= 0.0007...
y = 2857.9592...

As x approaches 1 from the right, the y-values approach
positive infinity.

Step 7
Determine the behaviour of the graph as x — —oo .

If x =-100:

_ 31
x> +5x -6
3(-100)" -1
(~100)" +5(~100) -6
29999
9494
y =3.1507...
If x = ~20 000:

_ -1
X’ +5x—6
3(~20 000)” -1
(~20 000)” +5(~20 000) -6
199 999 999

Y= 399 899 994
y =3.0007...

As x — o« , the y-values approach 3 from above.

Step 8
Determine the behaviour of the graph as x — o .

If x = 100:

_ -1
X +5x—6
3(100)" -1
(100)* +5(100) —6
29999

Y= 10402
y =2.8586...

If x=20000:

-1
~ x?+5x-6
3(20000)° -1
(20000)° +5(20000) - 6
~ 1199 999 999

"~ 400099994
y=2.9992...

As x — « , the y-values approach 3 from below.

3x* -1

5 is shown.
X" +5x—6

A possible sketch of y =

Ll 12 |-g

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine the vertical asymptotes of the function.

. 2x . .
The function y = % is already in factored form,

and there are no factors that occur in both the numerator
and denominator. Therefore, there is a vertical
asymptote at x=4.
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Step 2
Determine the horizontal asymptotes.

The degree of the numerator and denominator is 1.
Since the degree of the numerator is equal to the
degree of the denominator, the horizontal asymptote

occurs at y:§:2.
Step 3

Determine the behaviour on the left of x=4.

Calculate values of y as x approaches 4 from
the left.

If x=3.99:
y= 2X
x—4
~ 2(3.99)
Y= 399-4
yo 7.98
-0.01
y=-798
If x=3.9999:
y= 2X
X—4
_2(3.9999)
" 3.9999 - 4
yo 7.9998
-0.0001
y=-79998

As x approaches 4 from the left, the y-values approach
negative infinity.

Step 4
Determine the behaviour on the right of x=4.

Calculate values of y as x approaches 4 from
the right.

If x=4.01:

_2X
x—-4
(4.01)

T 401-4
802
0.01

y =802

y

N

y

If x=4.0001:
22X

Y %=1
~ 2(4.0001)

" 4.0001—4
~8.0002

Y= 00001
y =80 002

As x approaches 4 from the right, the y-values approach
positive infinity.

Step 5
Determine the behaviour of the graph as x - — .

If x=-100:

y= 2X
X—4

_ 2(-100)

T _100-4

200

TV
y =1.9230...

If x=-20000 :

2
y X—-4
B 2(—20000)

"~ 20000 -4
40000

Y= 20004
y =1.9996...

As x — —oo , the y-values approach 2 from below.

Step 6
Determine the behaviour of the graph as x - o .

If x=100:

If x=20000:

_ 2
y X—4
B 2(20000)

20000 - 4
40000

Y= 19996
y =2.0004...

As x — —oo , the y-values approach 2 from above.
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Lesson 3—Graphing a Rational
Function

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine any asymptotes and holes.

The factored form of the function is
__Ax=2)
 x(x—=2)(x+5)

The factor (x—2) occurs in both the numerator and

,wWhere x#-5, x=0,and x=2.

denominator. When expressed in reduced form, the

_4
X(x+5)
and x # 2. Therefore, there isahole at x=2 and
vertical asymptotes at x =0 and x = -5.

function becomes y = ,where x#-5, x=0,

Since the degree of the numerator is less than the degree
of the denominator, the horizontal asymptote isat y=0.
Show the vertical asymptote at x =-5 using a dotted
line. Dotted linesat x=0 and y =0 are not needed
since these lines are simply the y-axis and x-axis,
respectively. The hole at x =2 will be graphed in a later
step.

oo
|
T

Y
-

IREEL

Y =5
Step 2
Determine the point at which the graph will intersect or
touch the horizontal asymptote.

Lety =0, and solve for x.
_ 4x-8
x® +3x% —10x
0=4x-8
8 =4x
X=2

Since x = 2 was determined to be a non-permissible
value in step 1, the graph is undefined at x = 2.

Therefore, the graph does not intersect or touch the
horizontal asymptote y = 0.

Step 3
Find the intercepts.

Since the horizontal asymptote is the x-axis and the
graph does not cross or touch the horizontal axis,
then there are no x-intercepts. One of the vertical
asymptotes is the y-axis, which means the graph also
has no y-intercept.

Step 4
Plot points on the right and left of each vertical
asymptote.

Create a table of values. If necessary, round the y-values
to the nearest tenth.

X y
7 . 4(_7);8 =03
(-7) +3(-7)" -10(-7)

6 - 4(_6);8 =07
(-6) +3(-6)"—10(-6)
4(-4)-8
4 3 5 =-1
(—4) +3(-4)"-10(-4)

P ) Y
(-3)" +3(-3)" —10(-3)

2 ; 4(_2)2_8 =07
(-2)° +3(-2)"-10(-2)

4(-1)-8 .
T G sy —10(1)
1 #ZO]
(1) +3(1)" —10(1)
3 | 4(3)2_8 =0.2
(3)" +3(3)" -10(3)
Plot these points as shown.
E ok
| 81
! 6+
fiee
e
108 —6 :—4‘-5_3__ S A 68 do
s
a8
=T
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Step 5
From the point (-6, 0.7), show the graph increasing as x
approaches the vertical asymptote x =-5 from the left.

From the point (1, 0.7), show the graph increasing as x

approaches the vertical asymptote x =0 from the right.
i

o1

8-_

64

| 4

! 2

t
—|—0—'—o—'—o—£———|—-—4——|——|——|—-—x
08 6 4%%e

HA T2+
t
T
H61
)

1

1

1

1

_8--
W=

X[=[=5

Step 6

From the point (-2, -0.7), show the graph going through
(-3, 0.7) and (-4, -1) and decreasing as x approaches the
vertical asymptote x =-5 from the right.

From the point (-2, —0.7), show the graph going through
(-1, —1) and decreasing as x approaches the vertical
asymptote x =0 from the left.
¥

A
o
8-_
64

(]
I
1
T
+
®
1
1
T
1
j

RN

Step 7

From the point (-6, 0.7), show the graph going
through (-7, 0.3) and approaching the horizontal
asymptote y=0.

From the point (1, 0.7), show the graph going through
(3, 0.2) and approaching the horizontal asymptote y = 0.

y

8110
=511 =0
Step 8
Place a hole in the graph at x = 2.
. 4x -8
The result is the graphof y=——+———.
grép y x* +3x2 —10x
y
1 F 3
! 101
R
I [iE
4x—8
I 1 e
I i B e T
! 2
X
+10-8 6 2 4 6 8 10y=0

PRACTICE EXERCISES

ANSWERS AND SOLUTIONS
Step 1
Determine any asymptotes and holes.
L X
The factored form of the functionis y=———,
R A P Y

where x=0 and x=—1. The factor x occurs in both
the numerator and denominator. In reduced form, the

_
(x-1)(x-1)
Therefore, there is a hole at x =0 and a vertical
asymptote at x=1.

functionis y = ,where x=0 and x=-1.

Since the degree of the numerator is less than the degree

of the denominator, the horizontal asymptote isat y =0 .
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Sketch the asymptote at x=1 as a dotted line.
A dotted line at y =0 is not needed since this line is

simply the x-axis.

:l’!
3
1o

84

ro-4
Y
=

Step 2
Determine the point at which the graph will intersect or
touch the horizontal asymptote.

Let y=0, and solve for x.

y= X
X =2x% + X
X
0= 3 2
X —2X°+ X
x=0

Since x =0 was determined to be a non-permissible
value in step 1, the graph is undefined at x=0.
Therefore, the graph does not intersect or touch the
horizontal asymptote y=0.

Step 3
Determine the intercepts.

Since the horizontal asymptote is the x-axis and the
graph does not cross or touch the horizontal axis, there
are no x-intercepts.

The y-intercept occurs when x=0. Since x=0 was
determined to be a hole, there is no y-intercept; instead,
there is a hole on the y-axis.

Step 4
Plot points on the right and left of the vertical asymptote.

Create a table of values. If necessary, round the
-values to the nearest tenth.

X y
-3 3 -3 2 =01
(-3) -2(-3) +(-3)
-1 3 = 2 =03
(-1 =2(-1)" +(-1)
0.5 _4
05 | (057 -2(05) +(05)
15 _a
L5 1 (15 —2(15) +(0=15)
2 —
Pl @22
3 #ZOS
(3)' -2(3) +(3)

Plot these points as shown.
v

10T

-
—l—l—*—l—!——'—l—?—l—!—bx
=54 =32 -1 243413

|
p=a

Step 5
From the point (-1, 0.3), show the graph going through
(0.5, 4) and increasing as x approaches the vertical

asymptote x =1 from the left.

From the point (2, 1), show the graph going through
(1.5, 4) and increasing as x approaches the vertical

asymptote x =-1 from the right.

¥

I . x
BEDEESE N RN NN NS A G

i
T
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Step 6

From the point (-1, 0.3), show the graph going through
(-3, 0.1) and decreasing as x approaches the horizontal
asymptote x = 0.

From the point (2, 1), show the graph going through
(3, 0.3) and decreasing as x approaches the horizontal
asymptote x = 0.

‘)}
10

Step 7

Place a hole in the graph at x = 0.
The result is the graph of y = #
X*=2X"+ X

v

Step 1
Determine any asymptotes and holes.

6x2 +1

(x+1)(x-1)"
where X#—-1 and x=1.
There are no factors that occur in both the numerator and
denominator. Therefore, there are no holes and the
vertical asymptotes are x = -1
and x = 1.

The factored form of the functionis y =

The degree of the numerator is 2, and the degree of the
denominator is 2. Since the degree of the numerator is
equal to the degree of the denominator, the horizontal

6
asymptote occurs at y = 1 =6.

Sketch the asymptotes as dotted lines.
)}

3
b1
t t
B4
1 1
| V=G
o
411
1 1
21
1+ttt
71078454753 :2 461810
it
! ]
i
[l 1
R+
] I
1 41
xl= llp Ly =1
Step 2

Determine the point at which the graph will intersect or
touch the horizontal asymptote.

Lety = 6, and solve for x.

X2+l

x?* -1

6x2 +1

6= x? -1

6@2—Q=6ﬁ+1

6x2 —6="6x>+1
0=7

Since no value of x makes 0 = 7 true, the graph does not
intersect or touch the horizontal asymptote.

Step 3
Determine the intercepts.

Find the x-intercepts. Lety =0, and solve for x.

_6X2+1
x> -1
0=6x%+1
—1=6x?
1.
6
Ty
6

Since the square root of a negative number does not
exist, there are no x-intercepts.

Find the y-intercept. Let x =0, and solve for y.
X741
Coxi-1

6(0)" +1
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The y-intercept is located at (0, —1). Plot the
point (0, —1) as shown.
v

T

t

1

1

1

|

T

[}

1

1

|

T
ARG

|

=
=+
=LA EEES
Step 4
Plot points on the right and left of each vertical
asymptote.

Create a table of values. If necessary, round the
-values to the nearest tenth.

X y
-6 QS(LZZH =6.2
(-6) -1
4 “LZZH =65
(-4Y -1
L 6(—222 g
(-2) -1
s 6(—0.522 1
(-05) -1
o5 6(0.522 12 S
(0.5)" -1
X y
, 6(222 1 s
(2) -1
. 6(422 s
(4) -1
. 6(622 e,
(6) -1

Plot these points as shown.

o4
]
a1t
a0+t
=

Step 5

From the point (-4, 6.5), show the graph going through
(-2, 8.3) and increasing as x approaches the vertical
asymptote X =—1 from the left.

From the point (4, 6.5), show the graph going through
(2, 8.3) and increasing as x approaches the vertical
asymptote X =1 from the right.

bt
J.a--s
______ e--___{,- | . D 0 A Y

! vEp

]
=2

}

T

Step 6

From the point (0, —1), show the graph going through (-
0.5, -3.3) and decreasing as x approaches the vertical
asymptote X =—1 from

the right.
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grgm;hge point (0, —1)_, show the graph going throygh (- Lesson 4 Solving a Rational
.5, —3.3) and decreasing as x approaches the vertical ) 3

asymptote X =1 from Equation Graphically

the left.

CLASS EXERCISES

ANSWERS AND SOLUTIONS
______ . L S . 5 G T N A
vE=h
1. Stepl
Determine the non-permissible values.
it — x*+x=0
108 64 6810 X(x+1)=0
_ X+1=0
x=0 x=-1
The non-permissible values are x=-1and x=0.
Step 2
Step 7 Bring all terms to one side of the equation.
From the point (-4, 6.5), show the graph going through X ,
(-6, 6.2) and approaching the horizontal asymptote 21 x =X
y=6. X 3
——X =0
. . X5+ X
From the point (4, 6.5), show the graph going through
(6, 6.2) and approaching the horizontal asymptote Step 3
y=6. Graph the related function using a T1-83 or similar
2,9 graphing calculator.
The result is the graph of y = — .
x -1 Press , enter the equation as

Y, =(X/(X"2+X))-X"3, and press [GRAPH |
An appropriate window setting is x: [-3, 3, 1]andy: [~
5,5, 1].

6x’+1
Y=

The resulting graph is as shown.

- | O
A

Determine the zeros of the function.

Press TRACE |, and select 2:zero.
For “Left Bound?”, position the cursor just left of the
zero, and press | ENTER |.

For “Right Bound?”, position the cursor just right of the
zero, and press | ENTER |.
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For “Guess?”, press | ENTER |. The results are the
coordinates of the zero of the function.

L\

Repeat the same process for the second zero.

&Ko \ \
=.81917251 Y=o

The zeros of the function are approximately —1.38
and 0.82.

Therefore, the solution set is {-1.38, 0.82}.

2. Stepl
Determine the non-permissible values.
x-10=0 X+9=0
x =10 x=-9

Therefore, the non-permissible values are x =10
and x=-9.

Step 2
Graph each side of the equation using a graphing
calculator.

Press|Y =| and input each function.
Y, =X"2/(X~10)
Y, =-6—((5X+1)/(X+9))

Press| GRAPH |. The window setting used to display the

two graphs is x: [-40, 20, 2] and y: [-20, 20, 2].

—< 1t
Step 3
Find the points of intersection.

Press , and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point that is farthest to the left, and press

[ENTER]

For “Second curve?”, position the cursor just left or right
of the intersection point that is farthest to the left, and

press[ENTER]
For “Guess?”, press .

|

_.-PY\_

Inkerseckion.
n="21.769%5, ¥=-14.55718

Repeat the process with the second and third points
of intersection.

..-F{,\_

Inkerseckion

Inkerseckion .
w=5.B0391z7 1 ¥=-A.0z7B13

5= "4.434EED PN W Trdd

The points of intersection are approximately
(-21.37,-14.56), (-4.43,-1.36), and (5.80,-8.03).

Step 4
Determine the solution set of the equation.

The x-coordinates of the points of intersection are
—-21.37,-4.43, and 5.80.

Therefore, the solution set is {-21.37,-4.43,5.80} .

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine the non-permissible values.
x-3=0

Xx=3

The non-permissible value is 3.

Step 2

. . . 3x-6
Bring all terms to one side of the equation 3 X

3Xx—6
=X
x-3
3X_6—x:0
x—3
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Step 3
Graph the related function using a T1-83 or similar
graphing calculator.

Press , enter the equation as
Y, =((3X~6)/(X~3))-x, and press[GRAPH].

An appropriate window setting is x: [-10, 10, 1] and
y: [-10, 10, 1].

The resulting graph is as shown.

™

[

Step 4
Determine the zero of the function.
Press TRACE |, and select 2:zero.

For “Left Bound?”, position the cursor just left of the
first zero, and press | ENTER |

For “Right Bound?”, position the cursor just right of the
same zero, and press | ENTER |.

For “Guess?”, press | ENTER|. The results are the
coordinates of the first zero of the function.

N

2eF0
[E=1z6raymz Iv=o

N

Repeat the same process to find the second zero.

2k
WEY.7ZZ0E08 1Y=0

F—_ﬁj

N

The zeros of the function are approximately 1.27
and 4.73.

F—_ﬂi

Therefore, the solution set is {1.27, 4.73}.

2. Stepl
Determine the non-permissible values.
X+4=0
X=-4

The non-permissible value is —4.

Step 2
Bring all terms to one side of the equation
lO——X = _}El_.

X+4
10—-x= ﬂ

X+4

0= 10 -10+x

X+4

Step 3

Graph the related function using a T1-83 or similar
graphing calculator.

Press , enter the equation as
Y, =(10/(X+4))—-10+X , and press[GRAPH]

An appropriate window setting is x: [-10, 15, 1] and y:
[-10, 10, 1].

The resulting graph is as shown.

L
-

Determine the zero of the function.

Press , and select 2:zero.

For “Left Bound?”, position the cursor just left of the
first zero, and press | ENTER [

For “Right Bound?”, position the cursor just right of the
same zero, and press | ENTER |.

For “Guess?”, press [ ENTER |. The results are the
coordinates of the first zero of the function.

pd

n=-.244898 YV=-1.:E-iZ

Repeat the same process to find the second zero.

Z
e

2eF0
[E=8zy4g98  v=o

The zeros of the function are approximately —3.24 and
9.24.

Therefore, the solution set is {-3.24, 9.24}.
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3. Step1l
Determine the non-permissible values.
X+2=0
X=-2

Therefore, the non-permissible value is x = -2.

Step 2
Graph each side of the equation using a T1-83.

Press , and input each function.
Y, =(X-4)/(X+2) and Y, =—X -2

Press| GRAPH|. The window setting used to display the

two graphs is x: [—10, 10, 1] and
y: [—10,-10, 1].

I

Find the points of intersection.

Press , and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point that is farthest to the left, and press

[ENTER]

For “Second curve?”, position the cursor just left or right
of the intersection point that is farthest to the left, and

press [ENTER]
For “Guess?”, press .

Inkerseckion
b I 1=z

Repeat the process with the second point of intersection.

Inkerseckion &
n=B.5E6E"14 I¥=-2

The points of intersection are approximately
(-5, 3) and (0, -2).

Step 4
Determine the solution set of the equation.

The x-coordinates of the points of intersection
are -5 and 0. Therefore, the solution set is {-5,0}.

Step 1
Determine the non-permissible values.
x=0 Xx+2=0

X=-2

Therefore, the non-permissible values are X =—2 and
x=0.

Step 2
Graph each side of the equation using a TI-83.

Press , and input each function.
Y, =(2X-5)/X

Y, =(X+1)/(X+2)
Press . The window setting used to display the

two graphs is x: [—5, 6, 1] and
y: [—5,7,1].

—

Step 3

Find the points of intersection.

Press , and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point that is farthest to the left, and press

[EnTeR]

For “Second curve?”, position the cursor just left or right
of the intersection point that is farthest to the left, and

pres [ENTER]
For “Guess?”, press .

—

Inkerseckion”
|H=-2.21662F V=4 1TE:1zY
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Repeat the process with the second point of intersection.

Ilf .J'!
Interseckion’
WoY.:ie624E Y= B416B76

The points of intersection are approximately
(—2.32,4.16) and (4.32,0.84).

Step 4
Determine the solution set of the equation.

The x-coordinates of the points of intersection
are —2.32 and 4.32.

Therefore, the solution set is {-2.32,4.32}.

Step 1
Determine the non-permissible values.
x+1=0 2x=0

x=-1 x=0

Therefore, the non-permissible values are X =—1 and
x=0.

Step 2
Graph each side of the equation using a T1-83.

Press , and input each function.
Y, :(X—Z)/(X+l)

Y, = (X"2-5)/2X

Press | GRAPH|. The window setting used to display the
two graphs is x: [—5, 5, 1] and

y: [—5,5,1].

-

AN

/

Step 3
Find the points of intersection.

Press , and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point that is farthest to the left, and press

[EnTeR]

For “Second curve?”, position the cursor just left or right
of the intersection point that is farthest to the left, and

press[ENTER]
For “Guess?”, press .

N

¥=-1.07%082

Repeat the process with the second point of intersection.

Inkerseckion
i=

eC
EE8137El V=07 31288

The points of intersection are approximately
(0.45,—1.07) and (2.25,0.08).

Step 4
Determine the solution set of the equation.

The x-coordinates of the points of intersection are 0.45
and 2.25.

Therefore, the solution set is {0.45,2.25} .

Practice Test

ANSWERS AND SOLUTIONS

Step 1
Express the function in factored form, and state the non-
permissible values of x.

x? —7x
f(x)= 2 X
() xa—?x2+1)4x
X(x—=7
f(x)=———-—"—
() x(x2—9x+14)

X(x=7)
f . ~\" )
)= -7
Set the denominator equal to zero, and solve for x.
x=0 X-=2=0 x-7=5
X=2 X=7

The non-permissible values are x=0, x=2,
and x=7.
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Step 2
Determine if the graph of f (x) will have a vertical

asymptote or a hole for the
non-permissible values of x.

The factors (x) and (x—7) occur in both the numerator
and denominator.

Express the function in reduced form.
. X(x=7)
F(x) X(x=2)(x=7)
g KO
A (x=2) (x~7]

The factors (x) and (x—7) both cancel out from the

numerator and denominator. Therefore, x =0 and
x =7 are holesand x =2 is a vertical asymptote.

Step 3
Determine the horizontal asymptotes.

The degree of the numerator (x* —7x) is 2, and the
degree of the denominator (x° —9x* +14x) is 3.
Since the degree of the numerator is less than the degree

of the denominator, the horizontal asymptote occurs
at y=0.

Step 1
Determine the value of a.

The line ¥ =2 is a horizontal asymptote.

This means the quotient of the leading coefficient of the
numerator and the leading coefficient of the denominator
must be equal to 2.

The leading coefficient of a(x—b) or ax—ab is equal
to a, and the leading coefficient of x —cC is 1.

) . a
Solve for a in the equation 1 =2.

Therefore, the value of a is 2.

Step 2
Determine the value of b.

The x-intercept on the graph of f (x) is (3,0).
Therefore, f(3)=0.

Let f(x)=0, x=3,and a=2, and solve for b.

a(x—b)
f
(X)==—2
2 —
,_2(3-b)
3-¢c
0=2 3—b)
0=3-Db
b=3

Therefore, the value of b is 3.

Step 3
Determine the value of c.

The line x =1 is a vertical asymptote. This means 1 is
a non-permissible value and the denominator of the
function mustbe x—1.

Therefore, the value of c is 1.

Step 1

Express the function in factored form, and state the non-
permissible values of x.

Since h(—12) =0, then by the factor theorem,
(x+12) isa factor of h(x)=x’+10x* —48x —288.

Use synthetic division to determine another factor.

_121 10 -48 -288
I —12 24 288
1 -2 -24 0

Another factor of h(x) is the quadratic expression
(x* —2x—24), which factors to (X+4)(x—6).

Therefore, the factored form of the denominator is
(x+12)(x+4)(x—6).

The factored form of the rational function can now be
expressed as

B 2x°
RO = G2 a)(x—0)

Set the denominator equal to zero, and solve for x.
Xx+12=0 Xx+4=0 x-6=0
X=-12 Xx=-4 X=6

The non-permissible values are X =-12, Xx=—4, and
X=6.
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Step 2
Determine if the graph of f (x) will have a vertical

asymptote or a hole for the
non-permissible values of x.

Express the function in reduced form.
B 2x°

R(X"<x+122(><)x(+;(><)x—e)

RO = Gt2) (x+ 4)(x6)

There are no factors that occur in both the numerator and
denominator.

Therefore, X=-12, Xx=-4,and X =6 are vertical
asymptotes.

Step 3
Determine the horizontal asymptotes.

The degree of the numerator (2x3) is 2, and the degree

of the denominator (x3 +10x% —48x— 288) is3. The

degree of the numerator is equal to the degree of the
denominator.

2
Therefore, the horizontal asymptote is y = I =2.

Step 1
Determine the vertical asymptotes of the function.

The factored form of the function is
2x(x-2)
=——2— 'where X#2 and X #-8.
(x—2)(x+8)
The factor (X —2) occurs in both the numerator and

denominator. When expressed in reduced form, the

function becomes y =———, where X# 2 and

(x+8)
X #-8.

Therefore, there is a vertical asymptote at X =—8 and a
holeat x=2.

Step 2
Determine the behaviour on the left of X = —8.

Calculate values of y as x approaches —8 from
the left.

If x=-8.01:

2(-8.01)" - 4(-8.02)
(-8.01)° +6(-8.01)-16

~160.3602
~0.1001

y =1602

If X =-8.0001:

2(-8.0001)" —4(~8.0001)
(~8.0001)° +6(~8.0001) 16
_160.0036

~0.00100001
y =160002

As x approaches —8 from the left, the y-values approach
positive infinity.

Step 3
Determine the behaviour on the right of X =-8.

Calculate values of y as x approaches —8 from
the right.

If x=-7.99:

2(-7.99)" —4(~7.99)
(~7.99)" +6(~7.99)-16

1596402
~0.0999

y =-1598

If X =-7.9999:

2(~7.9999)° — 4(~7.9999)
(~7.9999)" +6(~7.9999) 16
159.9964

~ Z0.00099999
y = —159998

As x approaches —8 from the right, the y-values approach
negative infinity.
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5. Step1l
Determine any asymptotes and holes.

The factored form of the function is
2X
y=——"——
(x+2)(x-2)
are no factors that occur in both the numerator and
denominator. Therefore, there are no holes and the
vertical asymptotes are X =—2 and X =2 .The degree
of the numerator is 1, and the degree of the denominator
is 2. Since the degree of the numerator is less than the
degree of the denominator, the horizontal asymptote
occurs at 'y =0 . Sketch the asymptotes as dotted lines.

,Where X # -2 and X# 2. There

-

e o)
fl
T

H~—]

=T
A 2
=

LN
=)
do
&
L
F |
| o
] S 5 5 e |
=4
=
=1

Step 2

Determine the point at which the graph will intersect or
touch the horizontal asymptote.

Let y =0, and solve for x.

y= 2X
x> —4
2X
0=—
X2 -4
0=2x
0=x

Therefore, the graph of the rational function will
intersect or touch the horizontal asymptote at (0, 0).
Plot this point as shown.

y
[ 3
ot
1 8__

64

=
Il
T

L
=)
do
&
L
|
— e
3 o
o
N
tr=—]
==t
A A
=

Step 3
Determine the intercepts.

Since the graph intersects the horizontal asymptote at
(0, 0), the x-intercept is located at the point (0, 0). Since
the y-intercept occurs when x =0, then the y-intercept
is also located at (0, 0).

Step 4
Plot points on the right and left of each vertical
asymptote.

Create a table of values. If necessary, round
the y-values to the nearest tenth.

0 I 3
Sl
s O

T

+

1

]

t

1}

1

l|
4 ' R R S
o8 -8 2e2 o2 46 8
; |

1

1

]

T

1

]

]

2t
—4+
[}
61
T

=81

04

X
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Step 5

From the point (0, 0), show the graph going through (—
1, 0.7) and increasing as x approaches the vertical
asymptote X =—2 from the right.

From the point (4, 0.7), show the graph going through
(3, 1.2) and increasing as x approaches the vertical
asymptote X =2 from the right.

T
t
1
|
1
1

" 2wy

Tt

+
—4+
[}
61
T

=81

|

:

: '

*2 14 6|8

I :|'
t

1

1

]

T

|

1

]

P —2—;1 i

Step 6

From the point (-3, —1.2), show the graph decreasing as x
approaches the vertical asymptote x = —2 from the left.
From the point (0, 0), show the graph going through (1, -
0.7) and decreasing as x approaches the vertical
asymptote X =2 from the left.

iy
I
ee
L
N
o
L]
oy
= oo

Step 7
From the point (-3, —1.2), show the graph going through
(-4,-0.7), (-6, -0.4), and (-8, —0.3) and approaching the
X-axis.

From the point (4, 0.7), show the graph going through
(6, 0.4) and (8, 0.3) and approaching the
X-axis.

The result is the graph of y =

X2 -4

- ——== o F" T N T S

Step 8
State the domain and range.

The domainis X #—2 or X2, Xe R. Therange is
y#0, yeR.

Step 1
Determine the non-permissible values.

The non-permissible value is x=0.

Step 2
Graph each side of the equation using a graphing
calculator.

Press , and input each function.
Y, =((X-2)/X)+2

Y, =(X"3)/2

Press| GRAPH | The window setting used to display the

two graphs is x: [—3, 3, 1] and
y: [—5, 10, 1].

_
i

Step 3
Find the points of intersection.

Press , and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point that is farthest to the left, and press

[ENTER]
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For “Second curve?”, position the cursor just left or right
of the intersection point that is farthest to the left, and

press[ENTER]
For “Guess?”, press .

_/

Inktgrseckion
|#=.70Bri3zE

¥=.17798431

Repeat the process with the intersection point that is
farthest to the right.

=83 IY=1.BEA10zE

The points of intersection are approximately (0.71, 0.18)
and (1.49, 1.66).

Step 4

Determine the solution set of the equation.

The x-coordinates of the points of intersection are 0.71
and 1.49.

Therefore, the solution set is {0.71, 1.49}.

EXPONENTIAL FUNCTIONS

Lesson 1—The Graph of an
Exponential Function

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Apply the vertical stretch.

Since the function is vertically stretched by a factor of 5,
1Y 1
replaceyin y==| with =y .
placey in y [ 4] 5)/
~(3)
4
1, (1Y
5y 4
Step 2
Apply the horizontal stretch.

Since the function is horizontally stretched by a factor of

i, replace x in 1y:(lj with 2x.
2 5 4

1. (1)

gy—(z]

1 ~ 1 2x

5[

Step 3
Apply the vertical translation.

Since the function is translated 10 units down, replace y

2x
in ly:(%j with y—(-10).

5
1y_[1j2x
5 4

é(y—(—lo)){ﬂzx
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Step 4

1 X
Isolate y. 2. Theequation 2(y+3)= [EJ(G) becomes
1 1 2x
Z(y-(-10))=| =
1 1\ 4
1 The domainis X € R, and the rangeis y > —3. The
y+10= 5(2] horizontal asymptote is y = —3.
1 2x
y=5[zj -10 Let x=0, and solve fory.
1 0
_ . y= H(G) -3
The equation of the transformed graph is 4
1 2x y B 1 _3
y= 5(4] -10. 2
1
y="-3
Step 5 4
Determine the y-intercept of the transformed graph. _ _1_1
4
Let x=0, and solve fory.
1) 11
y= S(Zj -10 Therefore, the y-intercept is (0, _ZJ .
0
y= S(EJ -10
4 3. Step1l
y=5(1)-10 1Y\
y=-5 Sketch the graph of y = (Zj using a table
Therefore, the y-intercept is (0, -5). of values.
X
PRACTICE EXERCISES d
ANSWERS AND SOLUTIONS -2 16
-1 4
1. Theequation y—-9=6"" becomes y=6""°+9. 0 1
The domain is x € R, and the range is y > 9. 1 0.25
The horizontal asymptoteis y=9. 2 0.0625

Let x =0, and solve fory.
y=6"°+9

y:6°*5+9

y=6°+9

y=7785

Therefore, the y-intercept is (0, 7 785).

[e%
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Step 2
Apply the vertical stretch.

Since the graph of y = (%j is vertically stretched by a

factor of 6, multiply the y-coordinates by 6.

(—2,16x6) ( -2 96)
(—1,4><6) (-1 24)
(0,1x6) - (0,6)
(1,0.25><6)—>(0 1. 5)
(2,0.0625><6)—>(0 0. 375)
Step 3

Apply the vertical translation.
Since the graph of y = (%j is vertically translated 7

units up, increase the y-coordinates obtained in step 2 by
7.

(—2,96+7)—>( -2 103)
(—1,24+7)—>( 131)
(0,6+7)—(0,13)
(1,1.5+7)—>(1 8. 5)
(2,0.375+7)—>(2 7. 375)

Step 4

Plot and join the transformed points.

¥

Step 5
State the domain and range.

The domainis X e R.
1 X
Since the graph of y = (Zj is translated 7 units up, the

rangeis y > 7.

Apply the transformations in the order shown.

) y=4(5)

3

i) y=4(5)"
3

iii) Y= 4(5)[5‘““)}

The equation of the transformed function is

y = 4(5)20).

Step 1

3
Determine the horizontal asymptote of y = 4(5){5(““)} .

The horizontal asymptote of y =5 is y=0. Since

there is no vertical translation, the horizontal asymptote
of the transformed functionis y =0.

Step 2
State the domain and range.

The domainis X € R, and the rangeis y > 0.

Step 1

3
In the transformed function y = 4(5)[5(“11)} , substitute
—9 for x and k for y.

y=4(5) 2

= a(s) 3]
Step 2
Determine the value of k.

k 4( ){ 9+ll)]
k= 4(5)[5@}
k=4(5)

k =500

The value of k is 500.

4x+1
The function g(x)= (Ej -3 isequivalent to

Step 1

Describe the transformations applied to f (x) = (gj

-3.

5}“(**3

to get the graph of g(Xx)= (E
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5 4 ><+Z
The function g(x)= > —3 is of the form

b(x—h)
y:(ﬁ) +k,whereb=4,h:—£,and
2 4

5 4 X+ZJ
k =—3. Therefore, the graph g(x)= > -3is
obtained from f (x)= (gj by a horizontal stretch

1 1
factor of Z a horizontal translation of Z or 0.25 left,

and a vertical translation 3 units down.

Step 2
Apply the transformations to the point (1, 2.5).

Apply the horizontal stretch so the point becomes

(1>< % , 2.5] =(0.25,2.5). Then, apply the translations

so the point becomes
(0.25—0.25, 2.5—3) = (O, —0.5) .

Therefore, the point (1, 2.5) on the graph of f transforms
to the point (0, —0.5) on the graph of g.

Lesson 2—Solving Exponential
Equations

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Since the bases on each side of the equation are equal,
then the exponents on each side of the equation must also
be equal.

Equate the exponents, and solve for x.
4x* -9=3x"
x*-9=0
(x+3)(x-3)=0
X+3=0
Xx=-3

The values of x are -3 and 3.

2.

a)

b)

Step 1
Write the equation so that the powers have the
same base.

Since both sides can be written as powers with base

5, replace 125 with 5° and 21—5 with 572,

1254)( _ (1jx+9
25
(53)4X _ (572))&9

Step 2
Simplify the equation using the laws of exponents.

Apply the power law of exponents to both sides of
the equation.

)" -(57)"

512x _ 572x718

Step 3
Apply the property that if b* =b*, where b =0
and b=1,then x=y.

Both sides of the equation have the same base,
S0 equate the exponents.

12x =-2x-18
Step 4
Solve for x.
12x=-2x-18
14x =-18
18
14
9
X=——
7

Therefore, the value of x is —% .

Step 1
Write the equation so that the powers have the
same base.

Since both sides can be written as powers with
base 3, replace 9 with 32 and 81 with 3%,

3m76 "
gom-1L =81

Sl

@

Step 2
Apply the power rule to both sides of the equation.
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Step 3 Step 2
Apply the quotient law to the left side of Apply the power law to the right side of the equation.
the qug}ion. 12%+3 — (12,1 )8><
W =3 12x+3 _ 12—8)(
3m—6—(10m72) — 34m
g-9m-4 _ gem Step 3
Solve for x.
Step 4 Both sides of the equation have the same base,
Apply the property that if b* = bY, where b # 0 S0 equate the exponents and solve for x.
and b #1, thenx = . X+3=-8X
Ix+3=0
Both sides of the equation have the same base, 9x =-3
S0 equate the exponents. 3
-Om-4=4m X= —§
-4=13m 1
m=——2 X=-3
13 3
Therefor‘el the value of m is _i . Therefore, the value of x is —% .
PRACTICE EXERCISES 3. Stpl 2
ANSWERS AND SOLUTIONS Divide both sides of the equation 7(2x ’“) =28 by7.
7(2°) =28
1. Theequation 62 —2=4 can be rewritten 14 _ g
as 612X2—4x — 6 .
Step 2

Since the bases on each side of the equation are equal,
the exponents on each side of the equation must be equal.
Equate the exponents, and solve for x.

Write the equation 2%

the same base.

=4 so that the powers have

2 _
122)( —4x=1 Replace 4 with 22,
12x° -4x-1=0 o1 _ g
(6x+1)(2x-1)=0 ,
2)( -14 — 22
6x+1=0 2x-1=0
6x=-1 2x=1
1 1 Step 3
x=fg x:E Solve for x.
Both sides of the equation have the same base,
Therefore, the values of x are “1aal so equate the exponents and solve for x.
6 2 X —14=2
2
X° =16
2. Step1l
L X =+16
Write the equation 12"*° = (Ej so that the powers X =14
have the same base. Therefore, the values of x are —4 and 4.
1 _
Replace T with 127", 4. Stepl
1\ Write the equation 16(4”’3) =64 s0 that the
X+3
127 = (Ej powers have the same base.
X+3 -1 8x - -
1277 = (12 ) Replace 16 with 42 and 64 with 43,

16(47°) = 64"
42 (42)(—3) _ (43 )X‘S
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Step 2

Apply the product law to the left side of the equation.

22 (42)(—3) _ (43 )X’S
42+2x3 _ (43 x5
2x-1 ( 3 )X‘S

47 = (4)

Step 3

Apply the power law to the right side of the equation.

421 (43 )’“5

42X71 _ 43)(715

Step 4
Solve for x.

Both sides of the equation have the same base,
so equate the exponents and solve for x.
2x—-1=3x-15
-x-1=-15
—-x=-14
x=14

Therefore, the value of x is 14.

Step 1
Rewrite /5 as a power.

DBt _ (\/g)3x+ll

1 3x+11
254X+7 — (52 J

Step 2
Write the equation so that the powers have the same
base.

Replace 25 with 52,

1 3x+11
254x+7 — [SZJ

1\3x+11
(52 )4x+7 _ {SZJ

Step 3
Apply the power law to both sides of the equation.

1 3x+11
(52 )4x+7 _ [52]

3x+11
58X+l4 — 5 2

Step 4
Solve for x.

Both sides of the equation have the same base,
so equate the exponents and solve for x.

gx+14= X+1l

2(8x+14)=3x+11
16x+28 =3x+11
13x=-17
17
13

Therefore, the value of x is —% .

Step 1
Rewrite 3/256 as a power.

X+2
x+ 1°
3256 = 4| —
1024

1 X+11 1 3 X+2
2563 =4 —
1024

Step 2
Write the equation so that the powers have the same
base.

] ]
(@] @)=

Step 3
Apply the power law to both sides of the equation.

(2] =)
2] e

8x+88

() )

Step 4

Apply the product law to the right side of the equation.

8x+88

2 3 (22)(2730)(760)
8x+88

2 3 2—30X—58
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Step 5
Solve for x.

Both sides of the equation have the same base,
so equate the exponents and solve for x.

8x +88 — _30x_58

8x+88=-90x-174
98x = 262
262
98
131
49

Therefore, the value of x is —% .

Lesson 3—Applications of
Exponential Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl

Identify the variables whose values are given in the
t

problem with respect to the function N, = N, x R”.

When t =0, there are 32 spiders (N, =32).

Since the doubling period is required, the growth rate is
R=2. After 5 weeks, the spider population is 32 768.

Therefore, in 5 weeks, the spider population will double

E times.
p

Step 2
Substitute the values N, =32, R=2,and t=5 into the
t
function N, =N, xR".
t

N, =N, xR”
5
32768=32(2)e

Step 3
Solve for p.

5
Write the equation 32768 =32(2)» so the powers have
the same base.

5
32768=32(2)p
5

1024 = 2°

5

10 _ 2;

Equate the exponents, and solve for p.

10:E
p

b5
10
ool
2

Therefore, it takes half a week for the species of spiders
to double.

Step 1

L
Determine the function N, = N, xR" that represents the

value of the car after t years.
The car was originally worth $45 000, so N, =45 000 .

The value of the car depreciates at a rate of 8.5%, so the
decay rate is R =(1-0.085)=0.915. Since the value of

the car depreciates every year, p=1.

Substitute the values N, =45 000, R=0.915,

t
and p =1 into the function N, =N, xR".
t
N, = Ny xR?
t
N, =45 000(0.915):
N, =45 000(0.915)

The function N, =45 000(0.915)" represents the value
of the car after t years.

Step 2
Determine the value of the car after 18 years.

The elapsed time is 18 years, so solve for N .

N, =45 000(0.915)

N, =45 000(0.915)"
Ny, =9 094.780 186

After 18 years, the value of the car is $9 095.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Identify the variables whose values are given in the
t

problem with respect to the function N, = N, x RP.

When t =0, the population is 1800 (N, =1800). If the

population of mice increases 15% each year, then the
growth rate is R=1.15. It takes 1 year for the
population to increase 15%, so the period is p =1.
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Step 2

Substitute the values N, =1800, R=1.15,
t

and p =1 into the function N, =N, xR".

t

N, =N, xR”

t
N, =1800x (1.15):
N, =1800x (1.15)

The function that models the population after t years is
N, =1800x (1.15)'.

2. Since the elapsed time is 4 years, substitute 4 for t in the
function N, =1800x(1.15), and solve for N, .
N, =1800x(1.15)

N, =1800x(1.15)'
N, =3148.21125

Therefore, the population of mice after 4 years is
approximately 3 148.

3. Stepl
In the function N, =1 800><(l.15)t et

N, =1800x2 =3 600 and write the equation so that
the powers have the same base.

N, =1800x(1.15)
3600 =1800x(1.15)
2=(1.15)

The powers cannot be written with the same base.

Step 2
Solve the equation 2 = (1.15)t using a TI1-83 or similar
graphing calculator.

Enter each side of the equation as Y, =2 and

Y, =(1.15)" X . Press[GRAPH],

An appropriate setting is x: [0, 10, 1] and

y: [0, 5, 1].

.-—~"”_fr

Press , and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point, and press | ENTER |.

For “Second curve?”, position the cursor just left or right
of the intersection point, and press | ENTER |.

For “Guess?”, press | ENTER .

Interseckion

i 1 | Iy o —

The point of intersection is (4.959 484 5,2) .

4.959 484 5yearsx 2MOMMS _ 60 months

lyear

Therefore, it will take approximately 60 months for the
population of mice to double.

Step 1

Identify the variables whose values are given in the
t

problem with respect to the function V (t) =V, x RP.

The initial amount of the investment is $25 000,

so V, =25 000. If the annual average rate of return is
6.5%, then the growth rate is R =1+0.065=1.065. It
takes 1 year for the investment to increase 6.5%, so the
periodis p=1.

Step 2
Substitute the values V, = 25000, R =1.065, and

t

p =1 into the function V (t) =V, xR".
t

V(t)=V, xRP

V (t) = 25 000 (1.065)§

V (t) = 25 000(1.065)

The function that models the stock after t years is
V (t) =25 000(1.065) .

Step 1
Determine the value of t.

The variable t is the number of years, so the value of t is
2002 -1989 =13 years .
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Step 2
Determine the value of the stock on January 1, 2002.

Evaluate V (13).

V (t) =25 000(1.065)

V (13) = 25 000(1.065)"

V (13) = 25 000(2.267 487 497)
V (13) = 56 687.187 43

Therefore, the value of the stock on January 1, 2002 is
$56 687.19.

When the investment is doubled, it becomes
$25000x 2 =$50 000 .

Determine the value of t when V (t) =50 000 .
V (t) = 25000(1.065)
50000 = 25000(1.065)
2 =(1.065)

Solve the equation 2 = (1.065)t using a TI-83 or similar
graphing calculator.

Enter each side of the equation as Y, =2 and

Y, =1.065"X. Press[GRAPH]

An appropriate setting is x: [0, 30, 5] and
y: [0, 5, 1].

|

Press TRACE |, and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point, and press | ENTER |.

For “Second curve?”, position the cursor just left or right
of the intersection point, and press | ENTER |.

For “Guess?”, press | ENTER |.

\

Intersgckion
|H=di.006739 Jv=g

The point of intersection is (11.006 739, 1.6). It will take
approximately 11 years in order for the stock to be worth
$50 000.

Thus, the year in which the stock is worth double the
initial investment is 1989 + 11 = 2000.

Using the given graph of the exponential function,
determine the value of t when m = 2.

m Decay of Technetium-99
—_ &
=1l +
g 10
2 8
g
e 07
g
£ 44
£ 4
0 3 6 9 12 15 18 21 24
Time (h)

The graph of the exponential function shows that when
m=2,t=135.

Therefore, it takes 13.5 h until only 2 mg of the isotope
remains in the patient.

Using the given graph of the exponential function,
determine the value of m when t = 18.

m Decay of Technetium-99
A

Remaining mass (mg)
S A
f

9 12 15 18 21 24
Time (h)

(el
(IR N
(=}

After 18 h, there is approximately 1.2 mg of isotope left
in the patient’s body.

Therefore, the amount of isotope that has metabolized
after 18 his 10-1.2=8.8mg .

If the original mass of the isotope is 10 mg at t = 0, then
the half-life is the time taken for this mass to decay to
half its original amount.

—=5m
5 g

According to the graph, the mass of 5 mg occurs
at 6.0 h. Therefore, the half-life of technetium-99 is
6.0 h.
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Practice Test

ANSWERS AND SOLUTIONS

1. Stepl
Sketch the graph of y = 2" using a table of values.
X y
-2 0.25
-1 0.5
0 1
1 2
2 4

—5-4-3-2-1,
=2

Step 2
Describe the transformations applied to y = 2* to get the
graphof y=2"°+4,

The function y =2"°+4 is of the form y=2""+k,
where h=5 and k =4.

Therefore, the graph y = 2*"° + 4 s obtained from

y =2 by a horizontal translation 5 units right and a
vertical translation 4 units up.

Step 3
Apply the transformations to the points on the graph of
y=2".

Increase the x-coordinates by 5 and the
y-coordinates by 4.

(—2+5,0.25+4) - (3,4.25)
(-1+5,0.5+4) —>(4,45)
(0+5.1+4) > (5,5)
(1+5,2+4) —(6,6)
(2+5,4+4)—(7,8)

Step 4
Plot and join the transformed points.

The domainis X € R, and the range is y > —-12.
The horizontal asymptote is Yy = —12.

Let x=0, and solve fory.

X+6
()

0+6
-

6
(-

y =347.593 964 3

Therefore, the y-intercept is approximately (0, 347.6).

Step 1
Write the equation so that the powers have the same
base.

6> = 216°
6x2—2x _ (63)5

Step 2
Apply the power law to the right side of the equation.

6x2—2x _ (63 )5
6x2—2x — 6

Step 3
Equate the exponents, and solve for x.

x? —2x =15
X —2x-15=0
x—3)(x+5)=0
X+5=0
Xx=-5

Therefore, the values of x are 3 and 5.
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4. Stepl
Write /256 as a power.

(44x+1 )3 _ (WSX—].S )4

)

Step 2
Write the equation so that the powers have the same
base.

(4%) = [{256% MS]A
(G|

Step 3
Apply the power law to both sides of the equation.

i)
i)

412x+3 _ (44)(—12 )4

412X+3 — 416)(—48

Step 4
Equate the exponents, and solve for x.
12x+3=16x—-48

—4x =-51
51
X===
4

Therefore, the value of x is %

5. Step1l
Write the equation so that the powers have the same
base.

X+4 1 o 2x-3
7 X % =49

et X(7_13jm (72 )ZH

7x+4 X(773)x+1 _ (72 )2x—3

Step 2
Apply the power rule to both sides of the equation.

7x+4 X(7_3 )x+1 _ (72 )2)(—3

7x+4 x 7—3)(—3 _ 74x—6

Step 3
Apply the product law to the left side of the equation.

7x+4 x 7—3)(—3 — 74x—6
7x+4—3x—3 — 74x—6

772X+l _ 74)(76

Step 4
Equate the exponents, and solve for x.
—2X+1=4x-6
—6x=—7
7
X=—
6

Therefore, the value of x is %

Step 1
Write the equation so that the powers have the same
base.

2l
) -E)
EIRG)

Step 2
Apply the power law to both sides of the equation.

EiEEi
RO

Step 3
Equate the exponents, and solve for x.
6x=-2x-10
8x=-10
10
8
5
X f—
4

Therefore, the value of x is —% .
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Step 1
Identify the variables whose values are given in the
t

problem with respect to the function N, = N, x RP .

The initial number of customers was 30 000, so
N, =30 000. The number of customers increases by

25% every 6 months, so the rate of growth is
R=1+0.25=125 and p=6.

Step 2
Substitute the values N, =30 000, R=1.25,
t
and p =6 into the function N, = Ny xR" .
t

N, = N, xR”
t
N, =30 000(1.25)s

The function that represents the number of cellphones

t
after t months is N, =30 000(1.25)s.

Step 1
Determine the value of t.

There are 3 years between January 1, 1996 and January
1, 1999. Since t is in months, the value of t is

(3 years x Mj =36 months.
lye

Step 2
Evaluate Nazs.

t
N, =30 000(L.25)s

36
N, =30 000(1.25)¢
N,, =114 440.918

Therefore, there were approximately 114 441 customers
onJanuary 1, 1999.

Step 1
Let N, =70 000, and simplify.
t
N, =30 000(1.25)5

70 000 =30 000(1.25)%

L
! =1.25°
3

10.

Step 2
7 L
Solve the equation 3 =1.25% using a TI1-83 or similar

graphing calculator.

Enter each side of the equation as Y, =7/3 and

Y, =1.25”(X/6) . Press[GRAPH]

An appropriate setting is x: [0, 50, 2] and

y: [0, 3, 1].
i

/

Press TRACE |, and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point, and press | ENTER |.

For “Second curve?”, position the cursor just left or right
of the intersection point, and press | ENTER |.

For “Guess?”, press | ENTER |.

/

nterseckion
SEE. FHEEBE JWI2 ERIREET L

I
"

There will be 70 000 cellphone customers about
23 months after January 1, 1996, or at the beginning of
December 1997.

Step 1
Identify the variables whose values are given in the
t

problem with respect to the function P (t) =P, x RP.

The initial population of salmon is 1 000 000, so
P, =1 000 000. The number of salmon decreases by

6.5% every 4 years, so the rate of decay is
R=1-0.065=0.935 and p=4.
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11.

12.

Step 2
Substitute the values Py =1 000 000, R =1.065, and

t
p =4 into the function P(t)=P,xR".
t

P(t)=P,xR"
t
P(t) =1000 000(0.935)+

The function that represents the population of salmon

after t years is P(t)=1000 000(0.935)% )

Evaluate P(10).

P(t) =1 000 000(0.935)

10

P(10) =1 000000(0.935)¢
P(10) = 845 335.3434

Therefore, the population of salmon after 10 years is
about 845 335.

One-third of 1 000 000 can be expressed as
%(l 000 OOO).

Step 1
Let P(t)= %(1 000 000), and simplify.

P(t)=1000 ooo(o.935)§
%(1 000 000) =1 000 000(0.935)3
t
109350
3
Step 2
t

1 t
Solve the equation 3 =0.935* using a T1-83 or similar

graphing calculator.

Enter each side of the equation as Y, =1/3 and

Y, =0.935"(X/4). Press[GRAPH].

An appropriate setting is x: [0, 50, 2] and
y: [0, 3, 1].

Inkerseckion
WoBE. ZBEOFE LVS FREEREEE S

13.

Press TRACE|, and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point, and press | ENTER |.

For “Second curve?”, position the cursor just left or right
of the intersection point, and press | ENTER |.

For “Guess?”, press | ENTER |.

Inter’n-:ti-:-n“ﬂ—“'“-—_
E:EEJHSD?S X cx ki

The point of intersection is (65.385 075, 0.333 333 33).

Therefore, it will take approximately 65.4 years for the
population of salmon to decrease to one-third its original
amount.

Step 1
Determine the function that represents the population
growth of wolves.

Let W(t) represent the population of wolves after time t
in months.

The initial population of wolves is 65, so W, =65. The

population of wolves increased by 25% every 2 months,
so R=1+0.25=125and p=2.

Therefore, the function that represents the population of
t

wolves after t months is W (t) = 65(1.25)z2.

Step 2

Determine the function that represents the population
growth of rabbits.

Let R(t) represent the population of rabbits after time t in
months.

The initial population of rabbits is 50,s0 R, =50. The

population of rabbits increased by 30% every month, so
R=1+0.30=130 and p=1.

Therefore, the function that represents the population of
rabbits after t months is R(t) =50 (1.30)t .
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Step 3
Using a T1-83, graph the functions W (t) = 65(1.25)%
and R(t)=50(1.30) .

Enter each function as Y, =65(1.25)(X/2) and

Y, =50(1.30)" X . Press[GRAPH].

An appropriate setting is x: [0, 12, 1] and
y: [0, 200, 10].

Step 4
Determine the point of intersection.

Press TRACE |, and choose 5:intersect.

For “First curve?”, position the cursor just left or right of
the intersection point, and press | ENTER |.

For “Second curve?”, position the cursor just left or right
of the intersection point, and press | ENTER |.

For “Guess?”, press | ENTER|.

wkin
1. ?35502? SNEPE.92E04E o

The point of intersection is (1.739 902 7, 78.926 048).

Therefore, it took 1.7 months for the populations of
wolves and rabbits to become equal.

14. Step 1

Determine the wolf population at the end of
September 2000.

Since September is the ninth month of the year,
evaluate W(9).

W (t) = 65(L. 25)£
W (9) = 65(1.25)z

W (9) = 65(2.729575168)
W (9) =177.4223859

The wolf population is approximately 177 in
September 2000.

15.

16.

Step 2
Determine the rabbit population at the end of September
2000.

The rabbit population is approximately 530 at the end of
September 2000.

Step 3
Determine the difference between the wolf and rabbit
populations at the end of September 2000.

R(9)-W(9)
~530-177
~353

Therefore, the approximate difference between the wolf
and rabbit populations at the end of September 2000 is
353.

The height of the ledge corresponds to when the number
of bounces is 0. On the graph, the height is 7 m when
n=0.

Therefore, the ledge is 7 m tall.

Use the given graph to determine the value of h when
n=>5

h Soccer Ball Bounces

Rebound height (m)

Number of bounces

After 5 bounces, the rebound height of the soccer ball is
approximately 0.5 m.
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17. Use the given graph to determine the value of n when Lesson 1—Defini ng Logarith ms
h=15.

h Soccer Ball Bounces CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. a) Stepl
Divide both sides by 150.

30000 =150(2)#

200 = 2%

Rebound height (m)

Step 2

Apply the property that if a=5b°,
A I then c=log, a.
Number of bounces

The rebound height of the soccer ball is approximately The logarithmic form of 30000 =150(2)

1.5 m after 3 bounces. is 4% _ log, 200

b) Apply the property that if ¢ =log, a,
then a=b°.

The exponential form of 4a = log, (b -10)

is b-10=2",

2. a) Stepl

Let Iogz(e—llJ: X . Rewrite Iog{e%): X in

exponential form.
. 1 R |
The exponential form of log,| — [=X is 2" =—.
64 64

Step 2
Solve the exponential equation 2* = 6i4 .
2" !

64
2* =64

2 = (2‘*)’1
2x — 276

The value of x is —6. Therefore, log, (6%] =-6.

LOGARITHMIC FUNCTIONS

Not for Reproduction 117 Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

b) If log,81=x and Iog{%): y, determine x+y.

Step 1
Determine the value of x.

The exponential form of log,81=x is 3*=81.

Since 3* =81, the value of x is 4.

Step 2
Determine the value of y.

. 1 . 1
The exponential form of log,| — [=y is 3’ =—
p o)y %

Since 37 = % , the value of y is -3.

Step 3
Determine the value of log,81+ log, [?17) .

Find the value of x+y.
X+y=4+(-3)
X+y=1

Therefore, log,81+ log, (2—17] =1.

Step 1
Determine two integers that the value of log, 580

lies between.

X

Let log, 580 =§ , which is equivalent to 22 =580.

Since 2° =512 and 2'° =1024, the value of x must lie
between 9 and 10.

Step 2
Use systematic trial.

Try an exponent of 9.1.
291 =548.748...
This value is too low.

Try an exponent of 9.2.
2°2 =588.133...
This value is too high.

Try an exponent of 9.15.
2°° =568.099...
This value is too low.

Try an exponent of 9.179.
2°1 =579.634...
This value is slightly too low.

Try an exponent of 9.180.
2%18 =580.036...

The value of log, 580 is approximately 9.180.

Let log ! =X. The exponential form of
100000

log 1 =X is 10" = ! .
100000 100000

Since 107° = , the value of x is —5.

100000

Therefore, log =-5.
100000

Use a TI-83 or similar calculator to evaluate log1782 .

press[LoG][1][7][8][2] DI[ENTER]

logalvisss
3. 2589877

Rounded to the nearest thousandth, the value of
logl 782 is 3.251.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

The logarithmic form of 6° =36 is 2 =log, 36.
The logarithmic form of 9° =1 is 0=log,1.

The logarithmic form of 5* = y—11 is
x =logg (y—11).

x+1
The logarithmic form of (5} =9 is x+1=1log, 9.
3

The logarithmic form of 10°% = x is

log(0.001) = log,, X or log(0.001)=logx .
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6.  The exponential form of 10g0.0001=—4 is 1
13. Let 4logy| = |=X.
10~ =0.0001. 6
7. The exponential form of —5=1log,,, 1024 is Step 1 )
(Zj Divide both sides by 4.
5 1
4log,| = |=x
(%} =1024. 96(6)
1 X
%9%(5) "4
8.  Divide both sides by 8.
4x =8log, 256 Step 2
4x _8log, 256 ® 1 x
8 8 Rewrite the equation log, (—j == in
1 6 4
5X= log, 256 exponential form.
1 X
. . IOge e
The exponential form of 4x =8log, 256 is 6) 4
1 |
=X _ 64 J—
22 =256. 6
9. The exponential form of log(x+9)=108 is Step 3
10 — x4 9 Solve for x.
L1 a
10. Multiply both sides by 2. Rewrite 3 as 6.
log, J27 _ .
2 64=6"
log, 27 =—2a
Equate the exponents, and solve for x.
X
log, v/27 —=-1
The exponential form of 93— =-a is 4
2 X =—4
3% =27,
1
. Therefore, 4log, | = |=—4.
11. Let log, 25 = X. The exponential form of log, 25 = x 9 (6)
is 5 =25,
14. 1f log10 000 =x and log0.000 01=vy,
Since 52 = 25, the value of X is 2. determine x — .
Therefore, log, 25=2. Step 1
Determine the value of x.
12. Let log,1=x. The exponential form of log,1= X is The exponential form of log10 000 = X is
2" =1. 10* =10000 .
- 0 _ -
Since 2" =1, the value of x is 0. Since 10 = 10 000, the value of x is 4.
Therefore, log,1=0. Step 2
Determine the value of y.
The exponential form of log 0.000 01 is 10¥ = 0.000 01.
Since 10° = 0.000 01, the value of y is —5.
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15.

16.

Step 3
Determine the value of log 10 000 — log 0.000 01.

Find the value of X—V .
x—y=4-(-5)
X—y=4+5
X-y=9

Therefore, 10910 000—-10g0.000 01=9.

1
If log.1=x and log.| — |=V, determine X+ .
Js 95[125j y y

Step 1
Determine the value of x.

The exponential form of logs1=x is 5 =1.

Since 5° =1, the value of x is 0.

Step 2
Determine the value of y.

1 1
The exponential form of log.| — |=y is 5¥ = —.
P 95(125] y 125

Since 57 = L , the value of y is —3.
125

Step 3

1
Determine the value of log. 1+ log. | — |.
oo L)

Find the value of x+Yy.
x+y=0+(-3)
X+y=-3

1
Therefore, log.1+log.| — |=-3.
NNEY

Step 1
Determine two integers that the value of log, 33 lies
between.

Let log, 33 = X. The exponential form of log, 33 = x
is 2 =33,

Since 2° = 32 and 26 = 64, the value of x must lie
between 5 and 6.

17.

Step 2
Use systematic trial.

Try an exponent of 5.1.
251=34.296...
This value is slightly too high.

Try an exponent of 5.04.
2504=32.899...
This value is slightly too low.

Try an exponent of 5.045.
25045 = 33,013
This value is slightly too high.

Try an exponent of 5.044.
259 =32.990...

The value of log, 33 = X is approximately 5.044.

Step 1
Determine two integers that the value of log, 325 lies
between.

Let log, 325 = X. The exponential form of
log,325=x is 4" =325.

Since 4* =256 and 4° =1024, the value of x must lie
between 4 and 5.

Step 2
Use systematic trial.

Try an exponent of 4.1.
4*' =294.066...
This value is too low.

Try an exponent of 4.2.
4*? =337.79%...
This value is too high.

Try an exponent of 4.15.
4% =315.173...
This value is too low.

Try an exponent of 4.17.
4 =324.033...
This value is slightly too low.

Try an exponent of 4.171.
4 =324.483. ..
This value is slightly too low.

Try an exponent of 4.172.
4172 =324.933. ..

The value of log, 325 is approximately 4.172.
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18.

19.

20.

Step 1

Determine two integers that the value of log, 1457 lies
between.

Let log,1457 = x . The exponential form of

log,1457 = x is 3" =1457.

Since 35 =729 and 37 = 2 187, the value of x must lie
between 6 and 7.

Step 2
Use systematic trial.

Try an exponent of 6.1.
361 =813.653
This value is too low.

Try an exponent of 6.6.
366=1409.289...
This value is too low.

Try an exponent of 6.63.
3663 =1456.511...
This value is too low.

Try an exponent of 6.631.
36631 =1 458.112...
This value is slightly too high.

Try an exponent of 6.630.
366%0 =1 456.511... 3*°* =1456.511...

The value of logs 1 457 is approximately 6.630.

Use a TI-83 or similar calculator to
evaluate log 957.

press[LOG][0][5][7] D] [ENTER]

2.988911938

Rounded to the nearest thousandth, the value of log 957
is 2.981.

Use a TI-83 or similar calculator to evaluate log 5 887.

press[L0G] 5] [8] 8] (7] ] ENTER]

logoaigss s
3. TE9E94036

Rounded to the nearest thousandth, the value of log 5 887
is 3.770.

Lesson 2—Sketching a Logarithmic
Function

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Replace f(x) withy.
f (x) =log, (5x)

y =log, (5x)

Step 2
Interchange variables x and y.

y =log, (5x)
x =log, (5Y)

Step 3
Solve fory.

Write the equation x =log, (5y) in exponential form.

x=log, (5y) —» 4" =5y

Divide both sides by 5.

Therefore, the equation of the inverse function is
1 1
==(4") or f7*(x)==(4").
y=(#) or 110 =Z(#)

Step 1
Determine the relationship between y = 3*

and y=log,” .

The function y =1log,* is the inverse of the
function y =3*. This can be verified as follows:
y=3

x=3"

The logarithmic form of x=3" is y=1log,x .

Step 2

Determine how to obtain the graph of y=1log,* from
the graph of y =3". Since y=3" and y=Ilog,* are
inverses of each other, the graph of y =log, x is

obtained from the graph of y =3* by a reflection in the
line y=x.
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Step 3
Sketch the graph of y=1log,”" .

A table of values for the function y =3" is as shown.

X

y=3

X y
0 1
1 3
2 9

Interchange the x- and y-coordinates of y =3 to obtain
points on the graph of y =log,x .

y =log, x

y
0
1
2

O (W|Fk | X

Plot and join the points to obtain the graph of y =log, x .

Ll
X

o

'S

o

oo

=

3. Stepl
Sketch the graph of y=1log, x .
2
y

11—+
4 6 8 10 12 14 lo 18 20
4
2
& _v=10gix
4
=5

Step 2
Describe the transformations applied to y =log, x to get
2

the graph of y =2log, (4x) .
2

The function y = 2log, (4x) is of the form

2

y =alog, (bx), where a=2 and b=4. Therefore, the

2

graph of y =2log, (4x) is obtained from y =log, x by
2 2
a vertical stretch factor of 2 and a horizontal stretch

factor of l .
4

Step 3
Apply the vertical stretch.

Multiply the y-coordinates by 2.
Some points on the graph of y =log, x are (1, 0),
2
(4,-2), and (16, —4).
(L0x2)—(1,0)

(4,-2x2) - (4,-4)
(16,-4x2) — (16,-8)

Step 4
Apply the horizontal stretch.

Multiply the x-coordinates from step 1 by %

or 0.25.
(1>< 0.25,0) — (0.25,0)
(4x 0.25,—4) - (1,—4)
(16 0.25,—8) —(4,-8)

Step 5
Plot and join the transformed points.

v = 2log, (%)
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Step 6
Determine the vertical asymptote, and state the domain
and range.

There is no horizontal translation, so the vertical
asymptote remainsas x=0.

The domainis x>0, and the rangeis yeR .

ANSWERS AND SOLUTIONS
PRACTICE EXERCISES

Step 1
Replace f(x) withy.

Step 2
Interchange x and y.

Step 3
Write the equation in logarithmic form.
Subtract 5 from both sides.

y-3
x=(§j +5
y-3
(3
3
log,(x-5)=y-3

3

Step 4
Solve fory.

log,(x-5)=y-3
3
log,(x-5)+3=y
3

Therefore, the equation of the inverse function is
y =log, (x—5)+3 and can also be written as
3

f(x)= log, (x~5)+3.

Step 1

Replace f(x) withy.

f (x)=8log(x)—19
y =8log(x)-19

Step 2
Interchange x and y.

y =8log(x)—19
x=8log(y)-19

Step 3
Write the equation in exponential form.

Isolate the logarithm.

x=8log(y)-19
x+19=8logy
x+19_|0gy
8
x+19
X;lg =logy > y=10 8

Therefore, the equation of the inverse function is
X+19

y= 10 & . The function can also be written as

X+19

f*(x)=10 ®

Step 1
Determine the function f*(x).

Let y=10"" —7. Interchange x and y, and write the
equation in logarithmic form.
y =107 -7
x=10"% 7
X+7=10""
log(x+7)=y-15
y =log(x+7)+15

Therefore, the inverse function is y = log(x+7)+15,

which can also be written as
f*(x)=log(x+7)+15.

Step 2
Determine the value of f*(4).
f*(x)=log(x+7)+15
f*(4)=log(4+7)+15
f*(4)=log(11)+15
£(4)=16.041...
Therefore, the value of f ™ (4) to the nearest hundredth
is 16.04.
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4.

C

Step 1
Determine the range of the graph.

The range of the graph of y=log, X is y € R,
not y >0, since the graph extends infinitely upward and

downward.

Step 2
Determine the y-intercept of the graph.

The y-intercept of the graph of y =log, x is not (0, 1).
The graph does not have a y-intercept. Instead, the x-
intercept of the graph is (1, 0).

Step 3
Determine the equation of the horizontal asymptote of
the graph.

The graph of y =1log, X does not have a horizontal

asymptote. Instead, the equation of its vertical
asymptote is X =0.

Step 4
Determine whether the graph passes through the point

3

. 1 . .
Substitute 5 for x and —1 for y in the equation

y =log, x , and convert to exponential form.

y = log, X

o}

6t=1
6

Since 67 =% , the graph of y =

1
through | —,-1{.
’ (6 ]

Step 1
Apply the horizontal stretch.

log, x does pass

Replace x in the equation y = log, X with 3x .

8

=log, x

8
y =log, (3x)
8

Step 2
Apply the horizontal translation.

Replace x in the equation y = log, (3x)
8

with x — (-5).
y= IOg3 (BX)
0g, (3(x(-5))
8
log, (3(x+5 )
Iog8 (3x+15)

3
8

Step 3
Apply the vertical translation.

Replace y in the equation y = log, (3x +15)
8

with y+8.
y = log, (3x+15)
8

y+8=log, (3x+15)

8

Step 4

Solve fory.

y+8=log, (3x+15)
8

y =log, (3x+15)-8

|

Therefore, the equation of the transformed function is
y =log, (3x+15)-8.

8

Step 1

Sketch the graph of y =log, X
3

The inverse function of y =

log, x is y:(lj . Build
3 3

X
a table of values for the function y = (%j .

X y

0 1
-1 3
-2 9
-3 27
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The table of values for y =1og, X is obtained by
3
interchanging the x- and y-values of each ordered pair in

the table of values for y =log, x
3
y =log, x
3

X

1

3 -1
9 -2
27 -3

Plot and join the points.

¥

S P N

} | 1 } } —-x

16 20 24128 30

418 12

Step 2
Determine how to obtain the graph of

=g|091 (x)—6 from the graph of y =log, X
3 3

The function y = g log, (x)—6 is of the form
3

y=alog, x+k , where a:g and k =-6.
3

Therefore, the graph of y = g log, (X)—6 is obtained
3

from y =
3
vertical translation 6 units down.

; 3
log, X by a vertical stretch factor of 2 and a

Step 3

Apply the vertical stretch.

Some points on the graph of y =log, x are (1, 0), (3, -
3

1), (9,-2), and (27, -3).

Multiply the y-coordinates by g or15.

(1,0><1.5) (1 0)
(3,—1><1.5) (3 15)
(9,—2><1.5) (9, 3)

(27,—3><1.5) (2 —4. 5)
Step 4

Apply the vertical translation.
Decrease the y-coordinates in step 3 by 6.

(1,0—6) (1 6)
(3-1.5-6)—(3,-7.5)

(9,-3-6)—>(9,-9)
(27,—4.5—6) (27 105)
Step 5

Plot and join the transformed points.

¥
2%
| 1 I Ty

]6 20 24 28 30

4 418 12

Step 6
Determine the vertical asymptote, and state the domain
and range.

The vertical asymptote is Xx=0. The domainis x>0,
andtherangeis Y € R.

C
The function f (x)=1log, X is increasing when b >1

and decreasing when 0 <b <1, so the change from
decreasing to increasing will occur when b changes from

1

— to3.
2

Step 1

Determine the equation of the vertical asymptote.

Since the graph of y =1log, X is translated 7 units right,
the vertical asymptote becomes x=0+7=7.
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Step 2
State the domain.

The horizontal translation 7 units right results in a
domain of X>(0+7) or x>7.

Step 3
State the range.

The horizontal stretch and translation has no effect on the
range.

Therefore, the range remainsas y € R.

Step 4
Determine the intercepts.

Since the domain is X > 7, there is no y-intercept.

The x-intercept on the graph of y =log, x is (1, 0).

After the horizontal stretch by a factor of g

5 5
the x-intercept becomes (1x > Oj = (50] . Finally,

after the horizontal translation 7 units right, the x-

intercept becomes (g +7, Oj = (%Oj -

Step 1
Apply the horizontal stretch.

5
Replace x with E X in the equation y =log, X.

y =log; x

5
y =logs (E Xj
Step 2

Apply the horizontal translation.

Replace x with (X —7) in the equation

y = log, (§ Xj .
2

-t 5
2

y= Iog{%(x—?))

Therefore, the equation of the transformed function is

y= |095(2(X—7)j .

Lesson 3—The Laws of Logarithms

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Write the logarithm of the product (25xa) as the

logarithm of 25 plus the logarithm of a.
logs (25a) = log 25+ log; a

Step 2

Evaluate each logarithm, and add the results.
log. 25+ log, a

=2+log;a

No further simplification is possible, so
log,25a=2+log.a .

Write the sum of the logarithm of (x+1) and the
logarithm of (x—3) as the logarithm of the product
(x+1)(x-3).

log(x+1) +log(x—3) =log[ (x+1)(x-3) ]|

Step 1
Apply the product law of logarithms.
log, (27 x9xm) = log, 27 +log, 9+ log, m

Step 2

Evaluate, and simplify.
log, 27 +log, 9+ log, m
=3+2+log,m
=5+log,m

Since log, m = x , the expression equivalent to
log,(27x9xm) is 5+X.

Step 1

Write the logarithm of the quotient (%} as the
logarithm of 36 minus the logarithm of m.
Ioge(s—r:J =log, 36 —log, m

Step 2
Evaluate log,36 .

log, 36 —log, m
=2-log;m

Since log, m = x, the expression equivalent to

Iog6[§j is 2—X.
m
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Step 1
Write the difference between the logarithm of 72x?
and the logarithm of 9x as the logarithm of the

2
quotient [72)( J .
9x

2
Iogz(72xz)—logz(9x)zIogz(f: J

Step 2
Simplify.

o 72%°
9, 9x
=log, (8x)
Therefore, log, (72x*)-log, (9x) =log, (8x) .

Step 1

Apply the power law of logarithms.
log, (243)° "

=(5—k)log, 243

Step 2
Evaluate log, 243 .

(5—k)log, 243
=(5-k)log, (3°)
~(5-k)5

Step 3

Simplify.
(5-k)5
=25-5k

Therefore, the expression 25 -5k is equivalent to
log, (243°*).

Step 1

Apply the power law of logarithms to the middle term in
the expression, and simplify.

log100 + 3log10 — log10000

= 10g100 + log (10° ) - log 10000

=10g100 + log1000 — log10000

Step 2

Apply the product law to the first two terms in the
expression, and simplify.

log100 + log1000 — log10000

=10g100 + log1000 — log10000
=1log(100x1000) - log10000

=10g100000 — log10000

Step 3
Apply the quotient law of logarithms, and simplify.
109100000 — log10000

100000
=1og
( 10000 }

=10g10

Step 4
Evaluate log 10.
logl0=1

Therefore, 1og100 +3log10 —log10000 =1.

Step 1
Write 4/x as a power.

log, (é/;) +3log, y —log, ( y4) —log; x
1

= |0g8(XZ)+3|0g8 y —log,(y*) - log, x

Step 2
Apply the power law of logarithms to the second term of
the expression.
1
Iogs(x4 ) +3log, y - log, (y*) - log, x
1
= Iogg(x4)+ log, (y*) - log, (y*) - log, x

Step 3
Factor out —1 from the last two terms.

Iogg(x%)+ log,(y°)—logs(y*) - log, x

= IOgB(X%)-F IogB(y3)—[Iogs(y4)+ log, XJ

Step 4
Apply the product law to the first two terms and the last
two terms.

log, (X%)+ log, (y°) —[Iogg(y“) +log, X:|
= log, (X%y3) ~log, (y*x)

Step 5
Apply the quotient law of logarithms, and simplify.

Iogs(x%y3) —log,(y*x)

Therefore,
1
log, (#/x) +3log, y —log, (y*) ~ log, x = log, [BJ
x4y
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PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Apply the product law of logarithms.

log, (9x27)
=log,9+log, 27

Step 2

Evaluate each logarithm, and add the results.
log, 9+ log, 27

=2+3

=5

Step 1
Apply the quotient law of logarithms.

log, 1536 —log, 3

log (1536)
2\ 3

= log, 512

Step 2
Evaluate logz2512.
log, 512

=log, (29)
=9
Therefore, log21 536 — log23 = 9.

Step 1
Apply the quotient law of logarithms.

g, (@J

81

=log, (3/@)— log, 81

Step 2

Evaluate each logarithm, and subtract the results.

log, (\3/729)— log, 81
=log, 9-log, 81
=1-2

=-1

Therefore, log, (

81

Step 1
Apply the product law of logarithms.

log, 2+ log; (%)

25

=log, 25

Step 2
Evaluate log, 25.

log, 25=2
Therefore, log, 2+ log, (%j =2.

Step 1
Apply the quotient law of logarithms.

log, 6 -1log, 54

(]
(]

Step 2
Evaluate log, 512.

(!
()

=log, (37)
— 2

Therefore, log, 6—log,54=-2.

Step 1
Apply the product law of logarithms.

1 1
log.14+log,| = |+log, | =
g;14+ 97[2}“ 97(7j

11
=log,|14x=x=
97[ X2><7j
1
=Iog7(7x7j

=log, 7

Step 2
Evaluate log, 7.

log, 7=1
1 1
Therefore, log, 14+ log, [E) +log, (7) =1.

Step 1
Apply the power law of logarithms.

log, (64")
=10log, 64
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Step 2 10. Step1
Evaluate 10log, 64. Apply the quotient law to the first two terms of
10l0q. 64 the expression.
9 log,162 —log, 4+log, 6
=10 (3)
162
=130 =log, W +log, 6
Therefore, log, (64 81
erefore, ogA( ) =log, > +log, 6
Step 1
. Step 2
Apply the power law of logarithms. Asgly the product law.
log, (64" o1
2 log, (—J+ log, 6
=17log, 64 2
: = 81 6
Evaluate 17 Iog1 64. = log, 243
2
17 Iogl 64 Step 3
2
Evaluat .
:17logl(26) valuate log, 243
2 log, 243
—6 5
=log, (3
=17log, (lj g3( )
3 \2 -5
= 17(—6)
—_102 Therefore, log,162—1log, 4+1og,6="5.
7\ _ 11. Step1
Therefore, log, (64 ) =-102. Apply the power rule of logarithms to all terms of the
2 expression.
Step 1 2Iogﬁ6—2logﬁ2—5logﬁl
. 2 2 5
szgiptgiggzduct law to the first two terms of = IOg«ﬁ (6 )_ |09J§ (2 )_ Iogﬁ (l )
' =log s 36—log - 4—1log -1
log5+log 4 —log 200 i gﬁ36 | gﬁ4 Ogﬁ
= log(5x4)—log 200 109590100 54~
=log 20— log 200 =log ;36—log ;4
Step 2 Step 2
Apply the quotient law. Apply the quotient law of logarithms.
log 20 —log 200 Iogﬁ36—logﬁ4
=9 200 A
=log & 9
Step 3
20
Evaluate log| — |. Step 3
200 Evaluate log J§9'
I
log (%} 0959 4
1 =1og 5 (3')
=log| — _
g(loj 4
_ -1
= log(107) Therefore, 2log ; 6—2log ; 2—5log ;1=4.
=-1
Therefore, log5+1log4—1log200=-1.
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12. Step 1
Apply the power law of logarithms to the first two terms
of the expression.

3log, 12+ 2log, (%)—Iogl 2
6 B B

6 6

2
=log, (12°)+1log, K%j }—Iog1 2
1 L 1

6 6

=log, 1728+ log, G)— log, 2
6 B 6

6 6

Step 2
Apply the product law of logarithms to the first two
terms of the expression.

log, 1728+ log G]— log, 2
5 5 5

1
6 6
1
=log, (1728x—j— log, 2
G 4 G
=log, 432—-log, 2

6 6

Step 3
Apply the quotient law of logarithms.
log, 432-log, 2

6 6

9% >

=log, 216
B

Step 4
Evaluate log, 216.
B

log, 216

9, (6)

'°g;[@3}

=3

[

Therefore, 3log, 12+ 2log, (%j —log, 2=-3.

6 6 6

13. Step 1
Apply the power law of logarithms to the first term.

3log, x+2log, (5x)
=log, (x*)+log, ((Sx)z)

Step 2
Apply the product law of logarithms.

log, (x3)+ log, [(Sx)z}
=log, [x3 (5x)2]

=log, (25x5)
Therefore, 3log, X+ 2log, (5x) = log, (25x5) .

14. Step 1
Apply the power law of logarithms to the first term.

2log, (3m)-log, (18m)
=log, [(Sm)z}— log, (18m)
= log, (9m*) - log, (18m)

Step 2
Apply the quotient law of logarithms.

log, (9m* ) —log, (18m)
1o 9m?
%% 18m

=log (lmj
"2

Therefore, 2log, (3m)-log, (18m) = log, [% m) _

15. Step 1
Apply the power law of logarithms to the last two terms
of the expression.

log, a+3log, b—2log, a
=log, a+log, (b*)-log, (a*)
Step 2

Apply the product law of logarithms to the first two
terms of the expression.

log, a+log, (b*)-log, (a*)
=log, (ab®)-log, (a*)

Step 3
Apply the quotient law of logarithms.

log, (ab®)-log, (a°)
| (abj
—0%|

b3

a

3
Therefore, log, a+3log, b—2log, a = log, [b—j .
a
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16. Step 1
Apply the power law of logarithms to the first and last
terms of the expression.

%Iog3 x+log, y—log, (xy)+4log, y

1
=log, [x4]+ log, y —log, (xy)+log, (y“)

Step 2
Factor out —1 from the last two terms.

1
log, [X“ J +log, y —log, (xy) +log, (yA)
1
=log, (x“ J +log, y— [|093 (xy)~log, (y4 )J

Step 3
Apply the product law of logarithms to the first two
terms of the expression.

log, [xij +log, y [ log, (xy)~log; (y*)]
= log, (X‘l‘y}—[logs (xy)~log, (y* )]

Step 4
Apply the quotient law of logarithms to the last two
terms of the expression.

log, [X‘l‘YJ ~[log, (xy) - log, (y*)]
= log, [X‘l‘yJ— log, (%}
i3

Step 5
Apply the quotient law of logarithms.

H X
Iog{x“yj—log{Fj

1
x4y?

=log,

_3
-tog, [y

Therefore,

%Iog3 x+log, y—log, (xy)+4log, y

_3
:Ioga(x 4y“]

17. Step1l

1
It is given that log, 9=m, so rewrite log, (aj so

that it includes log, 9.
log (i)
"l 81
1
=log, 7
=log, (97)

Step 2
Apply the power law of logarithms.

log, (9°%)
=-2log, 9

Step 3
Substitute m for log, 9.

—2log, 9=-2m

1
Therefore, the expression log, (aj in terms of

mis-2m.

Lesson 4—Solving a Logarithmic
Equation

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Express the logarithmic equation in
exponential form.

L . . 1
The equation in exponential form is 3° = EX +7 or

27:1X+7.
2

Step 2
Solve the resulting equation.

27:1X+7
2

20=1x
2
x=40
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Step 3
Verify the solution by substituting it into the original
equation.

The solution is verified if the LHS = RHS.

X =40
LHS RHS
3
Iog{%(40)+7j
=log,(20+7)
=log, 27
=3

Since the LHS = RHS, the solution x =40
is verified.

Step 1
Apply the product law of logarithms.

log,(x+20)+log,(88-x)=7
log, [ (x+20)(88-x)]=7
log, (88x — X +1760 — 20x) =7
log, (—x* +68+1760) =7

Step 2
Express the logarithmic equation in
exponential form.

The equation in exponential form is
3" =—x*+68+1760 or —x*+68+1760=2187 .

Step 3
Solve the exponential equation.
—x? +68x +1760 = 2187
—x*+68x—-427=0
—(x* —68x+427)=0
—(x=7)(x-61)=0

Xx—7=0 Xx—61=0
X=7 x=61
Step 4

Verify the solutions by substituting them into the original
equation.

The solution is verified if the LHS = RHS.

x=7
LHS RHS
log,(7+20)+log,(88—7) 7
=log, 27 + log, 81
=3+4
=7

Since the LHS=RHS, the solution x=7

is verified.
X=61
LHS RHS
log, (61+20) + log, (88— 61) 7
=log,81+ log, 27
=4+3
=7

Since the LHS = RHS, the solution x =61
is verified.

In the equation log, (x+20)+ log,(88—x) =7, the
solutionsare x=7 and x=61.

Step 1
Write the logarithmic expressions on the same side of
the equation.

log (X +6) =—2+log, (45x —54)
log, (X +6) — log, (45x —54) = -2

Step 2

Apply the quotient law of logarithms.

log, (X +6) —log, (45x —54) = -2
X+6

lo =2
g6(45x—54)
Step 3

Express the logarithmic equation in
exponential form.

X+6

The equation in exponential form is 672 = or
45x —54

x+6 1
45x—-54 36

Step 4

Solve the exponential equation.
x+6 1

45x —-54 36

45x—54 _ 36

5x—6=4x+24
x=30
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Step 5
Verify the solution by substituting it into the original
equation.

The solution is verified if the LHS = RHS.

x=30
LHS RHS
log, (30 +6) 2+ log, [ 45(30)-54
=log, 36 =-2+log, (1350 —54)
=2 =-2+log,1296
=-2+4
=2

Since the LHS = RHS, the solution x =30
is verified.

In the equation log, (X +6) = -2+ log, (45x —54),
the solution is x =30.

4, Stepl
Apply the change of base formula using base 10.
log, x+loggx=5

logx logx _
log4 log8
Step 2

Remove the common factor logx .
logx logx
g9x 109X _¢

log4 log8
log x 1 + SN 5
log4 log8
Step 3
Isolate log x.

Divide both sides of the equation by {l+ ! } .

log4 log8
log x L+i =5
log4 log8

logx==———"—=
J 1 1

7+7

{Iog4 IogB}

Step 4

5

Solve for x. The exponential form is 10{
5

[L+L}
10 log4 log8 =X
101.806179... =X

64 = x

1 1
Iog4+logt3}
=X.

Step 5
Verify the solution by substituting it into the original
equation.

X = 64
LHS RHS
log, 64 + log, 64 5
_log64 N log64
log4  log8
=3+2
=5

Since the LHS = RHS, the solution x = 64 is verified.

In the equation log, x + log, x =5, the solution
is x = 64.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Express the logarithmic equation in exponential form.
The equation in exponential formis 5° = 20x +4i0
X -

125 = 20x +50 .

x—41
Step 2
Solve the resulting equation.

125 - 20x+50

Xx—41

125(x - 41) = 20x +50
125(x - 41) = 5(4x +10)

25(x—41) = 4x +10

25X 1025 = 4x +10

21x=1035
345
X=—
7

Step 3
Verify the solution by substituting it into the
original equation.

The solution is verified if the LHS = RHS.

345
X=—
7
LHS RHS
3
20(%j 50
log !
5
345 4
7
=log.125
=3
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Since the LHS = RHS, the solution x = %
is verified.
2. Step1l

Express the logarithmic equation in exponential form.

The equation in exponential form is 47 = log, x or
16

1 1

—=1log, X. The exponential form = =1log, X isa
16 16

logarithmic equation.

Step 2

- 1 .
Express the logarithmic equation —=1og, X in
16
exponential form. The equation in exponential form is

Step 4
Verify the solution by substituting it into the original
equation. The solution is verified if the LHS = RHS.

X==
2

LHS RHS

-1
Iog{log1 x}
16
=log {Iog (EH
4 % 2
1
=Iog4(zj

=1

1
Since the LHS = RHS, the solution X = E is verified.

Step 1
Write the logarithmic expressions on the same side of the
equation.

log(3x+1) =1-log x
log(3x+1)+logx =1

Step 2
Apply the product law of logarithms.

log(3x+1)+logx =1
log[ x(3x+1)]=1
log (3x* +x) =1

Step 3
Express the logarithmic equation in
exponential form.

The equation in exponential form is 10" = 3x* + X or
10 =3x* +X.

Step 4
Solve the resulting equation.
10 = 3x* + X
0=3x*+x-10
0=(3x-5)(x+2)
3xX-5=0 x+2=0
3x=5 X=-2
5
X==
3
Step 5

Verify the solutions by substituting them into the original
equation.

The solution is verified if the LHS = RHS.

5
X=—=
3
LHS RHS
5 5

I = |+1 1-log| =
OgHs} } g(sj
=log (5 +1) =0.778151...
=log6
=0.778151...

Since the LHS = RHS, the solution X :g is verified.

X=-2
LHS RHS
log[3(-2)+1] | 1-log(-2)
=log(-6+1)
=log(-5)
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The expressions log, (—5) and log, (~2) cannot be

evaluated because the logarithm of a negative number is
undefined. Therefore, X =—2 is an extraneous root and
not part of the solution.

Thus, the solution is X = g .

Step 1
Write the logarithmic expressions on the same side of the
equation.

2log, (x+1) =log x+2
2log, (x+1)—log, x=2

Step 2
Apply the power law of logarithms.

2log, (x+1)—log, x =2
log, [(x+1)1—log2 X=2

Step 3
Apply the quotient law of logarithms.

log, [(x+1)1—log2 X=2

l 2
|og2 IMI =2
X
Step 4

Express the logarithmic equation in
exponential form.

(x+1)2

The equation in exponential form is 2% = or

g O+
X

—_~

Step 5
Solve the resulting equation.

(x+1)2
X
4x:(x+1)2
4x = X2 +2x+1
0=x*-2x+1
0=(x-1)°
0=x-1
1=x

Step 6
Verify the solution by substituting it into the original
equation.

The solution is verified if the LHS = RHS.

x=1
LHS RHS
2log, (1+1) log,1+2
=2log, 2 =log,1+2
=2(1) =0+2
=2 =2

Since the LHS = RHS, the solution X =1 is verified.

Step 1
Write the logarithmic expressions on the same side of the
equation.

4—Iogﬁ(x+3)=logﬁ(2—x)
4=log ; (2-x)+log ;(x+3)

Step 2
Apply the product law of logarithms.

4:Iogﬁ(2—x)+logﬁ(x+3)
4=log ;[ (2-x)(x+3)]
4=log 5 (-X* —x+6)

Step 3
Express the logarithmic equation in
exponential form.

The equation in exponential form is
4
(\/E) =X —Xx+6 or 4=-XxX"-Xx+6.

Step 4
Solve the resulting equation.

4=-x*-x+6
0=—x>—Xx+2
0:—(x2+x—2)
0=x*+x-2
0=(x-1)(x+2)
x-1=0 X+2=0
x=1 X=-2
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Step 5
Verify the solutions by substituting them into the original
equation.

The solution is verified if the LHS = RHS.

x=1
LHS RHS
4-log ; (1+3) log ; (2-1)
=4-4 =Iogﬁ1
=0 -0

Since the LHS = RHS, the solution X =1 is verified.

X=-2
LHS RHS
4-log ;(-2+3) | log,[2-(-2)]
=4-0 _Iogﬁ4

Since the LHS = RHS, the solution X = -2 is verified.

Step 1
Write the logarithmic expressions on the same side of the
equation.

log, (x+3)+1=log, (9x—37)
log, (x+3)—log, (9x—37)=-1

Step 2
Apply the quotient law of logarithms.

log, (x+3)—log, (9x—37)=-1
X+3

lo =-1
98(9x—37j

Step 3
Express the logarithmic equation in
exponential form.

The equation in exponential form is 8" = LB or
9x—-37
1 x+3
8 9x-37
Step 4
Solve the resulting equation.
1 x+3
8 9x-37
9x—37 =8(x+3)
9x—-37=8x+24
X =61

Step 5
Verify the solution by substituting it into the original
equation.

The solution is verified if the LHS = RHS.

x=061
LHS RHS
log, (61+3)+1 | log,[9(61)-37]
= log, 64+1 = log, (549-37)
=2+1 = log, 512

Since the LHS = RHS, the solution X =61
is verified.

B
Michael’s first error occurred in step 2. When the

12x+1 o .
1 = 2 is written in exponential

equation log, [

12x+1
x-1

form, the result is 52

Michael’s solution should have appeared as follows:

12x+1
log.| ——=|=2
o[ 221]

12x+1

52
x-1
12x+1 _os5
x—1

12x+1=25(x-1)
12x+1=25x-25
-13x=-26
X=2

Michael also made an error in step 4. If his work in the

. 3 .
first three steps had been correct, then X = _E in step

4 rather than X = —% .

Step 1
WriFt)e the logarithmic expressions on the same side of the
equation.
log x =3—log, x
log x+log, x =3

Step 2
Apply the change of base formula using base 10.
log x+log, x =3

log x

logx+——=3
J log8
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Step 3
Remove the common factor log X .

Step 4
Isolate log X .

Divide both sides of the equation by [1+ Ii} .

0g8
log x{1+ L} =3
log8

|ng—L
1

1+~

{ Iog8}

3

Step 5
Solve for x.

1
I+——
The exponential form is 10{ '°98] =X.
3

1
10w _
101.423261,.. =X

26.5226... =X
Step 6

Verify the solution by substituting it into the original
equation.

X =26.5226...
LHS RHS
log(26.5226...) | 3—log,(26.5226...)
=1.42361... ,_log(26:5226...)

log8
=1.42361...

Since the LHS = RHS, the solution X = 26.523
is verified.

In the equation log x =3—log, X, the solution is
X =26.523.

Step 1
Write the logarithmic expressions on the same side of the
equation.

logs (2x)—1=log; (2x)
log, (2x)—logg (2x) =1

Step 2
Apply the change of base formula using base 10.

log, (2x)—logg (2x) =1
log(2x) ~ log(2x)
log5 log6

Step 3
Remove the common factor log(2x) .

log(2x) ~ log(2x)

log5 log6
1 1
log(2x)| —-——|=1
o )Logs Iogﬁ}
tep 4
Isolate log(2x).
L . . 1 1
Divide both sides of the equationby | —————|.
{IogS Ioge}
1 1
log(2x)| —-——1|=1
o )|:|Og5 Ioge}
1
log(2x)=———
S
log5 log6
Step 5
Solve for x.

o
11

The exponential form is 10[@7@] =2X.

Solve the exponential equation.
1
1 1

10{"’95 '°96] = 2X

1

1o/
2

106.86910“

2
3698 930.212 = x

=X

Step 6
Verify the solution by substituting it into the original
equation.

x=3698 930.212
LHS RHS
log,[2(3698930.212) |-1 | log,[2(3698930.212)]
_ log[2(3698930.212) | . log[ 2(3698930.212) |
- log5 - log 6
=8.827 46... =8.82746...
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10.

Since the LHS = RHS, the solution x = 3698930.212
is verified.

In the equation log; (2x)—1=log, (2x),
the solution is X =3 698 930.212 .

Step 1
Write the logarithmic expressions on the same side of the
equation.

log, (x—3)—5=—log, (x—3)
log, (x—3)+log, (x—3)=5

Step 2
Apply the change of base formula using base 10.

log, (x—3)+log, (x—3)=5

Iog(x—3)+ log(x-3)
log7 log 4 B
Step 3

Remove the common factor log(x—3).

log(x—3) . log(x—3)
log7 log4

1 1
log(x-3)| —=+——|=5
9(x ){Iog7+log4}

Step 4
Isolate log(x—3).

Divide both sides of the equation by L +L .
log7 log4

1

Iog(x—3){i+—} =5

log7 log4
log(x-3)=———
9(x=3) =
74_7
log7 log4

Step 5
Solve for x.
5
{L+L}

The exponential form is 104" %) = x -3
Solve the exponential equation.

5

1 1

L0 _y g
1 : 1

ol gy
101.75792... +3 =X
60.2700... = X

Step 6
Verify the solution by substituting it into the original
equation.

X =60.2700...

LHS RHS

log, (60.2700...—3) -5
 log(60.2700...3)
B log7
=-2.91985...

~log, (60.270-3)
~ log(60.270-3)
B log 4
=-2.919...

Since the LHS = RHS, the solution x =60.270
is verified. In the equation

log, (x—3)—5=-log, (x—3), the solution is
X =60.270.

Lesson 5—Solving an Exponential
Equation Using Logarithms

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Isolate the power.
80%* -4=5
80 =9
Step 2
Write the equation in logarithmic form.
80 =9
logy, 9 = 2x
Step 3

Apply the change of base formula to the
expression 10g,, 9 .

logy, 9 = 2x
log9 _ox
log80

Step 4
Isolate x.

Divide both sides by 2.
log9 —ox

log80
log9

21log80
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Step 5

Find an approximate solution using a calculator.
_log9
" 2log80

X~ 0.251

Therefore, the value of x is approximately 0.251.

Step 1

Take the common logarithm of each side of the equation.

7x74 — 6x—2
log(7**) =log(6" )

Step 2

Apply the power law of logarithms.
log(7*~*) =log(6"*)

(x—4)log7 =(x—2)log6

Step 3

Apply the distributive property.
(x—4)log7 =(x—2)log6

xlog7 —4log7 = xlog6 — 2log6

Step 4
Isolate x.
xlog7 —4log7 = xlog6 — 2log6
xlog7 — xlog6 =-2log6 + 4log7
x(log7 —log6)=-2log6 +4log7
. —2log6+4log7
~ log7-log6

Step 5
Find an approximate solution using a calculator.

Therefore, the value of x is approximately 27.247.

Step 1

Take the common logarithm of each side of the equation.

15(5x72) — 82x+1
log[15(5*) | = log (8

Step 2
Apply the product law of logarithms.

log [15(5*‘2” =log(8°")
log15+log(5"*) = log (8”")

Step 3
Apply the power law of logarithms.

log15 +log(5**) =log (8***)
log15+(x—2)log5=(2x+1)log8

Step 4

Apply the distributive property.
log15+(x—2)log5=(2x+1)log8

log15+ xlog5—2log5 = 2xlog8+log8

Step 5
Isolate x.
log15+ xlog5—2log5 = 2xlog8 + log8
log15-2log5-log8 = 2xlog8 — xlog5
log15-2log5-log8 = x[2log8 - log5]
‘e log15—2log5—log8
2log8—1log5

Step 6
Find an approximate solution using a calculator.

‘o log15-2log5—1log8

2log8-1log5
-1.124...
X=—"
1.107...
X ~-1.016

Therefore, the value of x is approximately —1.016.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1

Isolate the power.

4(5) " =232
5?2 =58

Step 2

Write the equation in logarithmic form.
5% =58

log;58=x-2

Step 3
Apply the change of base formula to the
expression log, 58 .

log 58 =x-2
log58 -2
log5

Step 4

Isolate x.

Add 2 to both sides.
log58
log5
log58 L2 x
log5

Not for Reproduction

139

Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

Step 5
Find an approximate solution using a calculator.
log58
X =
log5
X = 4.52

+2

Therefore, the value of x is approximately 4.52.

2. Stepl
Isolate the power.
13=125""1-7
20 =125"
Step 2
Take the common logarithm of each side of the equation.
20 =125""

log 20 = log (125" *)

Step 3
Apply the power law of logarithms.

log 20 = log (125*)
log 20 = (4x—1)log125

Step 4
Divide both sides by log125 .
log 20 = (4x—1)log125
M =4x-1
log125

Step 5
Add 1 to both sides.
log 20 _4
log125
log 20
log125

+1=4x

Step 6
Divide both sides by 4.
log 20
log125
log 20 N
logl25
4

1( lo

1 log20 +1|=xX

4\ log125

Step 7

Find an approximate solution using a calculator.

le log 20 1
4 log125

X~ 041

+1=14x

Therefore, the value of x is approximately 0.41.

Step 1
Take the common logarithm of each side of
the equation.

86x—5 — gllx
Iog (86x—5) _ Iog (911x )

Step 2
Apply the power law of logarithms.

|Og (86x—5) — IOg (gllx )
(6x—5)log8=11xlog9

Step 3

Apply the distributive property.
(6x—5)log8=11xlog9

6xlog8—-5log8=11xlog9

Step 4

Subtract 6xlog8 from both sides of the equation.

6xlog8—5log8 =11xlog9
—5log8=11xlog9—-6xlog8

Step 5

Factor out x on the right side of the equation.
—5log8=11xlog9-6xlog8

—5log8 = x(11log9-61log8)

Step 6
Divide both sides by (11log9—6log8).
—5log8 = x(11log9-6log8)
—5log8 _x
11log9-61log8

Step 7
Find an approximate solution using a calculator.

_ —5log8
11log9-61log8
x~-0.89

Therefore, the value of x is approximately —0.89.

Step 1

Take the common logarithm of each side of the equation.

34)(—5 — 2x—l
log(3"~*) =log(2"*)

Step 2
Apply the power law of logarithms.

log(3"~*) =log(2"*)
(4x-5)log3=(x—1)log2
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Step 3

Apply the distributive property.
(4x—5)log3=(x—-1)log2

4xlog3-5log3=xlog2—log2

Step 4
Isolate x.
4xlog3-5log3=xlog2-1log?2
4xlog3—xlog2=-log2+5log3
x(4log3—log2)=-log2+5log3
_ —log2+5log3
- 4log3-log2

Step 5
Find an approximate solution using a calculator.
— —log2+5Ilog3
4log3-log2
X ~1.30

Therefore, the value of x is approximately 1.30.

Step 1
Write the left side of the equation as a single power using
exponent laws.

8><+4 ><16X_5 — 72—x
(23 )x+4 X(24 )x—s _ 727)(
23x+12 % 24x—20 — 72—)(

27x—8 — 72—x

Step 2
Take the common logarithm of each side of the equation.

27x—8 — 72—x
log (2“’8) =log (72’X)

Step 3
Apply the power law of logarithms.

log(2"®) =log(7°*)
(7x—8)log2=(2-x)log7

Step 4
Apply the distributive property.

(7x—8)log2 =(2-x)log7
7xlog2-8log2=2log7-xlog7

Step 5

Subtract (—8log2) and (—xlog7) from
both sides.

7xlog2—-8log2 =2log7—xlog7
7xlog2+xlog7 =2log7+8log2

Step 6
Factor out x on the left side of the equation.
7xlog2+xlog7=2log7+8log 2

x(7log2+log7)=2log7+8log2

Step 7
Divide both sides by (7log2+log7) .
x(7log2+log7)=2log7+8log2
o 2log7+8log 2
7log2+log7

Step 8
Find an approximate solution using a calculator.
o 2log7 +8log2
7log2+log7
X ~1.39

Therefore, the value of x is approximately 1.39.

Step 1
Write the right side of the equation as a single power
using exponent laws.

125)&1 — 35)( x 27X74

6x-1 _ n5x 3\*4
1297 =37 x(3°)
126)(71 — 35)( ><33)&12
126X—l — 38)(—12

Step 2
Take the common logarithm of each side of the equation.

126)(—1 — 38)(—12
log (12" ) = log (3" )

Step 3

Apply the power law of logarithms
log (12°~*) = log (3***)

(6x—1)log12 = (8x—12)log3

Step 4

Apply the distributive property.
(6x—1)log12 = (8x—12)log3

6xlogl2 —logl2 =8xlog3-12log3

Step 5

Subtract (8xlog3) and (—log12) from both sides.
6xlog12—-1log12 =8xlog3-12log3

6x1log12—-8xlog3=-12log3-+logl2

Step 6
Factor out x on the left side of the equation.
6xlog12 —8xlog3=-12log3+log12

x(6log12-8log3)=-12log3+log12
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Step 7
Divide both sides by (6log12—8log3).
x(6log12—-8log3) = —12log3+log12
—12log3+log12
6log12—-8log3

X =

Step 8
Find an approximate solution using a calculator.
o —12log3+logl2
6log12-8log3
x=-1.75

Therefore, the value of x is approximately —1.75.

7. Stepl
Take the common logarithm of each side of the equation.

9(11)"" = 4>*
log [9 (11)“3] =log (4”~*)

Step 2

Apply the product law of logarithms.
log [9 (11)”3} =log (46><—5 )

log9+ log (11”3) =log (46*5)

Step 3

Apply the power law of logarithms.
log9+log (11**) = log (4°*)

log9+(x+3)logll=(6x—5)log4

Step 4

Apply the distributive property.
log9+(x+3)logll=(6x—-5)log4

log9+ xlog11+3logll=6xlog4—-5log4

Step 5
Isolate x.
log9+ xlog11+3logll=6xlog4—-5log4
xlogl1l-6xlog4 =-5log4—-log9-3logll
x(log11-6log4)=-5log4—log9—-3logll
o —5log4-log9-3logll
- log11-6log4

Step 6
Find an approximate solution using a calculator.
«— —5log4-1log9-3logll
"~ logll-6log4
X~ 2.76

Therefore, the value of x is approximately 2.76.

Step 1
Take the common logarithm of each side of the equation.

17(5**) =13(6™")
log[17(5**)] = log[13(6%7) ]

Step 2
Apply the product law of logarithms.

log[17(5"*)] = log[13(6™7)]

log17 +log(5"") = log13+log (6>*7 )

Step 3
Apply the power law of logarithms.

log17 +log (5" ) = log13+log (6% )
log17 +(x—1)log5 = log13+(3x+7)log 6

Step 4
Apply the distributive property.

log17 +(x—1)log5 =1log13+(3x+7)log6
logl7 + xlog5-1log5=1og13+3xlog6+ 7log6

Step 5
Isolate x.
logl7 + xlog5—log5 =10og13+ 3xlog6 + 7log 6
xlog5—3xlog6 =logl3+ 7log6—logl7 + log5
x(log5-3log6)=1log13+7log6 —log17 +log5
‘e log13+ 7log6—1logl7 + log5
log5-3log6

Step 6
Find an approximate solution using a calculator.

o log13+7log6—1logl7 +log5

log5-3log6
6.02...
X =
-1.63...
X ~—3.69

Therefore, the value of x is approximately —3.69.
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Lesson 6—Applications of
Logarithmic Scales

CLASS EXERCISES
ANSWERS AND SOLUTIONS

dB, —dB,
In the formula = :10( 10
2
dB, =20, and then solve.

j, let dB, =98 and

dBl—dej

L :10{ v

98720]

"

— 107.8

=63095734.45

Rl Nl W ol Wl ol W ol
1]

Therefore, an orchestra is 63 095 734 times louder than
a whisper.

Step 1

In the formula :—1=10"‘1’mz , let :—1:102 and m =538,

2 2
L _ygnem
I2
102 =10%%"

Step 2
Convert the resulting equation to logarithmic form, and
solve for mz.
102 =108
log102 =5.8—-m,
m, =5.8-10g102
m, ~3.79

The magnitude of the earthquake in City N was
approximately 3.8.

Step 1
|: +:|acidic solution pH —pH
In the fOI’mu|a = -acidic solution _ 4 ()PFpure weter acidic solution , Iet
[H]
pure water
L
acidic solution
———=———=>50 and pHpure water — 7.

(]
pure water

]
[aclw — 1,QPHoure vater ~PHacic soion

(]
pure water

50 = 107*PHacmlc solution

Step 2
Convert the resulting equation to logarithmic form, and
solve for PHacidic solution.

50 = 107_pHaclmc solution

IOg 50 = 7 - pHaCidic solution
pHalcidic solution — 7 - |Og 50
pHacidic solution ~ 530

The pH of the acidic solution is approximately 5.3.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

In the formula L:lo"‘rmz ,let m =78 and m,=5.2,
2

and then solve.

L =10™ ™

Therefore, the earthquake at point M is approximately
398 times more intense than the earthquake at point N.

In the formula dB =10log L , substitute 10" for L, and
solve for dB.

dB=10log L

dB =10log(10%)

dB=10(12)

dB =120

Therefore, the decibel measurement for a rock concert is
120 dB.

B, -dB,

L 10 ] , let dB, =120 and

In the formula — = 10[
L2

dB, =50, and then solve.

L %5
I‘2

i _ 10(12(;50]
L

A rock concert is 10 000 000 or 10" times louder than
an ordinary conversation.
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4. Stepl
H+
In the formula —Emery 20— QP trr PHoevass o
|: :Ipop
(M ey i
S 959 _ 503 and pHiyey s = 0.8

T

[
[
[

]
pop

battery acid — 10pHpop’pranery acid

]
pop

50.3 = 10" e 0%

| E—

T

Step 2
Convert the resulting equation to logarithmic form, and
solve for pH .

50.3 =10 °°
log50.3 =pH,, 0.8
log50.3+0.8 =pH,,,
2,501~ pH

The pH level of soda pop is approximately 2.5.

5. In the formula M — 1Pk ~PHoaey cia [
[H ],
milk
PH i =6.7 and pH ey 2a = 0.8, and solve.

|: i :|banery acid — 10pHm.|k ~PHbattery acid
[H ]

|:H+ :|battery acid — 106.7—0.8
|: H ' :|mi|k

|:H+ :|battery acid — 105.9
|: H ' :|mi|k

(]

- -hateyadd 794 328.234

|:H+:|milk

Therefore, battery acid is approximately 794 328.2 times
more acidic than milk.

Step 2
Convert the resulting equation to logarithmic form, and
solve for m, .

17 =10%%"™
logl7 =8.8—m,

m, =8.8—logl7

m, = 7.570

The magnitude of earthquake Y is
approximately 7.6.

Step 1
I |

In the formula -+ =10™ ™ , let -+ =10 and
2 2

m, =8.8.

L =10m™

|2

10 =10%8"™

Step 2

Convert the resulting equation to logarithmic form, and
solve for m, .

10 =10%%"™
log10=8.8—m,

m, =8.8—1og10

m,=7.8

The magnitude of earthquake Z is 7.8.

Practice Test

ANSWERS AND SOLUTIONS

Let log,81=x. The exponential form of log,81=x is
3°=81.
Since 3 =81, log,81=4,

Step 1
Let 2log, 25 = x . Divide both sides by 2.

2log; 25 =x

X
6. Stepl log, 25= >
I I
In the formula =+ =10™"" , let -+ =17 and
) 2 Step 2
- X
m, =838. Write log, 25= 2 in exponential form.
I_l = 10m17m2 X X
I, The exponential form of log, 25=— is 52 =5.
17 =10°%™ 2
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Step 3

X
Solve the exponential equation 52 =5 .

52 =25

52 =57

Equate the exponents.
X_»

2

Xx=4

Therefore, 2log,25=4.

3. Stepl
Apply the change of base formula.
log, 729
log, 9
=log, 729

Step 2
Let loge 729 = X, and write the equation in exponential
form.

The exponential form is 9% = 729.

Step 3
Solve the exponential equation 9% = 729.

9 =729
9" =9°

The value of x is 3.

Therefore, log, 729 _ 3
log, 9
4. Stepl
Write the expression using base 10.
log, 121
_log121
log8
Step 2
logl21
Evaluate o using a calculator.
log121 _» 306
log8

Therefore, logs 121 = 2.3.

5. Stepl
Write the expression 3logz 11 using base 10.
3log, 11

_ o[ logll
log7

Step 2

Evaluate 3 log11
log7

3 109111 4 606
log7

J using a calculator.

Therefore, 3log7 11 = 3.7.

Step 1

Apply the product law of logarithms.
log, 8+1log, 512

=log, (8x512)

=log, 4096

Step 2
Evaluate logs4 096.

log, 4096
_ log 4096
- log4
=6

Therefore, log, 8+1log,512=6.

Step 1
Apply the power law of logarithms.

log, 4608 —2log, 3
= log, 4608 log, (3°)
=log, 4608 —log, 9

Step 2
Apply the quotient law of logarithms.

log, 4608 —log, 9

log (4608)
'l 9

=log, 512

Step 3
Evaluate logs512.

log, 512
=log, (83 )
=3

Therefore, log, 4608 —2log, 3=3.

Step 1
Apply the power law of logarithms.

3log, 3+log,12-2log, 2

= log, (3°)+log, 12— log, (2°)
=log, 27 +logy,12 —log, 4
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Step 2

Apply the power law to the first two terms of the
expression, and simplify.

log, 27 +log,12 —log, 4

=log, (27x12)—log, 4

=log, 324 -log, 4

Step 3
Apply the quotient law, and simplify.

log, 324 —log, 4

324
= log, 1

=log, 81

Step 4
Evaluate log, 81.

log, 81

= log, (97)

=2

Therefore, 3log, 3+1log,12—-2log,2=2.

9. Step1l
Describe the transformations applied to y =log, x to

get the graph of y =5log, x—2.

The function y =5log, x—2 is of the form
y=alog, Xx+k ,where a=5 and k =-2.

Therefore, the graph y =5log, (x)—2 is obtained
from y =log, x by a vertical stretch factor of 5 and a

vertical translation 2 units down.

Step 2
Apply the vertical stretch.

Some points on the graph of y =log, X are
(0.5,-0.5), (1, 0), (4, 1), and (8, 1.5).

Multiply the y-coordinates by 5.
(0.5, —0.5x5) - (0.5, —2.5)

(10x5) - (1,0)
(4,1><5) - (4,5)
(8,1.5><5) — (8,7.5)
Step 3

Apply the vertical translation.

Decrease the y-coordinates from step 1 by 2.
(0.5, -2.5- 2) - (0.5, —4.5)
(1, 0- 2) - (1, —2)
(4,5— 2) - (4,3)
(8, 7.5- 2) - (8, 5.5)

10.

Step 4
Plot and join the transformed points.
v

e Slog (x) -2

Step 5
Determine the vertical asymptote, and state the domain
and range.

The vertical asymptote is x = 0 (y-axis).
The domain is x >0, and the range is ¥ € R.

Step 1
Apply the horizontal stretch.

L1 )
Replace x with EX in the equation y =log, X.
3

y =log, x
3
y =log (lxj
5
Step 2

Apply the horizontal translation. Replace x with (x —11)

1
in the equation y = log, (— XJ .
3\5

=lo (Exj
y= Q% 5

y =log, E(x—ll)}

3

Step 3
Apply the vertical translation. Replace y with

(y—(=3)) in the equation y = |09% E(X —11)} :
y=log, E(X—ll)}
y—=(-8)=log, E(X_n)}

3
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Step 4
Isolate y.
1 -
y—(-3)=log, g(x—ll)
3L i

y+3=log, %(x—ll)

3L i

= log, %(x—ll) -3

Therefore, the equation of the transformed function is

y =log, |:5(X 11)} 3.

11. Step1
Determine the equation of the vertical asymptote.

Since the graph of y =10g, X is translated 11 units
3

right, the vertical asymptote becomes x =0+11=11.

Step 2
State the domain.
The horizontal translation 11 units right results in a

domain of X >(0+11) or x>11.

Step 3

State the range.

The transformations have no effect on the range.
Therefore, the range remainsas y € R.

12. Step1
Determine the function f*(x).

Let y =14+9" . Interchange x and y.

y=14+9*
x=14+9¥*

Step 2
Solve fory.

X=14+9"
x-14=9""

log (x—14) = log(9"**)
log(x—14)=(y+3)log9
Iog(x 14)
log9
log(x—14)
log9 -

=y+3

. o log(x—14)
Therefore, the inverse functionis y = BT
0g

which can also be written as

e

-3.

Step 3
Determine the value of f*(16).
£4(x) = log(x—14) ~
log9
£ (16) - log (16 -14) ~
log9
_ log 2
f1(16)= ——=-—
( ) log9

f(16)~-2.684

Therefore, the value of f *(16) to the nearest
hundredth is —2.68.

13. Step1
Apply the power law of logarithms.

Iogﬁ(n+1)+4logﬁ3
=log ; (n+1)+log 5 (3")
= Iogﬁ(n+1)+logﬁ81

Step 2
Apply the product law of logarithms.

= Iogﬁ(n+1)+logﬁ81
= Iogﬁ[Sl(n +1)]
=log (81n+81)

Therefore,

log ;; (n+1)+4log ; 3=log ; (81n+81).

14. Step 1l
Apply the power law of logarithms.

3log, (5m)—9log, m

- Iog7[(5m)1—log7 (m°)

Step 2
Apply the quotient law of logarithms.

=Iog7[( )3]]|og7(m9)
X
3

Therefore, 3log, (5m)-9log, m = log, (1r§5j

=log,

s
|
(

=log,

3

(&1
3,

N
N3

3
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15. Step 1 Step 4
Apply the power law of logarithms. Verify the solution.
4log, m—log, n+= Iog5 p X=178125
. LHS RHS
= log; (m*) ~log; n+ log, [ sz log, [Iog5 [25(78125 ]] 2
o, g, ()"
Step 2 9
Apply the quotient law to the first two terms of = log, [log;) (5 )J
the expression. \ i |20g3 (9)
Iogs(m“)—IOQSn+Iogs{p2] —
m“ 1 Since the LHS =RHS, the solution X = 78125
=log, | — |+log| p? is verified.
17. Step1
Step 3 ) Apply the product law of logarithms.
Apply the product law of logarithms. log, x+log, (x — 2) =1

|og5(m74j+|ogs(p§j log,[ x(x-2)]=1

log, (x2 - 2x) =1

N =

4

m-p
= log, Step 2
Write the equation in exponential form.
Therefore, The exponential form of the equation

L log, (x* —2x) =1 is 3' = x" ~2x or 3= X" - 2x.
4log, m—log, n+§|og5 p

1 Step 3
~log m*p? Solve for x.
° 3=x*-2x
0=x*-2x-3
16, Step1 0=(x+1)(x-3)
Write the equation in exponential form. X+1=0 x-3=0
log, [ logs (25x) | =2 x=-1 x=3
= logs (25x) Step 4
=log, (25x) Verify the solutions.
X=-1
Step 2 0 log, (25%) LHS RHS
Write the equation 9 =109 X) in exponential form.
| ° P log, (1) +log, (-1-2) 1
9.=log, (25x) = log, (~1)+log, (-3)
= 25X%

Step 3
Solve for x.

5° = 25x

59

— =X

25
78125 =x
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18.

The expressions log, (—1) and log, (—3) cannot be

evaluated because the logarithm of a negative number is
undefined. Therefore, X =—1 is an extraneous root.

X=3
LHS RHS
log,3+log,(3-2) | 1
=log,3+log,1
=1+0
=1

Since the LHS =RHS, the solution X =3
is verified.

Step 1
Write the logarithmic expressions on the same side of the
equation.

log(2x) =6—log, (2x)
log(2x)+log, (2x) =6

Step 2
Apply the change of base formula using base 10.

log(2x)+log,(2x)=6

log(2
log(2x)+ M =6
log3
Step 3
Remove the common factor of log(2x).
log(2x)

log(2 =6
og(2x)+ l0g3

Iog(2x){1+ é} =6

Step 4
Isolate log (2x).

Divide both sides by 1+i .
log3

Iog(2x){1+ @} =6
__ 5
e

19.

Step 5

Evaluate using a calculator.

_ 6
1+L
)

6

log(2x) = ———
|

1+L
Iog3}

6
109(2x) = 7 5o500.

log(2x) =1.93804...

Step 6
Solve for x.

The exponential form is 10193804 = 2.
101.93804.,. =2x

101.93804..
2 =
43.3525...= X
Step 7
Verify the solution.
X =43.3525...
LHS RHS
log[ 2(43.3525...)] | 6-log,[2(43.3525...) ]
~1.9380 log[ 2(43.3525...) |

log3

~1.9380

Therefore, the solution is approximately x =43.4.

Step 1
Isolate the power.

55 _76 =12
55 — 64

Step 2
Write the equation in logarithmic form.

5x+5 — 64
log, 64 =x+5

Step 3
Apply the change of base formula to the
expression log, 64 .
log; 64 =x+5
log64 =X+5
log5
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Step 4 21. Step1l
Isolate x. Substitute 20 for P, and 16 for G in the equation
M =X+5 P
log5 G =10log FO .
log, 64 -5=x [
PO
Step 5 G :10|Og F
Find an approximate solution using a calculator. i
ylogb4 o 16:10|og{@j
log5 R
X~-2.4
Step 2
Therefore, the value of x is approximately —2.4. Divide both sides of the equation by 10.
20
20. Stepl 16 =10log [—]
Take the common logarithm of each side of the equation. R
3(7)° =4(11)*” % - log (%}
log [ 3(7)"* | = log[ 4(12)* "] !
Step 3
Step 2 _ 16 20
Apply the product law of logarithms. Write the equation o =log (F] in

log [3(7)X’2 } =log [4(11)13’X]

exponential form.
log3+log(7**) = log 4+ log (11°™)

16
Step 3 The equation in exponential form is 101° = %
Apply the power law of logarithms. i
log3+log(7°*) =log 4 +log (11°*) Step 4
log3+(x—2)log7 =log4+(13-x)log11 Solve for P, to the nearest tenth.
20

Step 4 10 = P
Apply the distributive property. 20i

log3+(x—2)log7 =log4+(13—x)log11 P="
log3+xlog7-2log7=1log4+13log11-xlogll 1010

p_ 20

Step 5 ' 39.8107.
Isolate x. P =05

log3+ xlog7 —2log7 =log4 +13log11— xlog1l
xlog7 + xlogll=1log4 +13logll—-log3+2log7
x(log7 +1log11) =log4 +13log11-log3+2log7
. log4 +13log11-log3+2log7 29

The input power is approximately 0.5 W.

. Step 1
log7+log11 Substitute 9653551, for I in the formula

Step 6 m = log (L) .
|

Find an approximate solution using a calculator. .

‘= log4+13log11-log3+2log7 I
log7+logll m=log (I_]
Xz% 9r65355l
1.88649... m= '09( j
Xx~8.1 "

Therefore, the value of x is approximately 8.1.
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23.

Step 2
Determine the value of m.

[965355I,J
m = log —

r

m = log 965355
m=6.0

The magnitude of the earthquake in City P was
approximately 6.0 on the Richter scale.

|

The formula - =10™"™ can be used to compare an
2

earthquake with an intensity of |, with an earthquake

with an intensity of |, .

|
In the formula I—l =10™"", let m =6.0 and
2

m, = 3.4, and then solve.

—L=10™ "™
|2

|_1 =1080-34
|2

L

IZ

!\ + 308,107

Therefore, the earthquake in City P is approximately 398
times more intense than the earthquake in City Q.

TRIGONOMETRY

Lesson 1—Understanding Radian

Measure

CLASS EXERCISES
ANSWERS AND SOLUTIONS

7 rad

Multiply 135° b .
ply y 180°

1350x 22 rad
180°

135°7z
= rad

©180°

=3—”rad
4

Converted to radians, 135° is 37” rad.

Multiply 0.85 rad by 180 .
zra
0.85 rad x -0
zra
_153°
v
~48.7°

Converted to degrees, 0.85 rad is

approximately 48.7°.

Step 1

In the formula a =r@, substitute 101.2 for a and 18.5

forr.
a=ré
101.2=18.50

Step 2

Solve for 6.
101.2=18.560
101.2 0

185
55~0

Therefore, the measure of the angle is approximately

5.5 rad.

Step 1

Determine the radian measure of the angle.

1350 zrad
180°

1357 rad

"~ 180

:s—ﬂrad
4
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Step 2
Apply the formula a=ré to find the radius.
a=ré

404=r (?ﬁj
4

40.4(4)

3
17.1~r

Therefore, the radius is approximately 17.1 cm.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

. 177 180°
1. Multiply =— rad b .
4 12 y mrad
177 180°
——rad x
12 zrad
= 255°

Converted to degrees, 117—2” rad is 255°.

2 °
2. Multiply — radb .
Py 3 y 7 rad

2—7[ rad x 180

3 zrad
=120°

Converted to degrees, 2?7[ rad is 120°.

3. Multiply z rad by 180 .
8 7 rad

z rad x 180

8 7 rad
=22.5°

Converted to degrees, % rad is 22.5°.

o

4. Multiply 37 rad by 180 .
7 rad

180°

7 rad
=540°

3z rad x

Converted to degrees, 3z rad is 540°.

Muttiply — > rad by -2
2 7 rad
9 180°
——rad x
2 zrad
=-810°

Converted to degrees, —97” rad is —810°.

mrad
Multiply 103° by ——.
ply y 180°
103°x % rad
180°
1037
=——rad
180

Converted to radians, 103° is 1037

7 rad
Multiply 40° by ——.
P Y 180°
40° 7 rad
180°
=40—”rad
180
:2—”rad
9

Converted to radians, 40° is 2?” rad.

zrad
Multiply 210° by ——.
Py y 180°
910° rad
180°
2107z
=—rad
180
:7_7[rad
6

Converted to radians, 210° is %T rad.

zrad
Multiply 315° by ——.
P20 1800
3150 zrad
180°
3157
=—rad
180
=7—”rad
4

7
Converted to radians, 315° is Tﬂ rad.
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. rad 13. Step 1
10. Multiply —900° by 180° Determine the radian measure of the angle.
rrad
rad 57°x%
—900°x ~ 180°
180° 577
=——ra
s
19
=-5rrad = 6_(7)[ rad
Converted to radians, -900° is -5z rad .
Step 2
11. Step1l Apply the formula a =ré to find the radius.
a=ro
In the formula a = r@, substitute 12 for a and z for 6.
3 197
M=r|—
a=ré 60
34(60)=19xr
12=r|Z (60) =197
3 34(60) 3
197
Step 2 342=~r
Solve forr. Therefore, the radius is approximately 34.2 mm.
V3
12= r(gj 14. Step 1
12(3) - Apply the formula a = ré to determine the value of 6.
12(3 a=ré
L =r 3r=ro
Vs 3rad =0
115=r
Therefore, the radius of the circle is approximately 11.5 Step 2
m erefore, the radius ot the circie 1S approximately 11. Determine the degree measure of the angle.
' 180°
3rad x
12. Step 1 zrad
In the formula a = r@, substitute 130 for a and 40 for . _ 3y 180°
a=ro B T
130 =400 ~171.9°
Therefore the angle subtended by Tyler’s walking path is
Step 2 approximately 171.9°.
Solve for 6.
130 =406 15. Stepl
130 _ In the formula & = r@, substitute (x—10) for a, 12 for
40 r, and 2.4 for 6.
3.25rad =46 a=ré
x-10 =12(2.4)
Step 3
Determine the degree measure of the angle.
180° 180° Step 2
3.25rad x =3.25x% Solve for x.
wrad d x—10=12(2.4)
~186.2 x=12(2.4)+10
Therefore, the measure of the angle is approximately x=28.8+10
186.2°. x=238.8
Therefore, the value of x is 38.8.
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Lesson 2—Ang|es in Standard 3. The general .formula that gives all coterminal anglgs (.)f
St any angle ¢ is of the form (6 +2zn)rad , where ¢ is in

radians, and n is any integer.

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Therefore, all angles of the form (% + ZnnJ rad are

. 7 . .
coterminal with ?ﬂ , Where n is any integer.

1. A negative angle means the angle rotates in a clockwise

direction. If —z rad is equal to half a revolution in the )
A 4. For any angle 8, measured in degrees, all angles of the
clockwise direction, then Y rad is equal to more than form (6+360n)°, ne | , will be coterminal with

. ] A angle 6. There is an infinite number of positive and
half a revolution. You can rewrite T3 ® negative coterminal angles with the angle 48°. In this
case, the simplest calculation is given.

-+ (—zj , Which results in half a revolution in the
3 Step 1
. 1 Substitute 48° for § and 1 for n in the expression
clockwise direction and then 3 of halfa 0+360°n .
6 +360°n
= 48°+360°(1)
=408°

revolution more.

This sketch shows an angle of —4?” rad in

standard position. If n=1, the angle that is coterminal with 48° is 408°.

}\ Step 2
Substitute 48° for § and —1 for n in the expression
I I 0 +360°n.
6 +360°n
=48°+360°(-1)
X =48°-360°
ﬁ i =-312°

1 v If n=-1, the angle that is coterminal with 48° is -312°.

5. Find the length, r, using the Pythagorean theorem,
4” H H 2 2 2

Therefore, Y rad terminates in quadrant II. X“+y =r°,

Nan yz —r?

2
2. Anegative angle means that the terminal arm rotates (-2) +5*=r*
clockwise. A full rotation in the clockwise direction is 4+25=r"
equal to —360°. 29 = r?

No

To find the exact values of, cos@, and tan@,
substitute the known information.

Two full rotations in the clockwise direction
equal —720°. Therefore, to reach —985°, a rotation
of —720° and an additional —985° —(—720°) = —265°

are required.

v sinH:X cosH:i tanezl
3 r r X
. 5 2 5
Sinf =— c0Sf =———= tand =-——
I I V29 V29 2
\_j\ X
¥ og5e
11 v

Therefore, an angle of —985° terminates in quadrant I1.
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6. Stepl
Sketch a diagram representing 6.

It is given that tané = g , and the terminal arm is in

quadrant 111.

If tang= y , then possible values of x and y are x =-8
X

and y=-5.

I

Iy

4
N -
P(-8,-5)

Step 2
Determine the value of siné .

y

Since sin@ ==, the value of r must be determined using
r

the Pythagorean theorem.
r2 — XZ + y2

r*=(-8)" +(-5)
r’=64+25

r’ =89

r=+89

89

Therefore, sin@ = ,or sind=—

5

e

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

A positive angle means that the terminal arm rotates
counterclockwise.

A full rotation is equal to 360°. To reach 520°,
a rotation of 360° and an additional 520° — 360° = 160°
are required.

y
A

3520 .

I v

Therefore, an angle of 520° terminates in quadrant I1.

A negative angle means that the terminal arm rotates
clockwise.

To reach —285°, a rotation of —270° and an additional —
285° — (—270)° = -15° are required.

¥
A

11 1

>
—285"\J

I11 v

Therefore, an angle of —285° terminates in quadrant I.

A positive angle means the angle rotates in a
counterclockwise direction.

Vs . . 3z
If By rad is equal to a quarter of a revolution, then 3

rad is also equal to a quarter of a revolution.

To reach 5?” rad, a rotation of %{ rad and an

o _2r

additional 5—7[—
6 6 6

= %rad are required.

This sketch shows an angle of 5?7[ rad in

standard position.
y

A

11 1

111 v

5z . .
Therefore, ? rad terminates in quadrant I1.
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A negative angle means that the terminal arm rotates in a
clockwise direction. If one revolution in the clockwise

S 8r
direction is equal to —2z rad, then —T rad also equals
one revolution in the clockwise direction. Therefore,

24r . . L
—T rad is equivalent to three revolutions in the
o 27x .
clockwise direction. To reach e rad, a rotation of

—% rad and an additional

277 (_24_7[

a7 j:—g—”rad are required.
4 4

27
This sketch shows an angle of —Tﬁ rad in standard

position.
}z‘
11 I
—27n
4
> X
111 v
27
Therefore, —Tﬂ rad terminates in quadrant I11.

The general formula that gives all coterminal angles of 6
is of the form (6 +27n) rad , where ¢ is in radians,
and nis any integer. Therefore, angles that are

3
coterminal with 77[ rad are given by the formula

(37”+27mj rad , where nel .

The general formula that gives all coterminal angles of 9
is of the form (6+360n)°, where @ is in degrees, and n

is any integer. Therefore, angles that are coterminal with
—65° are given by the formula (—65+ 360n)° , or

(360n—65)°, where ne .

7.

Point P is given as P(2,-12),s0 x=2 and y = -12.

y
[

P(2,-12)

Find the length, r, using the Pythagorean theorem,
X2 +yt=r?.

X2 + y2 — r2

22 4 (-12)" =1
44144 =r?
148 =r?

J148 =r
2\/37 =r

To find the exact values of siné@, cosé, and tané,
substitute the known information.

sinH:X cos¢9:5 tan0=l
r r X
. -12 2 -12
sinf =—— =——— tanfd=——
24/37 24/37 2

1 tang =6
Cc0sf = —

6
Nag Ny

From the given diagram, x=—4 and y =10.
Find the length, r, using the Pythagorean theorem,
X2 +y?=r2,

sin@ =—

XZ + y2 — r2
(—4)° +10* =2
16+100 = r2
116 =r2

V116 =r
2\,@ =r

To find the exact values of cscé, secé, and cotéd,
substitute the known information.
r

cscd =— secd =~ cotg =2
y X X
csc¢9=@ sew:z—‘29 cot¢9=E
10 4 4
J 5
csw:@ seco = - Y29 COt@:—E
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10.

Step 1
Sketch a diagram representing 6.

26

It is given that secé = ? , and the terminal arm is in

quadrant I. If secé = r , then possible values of x and r
X
are X=5 and r =426

y
A

r=1\26
[}

\j
=

x=5

Step 2
Determine the value of tan@ .

Since tan @ = Y , the value of y must be determined
X

using the Pythagorean theorem.
r2=x’+y?
2
(\/26) =5 4y?
26=25+y’
1=y*
tl=y
Since the tangent ratio is positive in quadrant I,

tanezl.
5

X
Since cot@ == and itis given that r =+/34 andy =5,
y

determine the value of x using the Pythagorean theorem.

r’=x’+y?
(\/§)2=x2+52
34=x*+25
9=x
3=X

Therefore, coté = g .

Lesson 3—The Unit Circle

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Define the angle 330° in the unit circle using a
special triangle.

The angle 330° corresponds to a special triangle with a
reference angle of 30° in quadrant IV.

¥y
3

330?\

-

30°

Step 2
Find the exact value of cos 330°.

In a 30-60-90 special triangle, the side adjacent to 30°

has a length of ? . Since the 330° is in quadrant IV, it

B3

follows that the exact value of cos330° is -

Step 3

Find the exact value of sin 330°.

In a 30-60-90 special triangle, the side opposite to 30°
has a length of % Since the angle is in quadrant IV, it

follows that the exact value of sin330° is 7% .

Step 4
Find the exact value of tan 330°.

The tangent ratio of the side lengths of the special

1
triangle is 2 - -

3 B

2
Since the angle is in quadrant 1V, it follows that the exact
value of tan330° is —%.
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2.

Step 1
Locate the terminal arm of —120° on the unit circle.

The angle —120° terminates in the quadrant 111 and has a
reference angle of 60°. Therefore, the coordinates on the

Ne]

. 1
terminal arm are| —=,—— |.
2 2

Vv

=X

L 120

44

Step 2
Find the exact value of csc (—120°).

Since cscd = 1 on the unit circle and the y-coordinate
y

of the ordered pair [—;—f] is —ﬁ, it follows that
the exact value of csc(—120°) is 71 .
NG

Step 3
Find the exact value of sec (—120°).

. 1 . .
Since secd == on the unit circle and the x-coordinate of
X

Ve

the ordered pair (—;,—2] is f% , it follows that the

exact value of sec(-120°) is-2.

Step 4
Find the exact value of cot(-120°).

In the unit circle, cotd = X . Therefore, the exact value
y

of cot(—120°) is determined as follows:
cot(—120°)
1

1=l

PRACTICE EXERCISES

ANSWERS AND SOLUTIONS

1. Step1l

Locate the terminal arm of 135° on the unit circle.

The angle 135° terminates in the quadrant 1l and has a

reference angle of 45°. Therefore, the coordinates on the

terminal arm are —Qﬁ .

2 2
¥
_ b
2 2
202
135°
A -

Step 2

Find the exact value of sin 135°.

Since sin@ =y and the y-coordinate of the ordered pair

—ﬂﬂ is ﬁ , it follows that the exact value of
2 2 2
sin135° isﬁ .
2

2. Step1l

. 5
Locate the terminal arm of ?ﬂ rad on the
unit circle.

The angle 5?” rad terminates in the quadrant Il and has

v
a reference angle of 5 rad.
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Therefore, the coordinates on the terminal arm are

k)

v
[
S
272
37
6
h
Step 2

Find the exact value of sin [%) )

Since sin@ =y and the y-coordinate of the ordered pair

—ﬁi is i it follows that the exact value of
2 2 2
. (57{}_ 1
sin| — | is —.
6 2
3. Stepl

Locate the terminal arm of 750° on the unit circle.
The angle 750° terminates in the quadrant | and has a
reference angle of 30°.

Therefore, the coordinates on the terminal arm are

I

) > X
'/750°

Step 2
Find the exact value of csc750° .

1
Since csc@ =— and the y-coordinate of the ordered
y

2
csc750° is 2.

pair [E%] is % it follows that the exact value of

Step 1
Locate the terminal arm of —45° on the unit circle.

The angle —45° terminates in the quadrant IV and has a
reference angle of 45°. Therefore, the coordinates on the
. 2 2
terminal armare | —,——— |.
2 2

¥
A

an)
N

,_\
IS
Sl

L

Step 2
Find the exact value of cos(—45°).

Since cos@ = X and the y-coordinate of the ordered pair

(ﬁ JE] z

is 7 , it follows that the exact value of

2 2
2
cos(—45°) is —.
2
Step 1
. 57

Locate the terminal arm of ? rad on the
unit circle.

Y4 . .
The angle 3 rad terminates in the quadrant 1V and has

V4
a reference angle of 5 .

Therefore, the coordinates on the terminal arm

(z,ﬁ)

2 2

y

L

R
¥

1 A3
7]
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Step 2

5
Find the exact value of sec(?ﬂj .

. 1 L .
Since sec@d = — on the unit circle and the x-coordinate

X
of the ordered pair l—ﬁ is i
2 2 2

5
it follows that the exact value of Sec(?ﬁj is 2.

Step 1
Locate the terminal arm of 480° on the unit circle.

The angle 480° terminates in the quadrant 1l and has a
reference angle of 60°. Therefore, the coordinates on the

143

terminal arm are (—E—j .

2
{_1 ﬁ}
2 2

v

480°

Step 2

Find the exact value of cot480° .
X

In the unit circle, cot@ = — . Therefore, the exact value
y

of cot480° is determined as follows:
cot 480°

[ =

o[ &
= wliNo

&l

7.

Step 1

. T
Locate the terminal arm of _T rad on the
unit circle.

7
The angle —Tﬁ rad terminates in the quadrant | and has

T .
a reference angle of Z . Therefore, the coordinates on

2 %)

. 2
the terminal arm are | —,
2 2

¥
A
P’_Z_

2
2072

/R

Tn

Step 2

7
Find the exact value of COS[—Tﬂj .

Since cos@ = X and the x-coordinate of the ordered pair

(%g} is g it follows that the exact value of

Step 1
Locate the terminal arm of 510° on the unit circle.

The angle 510° terminates in the quadrant 1l and has a
reference angle of 30°. Therefore, the coordinates on the

_ NG
terminal arm are | ———,— |.
2 2

¥
A

b|—

B
2,

|

510°
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Step 2
Find the exact value of tan510° .
In the unit circle, tan @ = % . Therefore, the exact value
of tan510° is determined as follows:
tan510°

1
__2

NG

2

1

Lesson 4—Graphing Trigonometric
Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

The amplitude is |a| . The graph shows that the

amplitude is 6. Since the graph is reflected in the x-axis,
a is negative. Therefore the value of a is —6.

The equation y = sin[—%x) is of the form y =sinbx.

Therefore, the period is determined as follows:
360°
b
360°
1
5
360°
1

period =

period =

period =

5
period =1 800°
Therefore, the period of the function y = sin(—%x)

is 1 800°.

. . S5z
If the graph of y =sinx is translated 3 rad to the
. . 57 L
right, the value of c is 5 and the new equation is

y—sin[x—s—”j
s )

Since the x-intercepts of y =sinx are given by x=zn
rad, where n is any integer, the x-intercepts of

y= sin[x —%Zj increase by 5?” rad and are given by

x:(ﬂn+5—”Jrad.
6

The equation of the horizontal midline axisis y=d .
The graph shows that the equation of the horizontal
midline axisis y =6 . Therefore, the value of d is 6.

Step 1
Rewrite the function in the form

y=acos[b(x—c)]+d.

Factor out 3 from the expression in the brackets.
y =—-2c0s(3x+7)+6

y= —2005{3(x+§ﬂ +6

Step 2
Determine the amplitude.

The value of a is —2. Therefore, the amplitude
is |2 =2.

Step 3
Determine the period.

2i271’

The value of b is 3. Therefore, the period is o =3

Step 4
Determine the phase shift.

The value of c is —% . Therefore, the phase shift is

% rad to the left.

Step 5
Determine the horizontal midline axis.

The value of d is 6. Therefore, the equation of horizontal
midline axisis y=6.

Step 6
Determine the range.

Since the horizontal midline axis is 6 and the amplitude
is 2, the maximum value is 6 +2=28. Similarly, the
minimum value is 6 —2 =4 . Therefore, the range is
4<y<8.
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PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl

Factor out % from each term in the brackets.

y=sin[1x+zj

3 4

y—sin{l[xwtgﬁﬂ
3 4

Step 2
Determine how to obtain the graph of

y=sinE(x+Sfﬂ from the graph of y=sinx.

The equation y = sinE(x + SZH is of the form

. 3z
=sin|b(x-c heeb—fandc———
y =sin[b(x—c)], wher 3 1

Therefore, the graph of y =sin E(x + Sfﬂ is obtained

from the graph of y =sinx by a horizontal stretch factor

of 3 and a phase shift 37” rad to the left.

2. Step1l
Determine how to obtain the graph of y =—-4sinx+1

from the graph of y =sinx.

The equation y = —4sin x+1 is of the form
y=asinx+d ,where a=-4 and d =1. Therefore,
the graph of y =—4sin x+1 is obtained from

y =sin X by a vertical stretch factor of 4, a reflection in
the x-axis, and a vertical translation 1 unit up.

Step 2
Apply the vertical stretch.

Points on the graph of y =cosX are (0, 0), (%,1} ,

(=, 0), (37”,—]} ,and (2z, 0).

Multiply the y-coordinates by 4.
(0,0><4) - (0,0)

ol
2 2

;r0><4

vl

(27,0x4) — (27,0)

Step 3
Apply the vertical reflection.

Multiply the y-coordinates in step 2 by —1.
(0 Ox—l) (0 0)

T ax—1 (’;,_4]
(7,0x-1) > (7,0)
(37”,_4x_1 %[37”,4]
(27,0x-1) - (27,0)

Step 4

Apply the vertical translation.

Increase the y-coordinates in step 3 by 1.
(0,0+1) > (0,1)

(f,—4+1 —>[1,—3j
2 2

3(7[,0+1) — (7;,1)
(?”,4+1 — (%5}

(27,0+1) > (27,1)
Step 5

Plot and join the transformed points.

Vv

5
4

The first maximum of the graph of y =sinx is (90°, 1).
The closest maximum on the graph of y =c0SX to the
point (90°, 1) is (0°, 1) on the right. Therefore, the graph
of y =sinXx is obtained from the graph of y =cosx

by a phase shift |90° —0°| =90° to the right.
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The function y =—-12sinx+2 is of the form
y=asinx+d,where a=-12 and d =2.

Therefore, the graph of the function has a horizontal
midline axisat y =2 and an amplitude of |-12| =12.

The maximum value is 2+12 =14, and the minimum
value is 2—12=-10.

Therefore, the range is —10 < y <14 and the domain is
xeR.

The function y = —%sin (x+15°)+4 is of the form

y =asin(x—c)+d , where a:—%, ¢=-15°, and
d=4.

Step 1
Determine the amplitude.

.2 . .
The value of a is _E . Therefore, the amplitude is

Step 2
Determine the period.
The value of b is 1. Therefore, the period is

360°_ 360°.

[

Step 3
Determine the phase shift.

The value of c is —15°. Therefore, the phase shift is 15°
left.

Step 4
Determine the horizontal midline axis.

The value of d is 4. Therefore, the equation of horizontal
midline axisis Y =4.

Step 5
Determine the range.

Since the horizontal midline axis is 4 and the amplitude

is % the maximum value is 4+E = % Similarly, the

minimum value is 4—% = % . Therefore, the range is

2, 18
5 77 5°

Step 1
Rewrite the function in form y = acos[b(x —C):' +d.

Factor out 2 from each term in the brackets.

y= 3005(2x+4?”j—13

y= 300{2(x+2?”ﬂ—13

The equation y = SCOS{Z[X+ %rﬂ —13 isof the

form y =acos[b(x—c)]+d ,where a=3, b=2,
c:—z—ﬂ,and d =-13.
3

Step 2
Determine the amplitude.

The value of a is 3. Therefore, the amplitude is 3.

Step 3
Determine the period.

The value of b is 2. Therefore, the period is
360°

12

Step 4
Determine the phase shift.

=180°.

.2 -
The value of c is —?ﬂ . Therefore, the phase shift is

left 2—” rad.
3

Step 5

Determine the horizontal midline axis.

The value of d is —13. Therefore, the equation of
horizontal midline axisis y =—13.

Step 6
Determine the range.

Since the horizontal midline axis is —13 and the
amplitude is 3, the maximum value is —13+3=-10.
Similarly, the minimum value is —13—3=-16.
Therefore, the range is —10<y <-16 .

Step 1
Apply the vertical stretch.
o1 .
Replace y with 5 y inthe equation y =COSX .
y =C0S X

Ey—cosx
3
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Step 2
Apply the horizontal phase shift.

. T . 1
Replace x with | X +§ in the equation 5 y =COSX.

1y—cosx

3

=l 3)
—y=cCoS| X+—
3 3
Step 3

Apply the vertical translation.

Replace y with (y —2)in the equation

1y—cos(XJrzj
3 3)

1y —cos(x+zj
3 3

%(y—Z) :cos£x+%j

Step 4
Solve fory.

1 T
—(y—-2)=cos| X+—
s r-2)=cos x4 7
T
—2=3C0S| X+—
y ( 3)

y :3cos(x+%j+2

Therefore, the equation of the transformed equation is
y= 3cos[x+£j+2.
3
Step 1
Determine the amplitude.

The value of a is 3. Therefore, the amplitude is 3.

Step 2
Determine the horizontal midline axis.

The value of d is 2. Therefore, the equation of horizontal
midline axisis ¥y =2.

Step 3
Determine the period.

The value of b is 1. Therefore, the period is 2—” =2r.

[

Step 4
Determine the domain and range.

The domainis Xxe R.

Since the horizontal midline axis is 2 and the amplitude
is 3, the maximum value is 2+3=5. Similarly, the
minimum value is 2—3 =—1. Therefore, the range is
-1<y<5.

Step 1
Determine the value of a.

The graph has a maximum of 8 and a minimum
-2
of 2, so the amplitude is 87 = 3. Therefore, the value

ofais 3.

Step 2
Determine the value of b.

The value of b is determined using the formula
bl= 22
period

Since the period of the graph is 8, the value of b is
determined as follows:

==
period
bl=2
8
bl =2
=2
Step 3

Determine the value of d.

The graph has a maximum of 8 and a minimum of 2, so
8+2
the horizontal midline axisis y = T =5. Therefore,

the value of d is 5.

Step 4
Determine the function that represents the graph.
The function that represents the graph is

R T
=3sin| —x |[+5.
d (4 j
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Lesson 5—Solving Problems Involving

Sinusoidal Functions

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1.

a)

b)

©)

d)

Step 1
Determine the domain of the graph.

The graph shows the movement of the tide from 0 s
to 32 s. Therefore, the domainis 0<t<32.

Step 2
Determine the range of the graph.

The range is the height values between the
maximum and minimum values of the graph.

The maximum value is 8 m, and the minimum value
is 2 m. Therefore, the range is 2<h<8.

The first maximum on the graph of the function is
located at (7,8). Therefore, it

takes 7 s for the tidal wave to reach its maximum
height.

The graph shows a period of 26 s.

Step 1
Determine the value of a.

The graph has a maximum of 8 m and a minimum

of 2 m, so the amplitude is % =3.

Therefore, the value of a is 3.

Step 2
Determine the value of b.

The value of b is determined using the formula
H——
period

Since the period of the graph is 26 s, the value of b
is determined as follows:

b=
period
=2
26
b-2
13
b="
13

a)

Step 3
Determine the value of d.

The horizontal midline axis is located at

8+2
=——=5,
y 2

Therefore, the value of d is 5.

Step 4
Determine the equation.

Substituting the values of a, b, and d into
h(t) =asinbt +d , the equation can be expressed as

h(t) =33in(%t)+5.

Step 1
Clear all lists in the calculator.

Press [+] Select 4:CIrAllLists, and press
ENTER [ to clear any previously entered data.

Step 2
Enter the data values into the calculator.

Press | STAT |, and select 1:Edit....

Enter the values for time in L1 and the values for
frequency in L2.

After you have entered all the data values, you
should see the following window.

L1 Lz L= 1
0 T
i 706
F 6B1.1
E £ogg
y EPL Yy
5 B4
& FUB.6
L1 ={H,1.2:3:4.5
Step 3

Perform the sinusoidal regression.

Press [STAT][>] to highlight CALC.
Select C:SinReg, and press | ENTER | to obtain

the following window.

S1nkeg
g=g+tsinbx+cr+d
3=7v8.0187292
b=1.256663557
c=2.08451589 -5
=539, 29895244
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Step 4
Interpret the information, and write the equation of
the trigonometric function.

For the data entered, a~70.01, b~1.26, c~8.50,
and d ~639.99. Therefore, the trigonometric
equation of the function that best approximates the
data is y =70.01sin(1.26x +8.50) +639.99 , where

y is frequency of the siren after x seconds.

b) An equivalent form of
y =70.01sin(1.26x +8.50) + 639.99 is

y =70.01sin(1.26(x + 6.75)) + 639.99.

The value of b in this function is 1.26.

Therefore, the period is calculated as follows.

. 2z
period = —
:
iod = <"
perio 126

period ~ 4.99
The period is approximately 5.0 s.

¢) Use the function
y =70.01sin(1.26x +8.50) + 639.99 to find the
value of y when x =7. Make sure the calculator is
in radian mode.
y =70.01sin(1.26x +8.50) + 639.99
y =70.01sin(1.26(7) +8.50) + 639.99
y = 570.0

Therefore, the frequency of the sirenat 7 s
is 570.0 Hz.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

The graph starts to repeat itself when x = 360°.
Therefore, the period is 360°.

Step 1

. 1 .
Determine the measurement of @ after 15 revolutions.
.1 .
After making 15 revolutions, the rock has passed

through 360° +%(360°) =540°.

Step 2
Determine the height of the rock after a 540° rotation.

According to the graph, after a 540° rotation, the height
of the rock is approximately 28 cm. Therefore, the

1
height of the rock after 15 revolutions is 28 cm.

Step 1
Determine the maximum height of the piston head.

In the function h =5sin(157.08t)+15 , the amplitude

is 5, and horizontal midline axis is Y =15 . Therefore,

the maximum height of the piston head is
15+5=20cm .

Step 2
Determine the minimum height of the piston head.

The minimum value of the function is determined by
subtracting the amplitude from the value of the
horizontal midline axis. Therefore, the minimum height
of the piston head is 15-5=10cm .

The time it takes for the piston to go up and down
through one cycle within the cylinder is equal to the
period of the function. The value of b in the function

h =5sin(157.08t)+15 is 157.08.

Therefore, the period can be calculated as follows.

. 2z
period = —
]
iod=_<"%
Perot = T157.08
iod = <%
perto [157.08
period ~ 0.04

Therefore, it takes approximately 0.04 s for the piston to
go up and down through one cycle within the cylinder.

One cycle takes 0.04 s. The number of cycles made in
1 h, or 60x60 = 36005 , can be found as follows:

36005 0.04s
x  lcycle

(3600s)(1cycle)

By P

90000cycles = x

The piston makes 90 000 complete cycles in one hour.
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Step 1 9. Step1l
Determine the maximum height of the rider. Clear all lists in the calculator.
. |z
In the function h(t) = 4sin (E(t - 6)) +6, the Press [+] Select 4:ClrAllLists, and press
ENTER [to cl iously entered data.
amplitude is 4, and horizontal midline axisis y =6 . - 0 clear any previously entered data
Therefore, the maximum height of the ferris wheel is Step 2
6+4=10m. Enter the data values into the calculator.
Step 2 Press | STAT |, and select 1:Edit....
Determine the minimum height of the rider.
The minimum value of the function is determined by Enter the values for time in L1 and the values for
subtracting the amplitude from the value of the pressure in L2.
horizontal midline axis. Therefore, the minimum height
of the ferris wheel is 6-4=2m . After you have entered all the data values,
you should obtain the following window.
One «_:omplete r_evolution is equivalent to the period for x = = 5
the given function. . =2
A i i85 | TTTTTT
In the function h(t) = 4sin| —(t-6) |+6, £ 18.3
2 ] is
£ irE
s & 16.1
the value of bis = L ={0,1,2,3.4,5..
Therefore, the period is calculated as follows: Step 3 . . .
o7 Perform the sinusoidal regression.
period = —
|b| Press [STAT][>] to highlight CALC.
. 2z Select C:SinReg, and press | ENTER | to
period = — . . .
‘ T obtain the following window.
. 12 SmEig' L bx+c a+d
. g=gksintbx+c
period = 27 x— a=3.443263459
. 7 =. 6431771673
period = 24 =2, 27 r8arSos
d=13. 3177589
It takes 24 s for the ferris wheel to make one complete
revolution.
Step 4
To determine the height of the rider after 13 s, substitute Interpret the information, and write the equation of the
13 for t in the given function, and solve for h(t). trigonometric function.
. (7
h(t) = 4sin (E(t - 6)] +6 For the data entered, a~3.42 , b~ 0.64, c ~2.29,
. and d ~19.31. Therefore, the equation of the
h(13) = 4sin (—(13 - 6)) +6 trigonometric function that best approximates the data is
2 y = 3.445in(0.64 +2.29)+19.31, where y is the
. (r
h(13) = 4sin (5(7)j +6 pressure in PSI over a period of time, x, in hours.
h(13) = 4sin 7_” +6 10. To de_termine the_ water pressure after 17 h, substitute 17
2 for x in the function
h(13) =2 y =3.44sin(0.64x+2.29)+19.31, and solve for y.
Make sure your calculator is in radian mode.
Therefore, the height of the rider after 13 s is 2 m. y = 3.44sin (0.64x+ 2_29)+19_31
y =3.44sin(0.64(17)+2.29)+19.31
y =3.44sin (13.17) +19.31
y= 21.3
The pressure after 17 h is 21.3 PS1.
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Lesson 6—Solving Trigonometric
Equations Algebraically

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Isolate the trigonometric ratio in the equation.

4c0s°6=3

cos’ 0 =
cos’ @ =

3

4
cosH:_—3

2

Step 2
Determine the exact values of 6 in the equation

N

0059=J_r?,where 0<6<2r.

B3

Since cos@=x and it is given that cos&:i?,

determine the angles on the unit circle where
the x-coordinate of its point on the terminal arm
BB

2

is equal to
a 2

The cosine ratio is ? in quadrants | and IV.

3

The cosine ratio is Y in quadrants Il and I11.

The exact values of 8 in the equation 4cos’6 =3 are
T S5z Tn 11z

6 6 6

1 ’ ’

Step 1
Bring all terms to one side of the equation.

J3tan?0 —tan@=—Btanx +1
tan? 6 +fBtanx—tand-1=0

Step 2
Factor the trigonometric equation, and apply the zero
product property to each factor.

J3tan20+f3tanx —tang-1=0
J3tan O(tano+1)—1(tan+1)=0
(tan6+1)(J§tan9—l) =0

tan@+1=0 \/§tan071:0
tand=-1  [Btang=1
1
tand=—
NG
Step 3

Determine the exact values of 8 in the equation

tan@ =-1, where 0< 89 <2r.
Identify angles on the unit circle where the ratio % of its

point is equal to —1.

The tangent ratio is —1 in quadrants 1l and IV.

¥

A

5.4
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Step 4 Step 2

Determine the exact values of @ in the equation 1
Let X:EB sothat tanx =0, tanx=-1, and the

tanaz%,where 0<0<2r.

3 domain is redefined as follows:
. i YL 0° <60 <360°
Identify angles on the unit circle where the ratio = of its 1
X 0°<=0<180°
inti I L 0 g 180
oint is equal to —= . ° < x<180°
p q N
Step 3
o1 i i i
The tangent ratio is —— in quadrants | and I11. Determine the exact values of x in the equation
3 tanx =0, where 0°<x<180° .
y . Lo Ly

] Identify angles on the unit circle where the ratio = of its
X

point is equal to 0.

_z
0=% .
L
=0° ( 1, 0)
BN
22
. . 1
The exact values of @ in the equation tanf = —=
NG}

7
are % and —”.

6 The exact value of x, where 0° < x <180°, is 0°.

Therefore, the exact values of @ in the equation Step 4
J3tan? 0 —tand = —\/=tan x+1 where 0< 6 <2x Determine the exact values of x in the equation

. 3” 7” tanx=-1, where 0°<x<180°.
are —, — d —

6 4 6 4

Identify angles on the unit circle where the ratio Y ofits
3. Stepl X

point is equal to —1.
Factor the trigonometric equation, and apply the zero

product property to each factor. ﬁ
tanz(iejﬂan[lajzo [—\]—2_\{—2_}
2 2 22
tan(éej tan(ée}rl =0
2 2
0=135°

tan(le]:o tan(lajﬂzo \ -
2 2 ’
tan(iej =-1

2

The exact value of x in the equation tanx =-1, where
0°<x<180°, is 135°.
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Step 5
Determine the exact values of 8 within the given domain
0°<6<360°.

The values of x are 0° and 135°.

The exact values of 6 are determined by multiplying each
solution for x by 2. Therefore, the solutions for 6 in the

equation tan’ (%0) +tan (% 6) =0 are 0°and 270°.

Step 1
Isolate the trigonometric function.
J3tand+1=0
J3tang=-1
1
tand=—-—
NG)

Step 2
Determine the solutions for 4 in the equation
tan@ = —% within one revolution of the unit circle.

According to the unit circle, the values of 6 in the

. 1
equation tan@ =——=, where 0< 6 <27, are 5?”

B

and ﬁ.
6

Step 3
Determine the general solution.

. . ) 11
The solutions are angles coterminal with ?” and T” .

The angles 5?” and % also differ by z. Therefore,

the general solution to equation J3tan® +1=0 can be

5 . .
expressed as 6 = ?ﬂ + zn, where n is any integer.

Step 1
Isolate the trigonometric function.
3sind-1=0

3sinf=1

sin9=1
3

Step 2

. . . 1
Determine the solutions for sin@ = 3’ where 0 <0< 2x.

. . 1 . .
Find the reference angle for sin@ = 3 using the inverse

sine function on a calculator.

O :sin’l[lj
3

0, ~0.34

According to the CAST rule, sine is positive in quadrants
I and Il. Therefore, the reference angle 6rer = 0.34 is
a solution.

Determine the measure of the angle with a terminal arm
in quadrant Il by subtracting the reference angle from z.
O~r—0.34

0~2.80

The approximate values of @ in the trigonometric
equation 3sin @ — 1, where 0 < 0 < 2, are 0.34
and 2.80.

Step 1
Isolate the trigonometric function.
7sin6-5=0

7sin@ =5

sin6’=E
7

Step 2
Determine the solutions for sin@ = g within one

revolution of the unit circle.

L 5 .
To solve the equation sin@ = ex find the reference angle,
6ret, USing a calculator.

sing,

ref — o

Oy = sin’l[Ej
7

Oy = sin‘1[§j
7

0, ~45.6°

According to the CAST rule, sine is positive in quadrants
I'and Il. Therefore, the reference angle 6, ~45.6° isa

solution.

Determine the measure of the angle in quadrant 1l by
subtracting the reference angle from 180°.
60=180°—-45.6°

0 ~134.4°

Step 3
Determine the general solution for 6.

The solutions are angles coterminal with 45.6° and
134.4°. Therefore, the general solution for the equation
7sin6—5=0 is & =(45.6+360n)° and

(134.4 + 360n)° , where n is any integer.
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PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Express csc@ as L
sing
csch =sind
1

——=sind
sin@

Step 2
Isolate the trigonometric ratio in the equation.
_L = Sin 9
sing
1=sin’@
+y1l=sind
+1=siné

Step 3
Determine the exact values of 8 in the equation
+1=sin@, where 0°< 6 <360°.

According to the unit circle, sin@=1 when 6 =90°,
and sin@=-1 when 6 =270°. Therefore, the exact
values of @ in the equation cscd=sin@d are 90° and
270°.

Step 1

Factor the trigonometric equation, and apply the zero

product property to each factor.
csc’@+cscd-2=0

(cscd+2)(csco-1)=0

cscd+2=0 cscd-1=0
cscld =-2 cscd =1
Step 2

Rewrite the equations csc@# =1 and cscd =-2 in
terms of sin @ .

cscld =-2 cschd =1
1, 1,
siné@ sing
1 . 1=sin@
—==sind
2
Step 3

Determine the exact values of 9, where 0° <@ < 360°.
. e . 1
According to the unit circle, sin@ = _E when

6 =210° and 330°. Also, sin@ =1 when 8 =90°.
Therefore, the exact values of 8 in the equation
csc® @ +cscd—2 =0 are 90°, 210°, and 330°.

Step 1

Bring all terms to one side of the equation.
2sinfcosf = cosé

2sin@cos@—-cosd =0

Step 2
Factor the trigonometric equation, and apply the zero
product property to each factor.

2singcos@—cosd =0
cos@(2sinf-1)=0
2sind-1-=0
cosd=0 2sing =1

sinH:l
2

Step 3
Determine the exact values of 6, where 0° < @ < 360°.

According to the unit circle, cos@ =0 when

. 1
6 =90°and 270°. Also, sin@ = E when @ =30°and
150°. Therefore, the exact values of ¢ in the equation

2sin@cos@ =cos@ are 30° 90° 150°, and 270°.

Step 1
Factor the trigonometric equation, and apply the zero
product property to each factor.

2c0s? (260) =3 cos(26)
2c0s? (20) —/3cos(20) =0

cos(ZH)[ZCos(Ze)—\/g] =0
cos(20)=0 2co0s (26

Step 2

Let X =26 sothat cosx=0, COSX = , and the

&

domain is redefined as follows:
0° <0 <360°

0°<260 < 720°
0°<x<720°
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Step 3
Determine the exact values of x in the equations

cosx=0 and COSXz?,where 0°<x<720°.

Since the value of cos x corresponds to
the x-coordinates of points on the unit circle,

determine the locations where the x-coordinate of a point

3
is equal to O or 7 .

v

0.0}
V3
22
6=902
/A 0=30°
Qk o
9=270\~ H="330°
RER
2° 2

(0,-1)

The exact values of x in equation cos x = 0, where
0° <20 < 720°, are 90°, 270°, 450°, and 630°.

. . 3
The exact values of x in equation COS X = - where

0<260<720, are 30, 330°, 390°,
and 690°.

Therefore, the solutions for x are 30°, 90°, 270°, 330°,
390°, 450°, 630°, and 690°.

Step 4
Determine the exact values of & within the domain
0° <6 < 360°.

The exact values of 9 are determined by dividing each
solution for x by 2. Therefore, the solutions for 6 are
15°, 45°, 135°, 165°, 195°, 225°, 315°, and 345°.

Step 1
Isolate the trigonometric ratio in the equation.
4c0s6+2=0

4c0s0 =-2
2

cosf =——
4

cosf = —1
2

Step 2
Determine the exact values of 8, where 0< 8 < 2.

. o 1
According to the unit circle, cos@ = _E when

L

0 and 4?7[ . Therefore, the exact values of 8 in

the equation 4cos@+2=0 are 2?” and 4?”

Step 1
Rewrite the equation in terms of tané .

cot?=1
1 —
tan® 0

Step 2
Isolate the trigonometric ratio in the equation.
1 p—
tan® @
1=tan’@
+Jl=tano
tl=tanéd

Step 3
Determine the exact values of 9, where 0< @ < 2.
According to the unit circle, tan& =1 when 6 = % and

5—”. Also, tan @ = -1 when 0:3—” and 7—”
4 4 4

Therefore, the exact values of 8 in the equation

cot?9 =1 are 2,3—”,5—”, an 7—7[
4 4 4
Step 1
Subtract sin @ from both sides of the equation.

2sin@ =sin@
2sin?0—sin@=0

Step 2
Factor the trigonometric equation, and apply the zero
product property to each factor.

2sin®0—sin@=0
sing(2sinf-1)=0
2sind-1=0
sin@=0 2sing =1
sin@ :1

2
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Step 3
Determine the exact values of 6, where 0< 8 < 2.

According to unit circle sin@ =0 when & =0rad and

. 1
mrad. Also, sin@ == when @ = 7 rad and ST rad.
2 6 6
Therefore, the exact values of 8 in the equation

2sin?@ =sin O are 0,%,7[,&[1(’] 5?7[

Step 1
Factor the trigonometric equation, and apply the zero
product property to each factor.

sec? (%0)+35ec(%9)+ 2=0

2l

sec(lajﬂzo
2

sec (E HJ =-1
2

Step 2

sec(lﬁj+2 =0
2
sec(le]z—z
2

1 .
Let X= 50 so that the equations become secx =-1

and secX =—2 . The domain is redefined as follows:
0<@<2rx

O§l9<ﬂ
2

0<x<rx

Step 3
Determine the exact values of x in the equation
secx=-1and secx=—-2,where 0< X< 7.

According to the unit circle, the exact value of x in the
. .2 . .
equation seCx =-2 is ? . There is no solution

within the domain of 0 < x < 7z for the equation
secx=-1.

Step 4
Determine the exact values of & within the domain
0<6<2r.

The exact values of 6 are determined by multiplying each
solution for x by 2.

Therefore, the solution for & is 4?”

Step 1
Bring all terms to one side of the equation.

tan’9—-5=3+2tand
tan’0—-2tan0-8=0

tand-4=0 tané+2=0
tand =4 tangd =-2
Step 2

Factor the trigonometric equation, and apply the zero
product property to each of the factors.

tan’ 0—2tan6d—-8=0
(tan6—4)(tan+2)=0

Step 3
Determine the solutions for tan@ =4,
where 0° <6 < 360°.

Find the reference angle for tan & =4 using
the inverse tan function on a calculator.

0, =tan4

0. =76.0°

According to the CAST rule, tan is positive in quadrants
land Ill. Therefore, the reference angle 6., ~ 76.0° is

a solution.

Determine the measure of the angle with a terminal arm
in quadrant 111 by adding the reference angle to 180°.
6~ 76.0°+180°

0 ~ 256.0°

Step 4
Determine the solutions for tan& =-2,
where 0°< 6 < 360°.

Find the reference angle for tan @ = —2 using
the inverse tan function on a calculator.

G,y =tan™(-2)

0. =~—63.4°

Since the reference angle is an acute positive angle,
0. =~63.4°.

According to the CAST rule, tan is negative in quadrants
Il and IV. Determine the measure of the angle with a
terminal arm in quadrant 11 by subtracting the reference
angle from 180°.

0 ~180°—-63.4°

0 ~116.6°
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10.

Determine the measure of the angle with a terminal arm
in quadrant 1V by subtracting the reference angle from
360°.

6 ~ 360° - 63.4°°

6 ~ 296.6°

Rounded to the nearest tenth of a degree, the
approximate values of @ in the trigonometric equation
tan?@—5=3+2tan @, where 0° < 8 <360°, are
76.0°, 116.6°, 256.0°,

and 296.6°.

Step 1
Bring all terms to one side of the equation.

3cos? B +cosd =5cos@—2cos* 0
5c0s?0—4cosd =0

Step 2

Factor the trigonometric equation, and apply the zero

product property to each of the factors.
5cos’@—-4cosd=0

cosd(5cos0-4)=0

cosd =0 5c0s0-4=0
5cos0 =4
cosH:ﬂ
5
Step 3

Determine the solutions for cosé@ =0, where
0°<@<360°.

According to the unit circle, the value of & in the
equation cosé@ =0, where 0° <@ < 360°, are 90.0°
and 270.0°.

Step 4
. . 4
Determine the solutions for cos@ = E , Where

0°<6<360°.

. 4 .
Find the reference angle for cosé = 5 using the inverse
cosine function on a calculator.

a4
0. = oS 1(5)

0, ~36.9°

According to the CAST rule, cosine is positive in
quadrants | and 1V. Therefore, the reference angle

6. ~36.9° isasolution.

11.

12.

Determine the measure of the angle with a terminal arm
in quadrant 1V by subtracting the reference angle from
360°.

6 ~ 360°-36.9°

0 ~323.1°

Rounded to the nearest tenth of a degree, the
approximate values of 4 in the trigonometric equation
3c0s? @ +cos@ =5c0s 6 —2c0s” @, where

0°< 8 <360°, are 36.9°, 90.0°, 270.0°, and 323.1°.

Step 1
Rewrite the equation in terms of a primary trigonometric
ratio.

Let secﬁzi.
cosé
\/§sec6’—2 =0
Haaa)
coséd
Step 2

Isolate the trigonometric ratio in the equation.

()

ﬁ[ij: 2

coséd
12
coséd 3
cosH:§

Step 3
Determine the exact values of 8 within one revolution.

According to the unit circle, the values of 4 in the

3

equation C0Sé = - where 0° <6 < 360°, are 30°

and 330°.

Step 4
Determine the general solution for 6.

The solutions are angles coterminal 30° and 330°.
Therefore, the general solution is & = (30+360n)°

and (330+360n)°, where n is any integer.

Step 1
Add cosé to both sides of the equation.
sin@—-cos@ =0

sin@ =cos @
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Step 2

Determine the values of 4 in the equation sin & = cos &
within one revolution of the

unit circle.

The values of @ in the equation Sin & = cos &
correspond to points on the unit circle where the x-
coordinate is equal to the y-coordinate. This occurs
when 6 is equal to 45° and 225°.

Step 3
Determine the general solution for 6.

The solutions are angles coterminal 45° and 225°. The
angles 45° and 225° differ by 180°. Therefore, the

general solution can be expressed as (45+180n)°,
where n is any integer.

13. Step 1
Isolate the trigonometric function.
. 1
sind-==0
2
. 1
sing=—
2
Step 2

. . . . 1
Determine the values of 4 in the equation sin@ = E ,

where 0< 0 < 2.

According to the unit circle, the values of 6 in the

. 1
equation siné = E ,where 0< @< 2rx, are % rad and

5—” rad.
6

Step 3
Determine the general solution of 6.

. . T 5z
The solutions are angles coterminal E and ? .
Therefore, the general solution to the equation
. 1 . 5
SInH—E =0isf= %+27zn and ?ﬁ+27rn , Where

n is any integer.

14. Step 1l
Rewrite the equation in terms of a primary trigonometric

ratio. Let cotd = L .
tan @

3tand =cot @
3tand = i
tan @

Step 2
Isolate the primary trigonometric function in
the equation.

3tan@ = L
tan @
3tan’ 0 =1
tan? _1
3
tan @ = J_ri
3
Step 3

1
Determine the values of @ in the equation tan @ = ﬁ ,

where 0< @< 2r.

According to the unit circle, the values of 8 in the

1
equation tand = —, where 0< 8 < 27, are % rad

N

and 7—” rad.
6

Step 4
Determine the values of @ in the equation tan @ = _ﬁ ,
where 0< 0 < 2r.

According to the unit circle, the values of 4 in the

1
equation tand = ———, where 0< 6 < 27, are 5?”

NG

rad and % rad.

Step 5
Determine the general solution for 6.

. . . T brx
The solutions are coterminal with the angles E , ? ,

7—”,and & The angles z and 7—” differ by =,
6 6 6 6

and the angles 5?” and % also differ by z.

Therefore, the general solution to equation

3tan @ =cot @ can be writtenas @ = %+ zn and

Y4 . .
5 +7zzn , where n is any integer.
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Lesson 7—Solving Trigonometric
Equations by Graphing

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Bring all terms to one side of the equation.

4sin20—cos(gj =2

4sin249—cos(€J— 2=0

2

Step 2

Graph the related function using a T1-83 or

similar calculator.

Press , enter the equation as

Y, = 4sin(X)’ —cos(X/2)—2, and press [GRAPH]

An appropriate window setting is y:[0, 360, 90]
and y:[-4, 4, 1].

The resulting graph is shown.

AN
/A

There are four solution values (x-intercepts) in the
domain 0° <@ <360°.

Step 3
Determine the zeros of the function.

Press , and select 2:zero.

When asked for a left bound, position the cursor just left

of the first zero, and press | ENTER |.

1=45inClIZ-Cosil Al 20-2
\\/ i

Left Bound?
n=YE. 12766

¥=-1.13%37:

When asked for a right bound, position the cursor just
right of the same zero, and press | ENTER |.

1=r'-|sintH:li-cn:-sl:Hr'2:l-2

/’ \\/.-’ ks
Fidht Eound?
HSPe.PGEEREY Y=.A4ZBATO7

At the “Guess?” prompt, press | ENTER |.

The results are the coordinates of the zero of
the function.

NIA
S .

Fo
] - i )

2%
=

Repeat the same process to obtain the other zeros.

A A
/"‘v”“‘/\f“‘

N 125 FEERE W=0 H 220 NEEEE Y=

AN
/\/”‘

N 325 4irey =0

The zeros of the function are 57.97, 128.76, 220.07,
and 329.42.

Therefore, the values of 6 in the equation
4sin 6 — cos[gj =2, where 0<0<2r,

are approximately 57.97°, 128.76°, 220.07°,
and 329.42°.

Step 1
Graph each side of the equation 3sinx =2cos(x—1).

Press , enter the equation as two separate
functions (Y, =3sin(X) and Y, =2cos(X-1)),

and press .
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An appropriate window setting is x:[0, 360, 90]
and y:[-4, 4, 1].

The resulting graph is shown.

‘,/,_

7

There are two solution values (points of intersection)
in the domain 0° < x <360°.

Step 2
Find the points of intersection.

Press , and select 5:intersect.

When asked for a first curve, position the cursor
just left or right of the first intersection point, and
press| ENTER |.

1=Z5in(H)

¢

First curvs®
#=13.1483%6 Y=.9B407457

When asked for a second curve, position the cursor
just left or right of the first intersection point, and

press [ENTER]

e=Ecosii-12

¢

Second CurveT
n=18.1489%6 Y=1.9005001

At the “Guess?” prompt, press | ENTER |.

\¢

Inkerseckion
n=33.99619Y4 Y=1 67741

Repeat the same process to obtain the other point of
intersection.

¢

Interseckion
E:E:D.EBEIB ¥=-1.677413

The solutions to the equation 3sinx = 2cos(x—1),

where 0° < x<360°, are approximately 34.00°
and 214.00°.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Graph the related function using a T1-83 or
similar calculator.

Press , enter the equation as Y, =3cos(X)-1,

and press .

An appropriate window setting is x:[0, 360,90]
and y:[-4, 4, 1].

The resulting graph is shown.

™ e

N

There are two solution values (x-intercepts) in the
domain 0°< x <360°.

Step 2
Determine the zeros of the function.

Press TRACE |, and select 2:zero.
When asked for a left bound, position the cursor just left
of the first zero, and press | ENTER |.

When asked for a right bound, position the cursor just

right of the same zero, and press | ENTER |.
At the “Guess?” prompt, press | ENTER |.

The results are the coordinates of the first zero of
the function.

Ay ya

2eFo
[E=ri.czmrPe _v=d
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Repeat the same process to obtain the second zero. Repeat the same process to obtain the other point of
intersection.

™ e e
S el

Inkersection
E:EHD.SSIJ?H ¥=-1.741583

2eF0
[E=zBm.uride _v=i

The zeros of the function are 70.5° and 289.5°.
The solutions to the equation

Therefore, the values of x in the equation 2sin(x) = 2cos(x) — sin?x, where 0° < x < 360°, are
3cosx —1 =0, where 0° < x < 360°, are approximately approximately 37.5° and 240.6°.
70.5° and 289.5°.
3. Stepl
2. Step1l Graph the related function using a T1-83 or
Graph each side of the equation similar calculator.
2sin(x) = 2cos(x) — sinx. Press , enter the equation as
- 2 .
Press , enter the equation as two separate functions Y, =3sin (X) +11sin (X) —4, and press '
Y1 = 2sin(X) and Y2 = 2cos(X) — sin(X)?), and press Make sure your calculator is in
[GRAPH] radian mode.

An appropriate window setting is x:[0, 360, 90]

An appropriate window setting is X : [0, 2r, %} and
and y:[-4, 4, 1]. yv[-12, 12, 1].

The resulting graph is shown. The resulting graph is shown.

Z /N
Ny 7 \_/

There are two solution values (points of intersection) in
the domain 0° < x < 360°.

There are two solution values (x-intercepts) in the
domain 0<@<2x.

Step 2

Find the points of intersection. Step 3

Determine the zeros of the function.

Press [TRACE], and select 5:intersect. Press [TRACE] and select 2:zero.

When asked for a first curve, position the cursor just left When asked for a left bounn the cursor just left

or right of the first intersection point, and press of the first zero, and press [ENTERY],

. When asked for a right bound, position the cursor just
right of the same zero, and press | ENTER |

When asked for a second curve, position the cursor just At the “Guess?” prompt, press|ENTER |

left or right of the first intersection point, and press The results are the coordinates of the first zero of the

. function.

At the “Guess?” prompt, press |ENTER|.

i

AR

Inkerseckion
n=sxr 47BEzE V=1.2169%07
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Repeat the same process to obtain the second zero. Repeat the same process to obtain the other point of
intersection.

\ m :
2era \—/ \j‘l
n=e BOL/EEF V=0 .

Inkgrsection

The zeros of the function are 0.3 and 2.8. #=c.BE9BHE? Y=-.B0E1zB6
Therefore, the values of x in the equation The solutions to the equation
3sin®x+11sinx—4 =0, where 0< @ < 2r, are 3sin(3—x) =2cos(4+x)+1, where 0< x <27,

approximately 0.3 rad and 2.8 rad. are approximately 1.8 rad and 5.9 rad.

4, Stepl
Graph each side of the equation

3sin(3-x)=2cos(4+x)+1.

Press , enter the equation as two separate functions
(Y, =3sin(3—X) and Y, =2cos(4+X)+1), and

pres [GRAPH].

An appropriate window setting is X : [O, 2r, %} and
y:[-4, 4, 1].

The resulting graph is shown.

ZANNIS
N

There are two solution values (points of intersection) in
the domain 0<0<2x.

Step 2
Find the points of intersection.

Press , and select 5:intersect.

When asked for a first curve, position the cursor just left

or right of the first intersection point, and press

ENTER]|.
When asked for a second curve, position the cursor just
left or right of the intersection point, and press | ENTER |.

At the “Guess?” prompt, press |ENTER|.

/e\\ i
Inter:tction\jp

n=1. 8123891 V=ZI.FRE4ZER
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Lesson 8—Reciprocal, Quotient, and Pythagorean Identities

CLASS EXERCISES

ANSWERS AND SOLUTIONS
1.
Step LHS RHS
1. Apply the reciprocal identities. secx  sinx cot x
sinx  cosx _ cosx
1 sin x
_cosx _ Sinx
sinx  cosx
_ 1 sinx
cosxsinX  Ccosx
2. Rewrite the LHS as a single 1 sin? x
fraction. = — = -
cosxsinx  cosxsinx
_ 1-sin’x
COS XSin X
3. Apply the Pythagorean identity to cos? X
the LHS. =
COS XSin X
4.  Divide out common factors. COS X COS X
~ cosxsinx
_ COSX COSX
€osX sin X
_ COSX
sin x
Since LHS = RHS, the proof is complete.
2. a)
Steps LHS RHS
1. Replace x with i CSCX —Sinx Cot XCos X
6 T (7 z T
=csc| — [—sin| = =cot| — |cos| =
(Fl5) (5
2. Rewrite the equation in terms of 1 ju .
primary trigonometric ratios. = —sin(gj cos(gj
s.nH -
tan (fj
6
3. Evaluate each side of the equation. 1 1 N
12 _2
2 T
3
4.  Simplify. 1 3
=2-= =2
2 2
_3
2
Since LHS = RHS, the identity cscx —sinx=cotxcosx is true for x =% .
CASTLE ROCK RESEARCH 180 Copyright Protected



ANSWERS AND SOLUTIONS

b)
Steps LHS
1. Apply the reciprocal and CSC X — Sin X
quotient identities. 1
=——-sinx
sinx
2. Rewrite LHS as a single 1 sin?x
fraction. =
sinx sinx
_1-sin®*x
sin x
3. Apply the Pythagorean cos? X
identity. =—
sin x
Since LHS = RHS, the proof is complete.
Step 1
Apply the reciprocal identity and quotient identities.
1+sinx 2
— =(secx +tanx)
1-sinx
1+sinx _( 1 sinxj2
1-sinx {cosx cosx
Step 2

State the non-permissible values.

RHS
cot Xcos x

The left-hand side is undefined when sinx =1, and the right-hand side is undefined when cosx=0.

The general solution to the equation sinx=1 is x= [% + 27znjrad , and the general solution to the equation cosx =0 is

X= (% + ﬂn)rad . Therefore, the non-permissible values are x = (% + ﬂnJ rad , where n is any integer.

PRACTICE EXERCISES ANSWERS AND SOLUTIONS

Steps LHS
1. Apply the reciprocal and quotient secx
identities. 1
© coSX

2. Simplify.

Since LHS = RHS, the proof is complete.

RHS

CSCX

cotx
1

_ sinx
COS X

sin x
(1 \(sinx
sin x /\ cos x

(5=l E5)

1

COS X

Not for Reproduction 181

Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

2.
Steps LHS RHS
1. Apply the quotient and . . sin x 2
Pythagorean identities. 1-sinxcos xtan x =1—sin xcos x| —— cos X
COS X =1-sin’x
2. Simplify. sin x
=1-sin xpes/x[pes/j
X
=1-sinxsin x
=1-sin®x
Since LHS = RHS, the proof is complete.
3.
Steps LHS RHS
1. Apply the reciprocal and CSCX COS X
quotient identities. tan xcot x
_ sin x
sinx  CosX
cosX sinx
2. Write the denominator as a 1
single fraction. 3 sin x
~ sin®x R cos? X
cosxsinx  sin Xcos X
1
_ sinx
sin’ x +cos’ x
COS XSin X
3. Apply the Pythagorean 1
identity. _ sinx
L
COS XSin X
4. Simplify _ cosxsinx
sinx
=COS X
Since LHS = RHS, the proof is complete.
4,
Steps LHS RHS
1. Rewrite as a single fraction. 1 1 25ec? X

—+ :
l1-sinx 1+sinx
_ 1+sinx+1-sinx

(1-sinx)(1+sinx)

2. Simplify. _ 1+1+sinx-sinx
1+sinx—sin x—sin® x
__2
1-sin® x
3. Apply the Pythagorean 2
identity. = 2
cos® X

4. Apply the reciprocal

AP = 2sec’ x
identity.

Since LHS = RHS, the proof is complete.
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Steps
1. Multiply the numerator and the
denominator by (1+cosx) .
2. Expand the denominator.

3. Apply the Pythagorean identity to the

denominator.

4. Divide out common factors.

5. Rewrite as two separate fractions.

6. Apply the reciprocal and quotient
identities.

Since LHS = RHS, the proof is complete.

Steps
1. Replace x with 45°.

LHS
sin x
1-cosx

sinx(1+cosx)

- (1—cosx)(1+cosx)

_sin x(1+cosx)

1—cos? x

sin? x

_sinx(1+cosx)

sin? x

_sin x(1+cosx)

sinxsin x
_1+cosx

sin x

1 COS X

sinx sinx

=CSCX+cot X

LHS
(sin 45")3

cos45°—(cos 45")3

2. Evaluate each side.

(sin 45")3

c0s45° —(cos 45°)3

5

3. Simplify the LHS.

W

2 2

Y

8 _ 8
V2 202 a2 242

2 8 8 8

23

__ 8
22
8

=1

Since LHS = RHS, the identity is true for x = 45°.

_sin x(1+cosx)

RHS

CSCX+Cot X

RHS
tan 45°
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Steps
1. Factor.

2. Apply the Pythagorean identity.

3. Divide out common factors.

4. Apply the quotient identity.

Since LHS = RHS, the proof is complete.

8. Stepl
Apply the quotient identity.
sin® x
€OS X —C0s® X
sin®x sinx
cosx—cos®x  cosx

=tanx

Step 2
State the non-permissible values.

The right-hand side of the identity is undefined when cos x =0, and the left-hand side is undefined when

cosx—cos®x=0.

LHS
sin®x
€OS X — COS° X
sin x(sin2 x)

cos x(l— cos? x)

2

sin’ )
cosx(sin’x)

smx

2

COSX sin‘ x

/-\,—\

sin x (six

E

cosX(si

3

_sinx

COS X

=tanx

Solve for x in the equation COS X — cos’x=0.

cosx—cos*x=0
cos x(l—cos2 x) =0

cosx =0 1-cos?x=0
1=rcos® x
+1=cos X

Therefore, the non-permissible values are X =90°+180°n and X =180°n, where n is any integer.

RHS

tanx
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Lesson 9—Sum, Difference, and Double-Angle Identities

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Find two special angles whose sum or difference is 105°.
The special angles 60° and 45° have a sum of 105°,

Step 2
Apply the identity cos(A+B)=cosAcosB—sinAsinB.

Replace A with 60° and B with 45°.
cos105°

=cos(60°+45°)

=€0560°c0s45° —sin60°sin 45°

Step 3

Evaluate.

€0s60°c0s45° —sin 60°sin 45°

[1) V2) (B2
2) 2 2 2

2\

4 4
G

4

-

4

The exact value of cos105° is

2. The expression cos(2x)cos(7x)+sin(2x)sin(7x) has the same arrangement as the right side of the identity

cos(A— B) =cos AcosB +sin AsinB . Comparing the two configurations makes A=2x and B =2x.

The expression can be rewritten as follows:
cos(2x)cos(7x) +sin(2x)sin(7x) =cos(2x —7x)
cos(2x)cos(7x) +sin(2x)sin(7x) = cos(-5x)

Therefore, the simplified form of cos(2x)cos(7x)+sin(2x)sin(7x) is cos(-5x).

3. Apply the double-angle identity cos(2A)=2cos’ A—1.

Replace cos A with —g , and evaluate.

.7
The exact value of cos(2A) is 5
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4.  Simplify the left-hand side of the equation to make it equal to the right-hand side.

Steps LHS

1. Apply the double-angle identity. 1+cos(2x)

sin(2x)

_ 1+cos®x—sin®x
2cos xsin x

2. Apply the Pythagorean identities.

_ 2c0s’x
2c0s xsin x
3. Divide out common factors.

" 2cosxsinx

7 cesX cosx
~ 7 cesxsinx

sinx
4. Apply the quotient identity. =cotx

_ CcosX

Since LHS = RHS, the proof is complete.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl
Find two special angles whose sum or difference is 105°.

The special angles 45° and 60° have a sum of 105°.

Step 2
tanA+tanB

Apply the identity tan(A+B)= 1_tan AtanB
—tan Atan

Replace A with 45° and B with 60°.
tan105°

= tan(45°+60°)
_ tan45°+tan60°
1-tan45°tan60°

Step 3
Evaluate.
tan 45° + tan 60°

1-tan45°tan60°
1+ \/.’:_’

T1-1(4A)
_1+J§
A

The exact value of tan105° is

1+J§
1-3°

_1-sin®x+cos’ x
2€0s Xsin x
_ €0os” X+ c0s’ X

2c0s xsin x

_ 2C0S XCOS X

RHS
cotx

Step 1
Find two special angles whose sum or difference is %
rad.

The special angles % rad and % rad have a difference
of z rad.
12

Step 2
Apply the identity
cos(A—B)=cos AcosB+sin AsinB..

Replace A with z and B with z .
4 6
V4
COS| —
i
T T
=C0S| ———
i)
V4 V4 (). (7
=CO0S| — |COS| — [+SIn| — |SIN| —
(el Jron(on()
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Step 3
Evaluate.

ol 5ol ol )
(2l M7

_B 2
4 4
B2
4
The exact value of Cos(%j is @

Step 1
Determine a positive angle that is coterminal
with —165°.

A positive angle that is coterminal with —165° is
—165°+360° =195°.

Step 2

Find two special angles whose sum or difference is 195°.

The special angles 45° and 150° have a sum of 195°.

Step 3
Apply the identity
sin(A+B)=sin AcosB+cos AsinB.

Replace A with 45° and B with 150°.
sin195°

=sin(45°+150°)
= sin 45°¢c0s150° + cos 45°sin150°

Step 4
Evaluate.
sin 45°c0s150° + cos 45°sin150°

L

2
—J6++2
==
2\

2

&
=0

The exact value of sin(—165°) is

The expression sin(5x)cos x —cos(5x)sin x has the
same arrangement as the right side of the identity
sin(A—B)=sin Acos B —cos Asin B . Comparing
the two configuration makes A=5x and B = X.

The expression can be rewritten as follows:
sin(5x)cos x—cos (5x)sin x = sin (5x — x)
sin(5x)cos x—cos (5x)sin x = sin (4x)

Therefore, the simplified form of
sin(5x)cos x—cos(5x)sin x is sin(4x).

Step 1
Apply the identity
cos(A—B)=cos AcosB+sin AsinB..

Since cos(% - 0) , it follows that A = %

and B =4.
Therefore, the expression can be rewritten as

coS E—H :cos(fjcosmrsin[Z sin@ .
3 3 3

Step 2
Determine the value of sin 6.

Using the Pythagorean identity sin®@+cos’0 =1,
replace cos 6 with —% , and solve for sin 0.

sin?@+cos’* 0 =1

2
sin? 94{—3) =1
13

Since the sine ratio is negative in quadrant I1l,

sin@ = —E.
13
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Step 3 Step 2
Determine the value of Cos (% ~ 9) . Find the exact value of tan(26).
. . 2tan @
In the expression Cos| = |cos@+sin| = |sind Apply the identity tan (20) = 7,
3 3 1-tan“ @

replace cos@ with S and sin @ with —E.
13 1

Substitute g for tan @, and simplify.

{2222 20

1-tan?6

1( 5) 3( 12
=2 -2 [+ -2 85
a2 )
__5 128 tan(26) = ;
26 26 L[V
_5-123 6
o &5
Therefore, the exact value of COS(z - 9) is tan(20) = _3_
3 1- 85
5-123 36
tan(20) = %
6. Stepl -~
Find the value of tan @& . 36
) , tan(26)=@x—§
Apply Pythagorean identity 1+ tan® 8 =sec” 6. 3 49
tan(20) = —@
Using the Pythagorean identity 1+ tan® @ = sec’ 9, T 49
11
lace sec@ with — , and solve for tan @ .
replace Wi 5 and solve for 1285

Therefore, tan(20)=—

1+tan® 0 =sec? @ 49

tan® @ =sec? 9 -1
2
tan® @ = (1—1j -1
6

tan’ @ = 12—1—1
36

tan’ @ = 85
36

tan@d =+ 8—5
\/36

85

tand =+——
6

Since 6 is an angle in quadrant I, tan & is positive.

\/85

Therefore, tan @ = T .
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7. Simplify the right-hand side of the equation to make it equal to the left-hand side.

Steps
1. Apply the double-angle identity.

2. Divide out common factors.

3. Apply the reciprocal identity.

Since LHS = RHS, the proof is complete.

LHS

1
—Secx
2

RHS
sin x
sin(2x)
_sinx
~ 2sin xcos X
__ sinx
" 25K cosx
1

 2c0osX

1
=—Secx
2

8.  Simplify the left-hand side of the equation to make it equal to the right-hand side.

Steps LHS RHS
1. Factor the numerator. —seC(ZX) 1
in2 2
2. Apply the reciprocal identity. 1 SIN” X—C0s™ X
o cos(2x)
3. Apply the double-angle identity. 1
~ cos? x—sin® x
4.  Multiply the denominator 1
by -1. =
—CO0S”™ X+SIn~ X
_ 1
sin® x —cos® X
Since LHS = RHS, the proof is complete.
9. Simplify the right-hand side of the equation to make it equal to the left-hand side.
Steps LHS RHS
1. _Apply the double-angle cos? X 14 COS(ZX)
identity. A WA
2
_1+2cos’x-1
2
2. Simplify. ~ 2c0s2 X
2
=cos’ X
Since LHS = RHS, the proof is complete.
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10. Simplify the right-hand side of the equation to make it equal to the left-hand side.

Steps LHS RHS

1. Apply the reciprocal identity. COS(ZX) 1—tan? x

1+tan?x
sin’ x

1- 2
__ cos’x

a2
sin? x

1+ 5
cos? x

2. Add terms in the numerator and

) cos? x —sin? x
denominator. —_—

cos? x
~ cos® X +sin® x
cos’ x
3. Reuwrite as single fraction.

_cos? x—sin® x
cos’ X

cos? X
cos® x+sin? x

_cos” x—sin’ x[
cos®X

_cos? x—sin® x

~ cos® x+sin® x

4.  Apply the Pythagorean identity. cos? X—sin? x
= f
=cos® x—sin’ x
5. Apply the double-angle identity. _ COS(2X)

Since LHS = RHS, the proof is complete.

11. Simplify the left-hand side of the equation to make it equal to the right-hand side.

Steps LHS

1. Apply the difference identity for

Sosine. cosycos(x—y)—sinysin(x—y)

= cos[y+(x— y)]
2. Simplify. = COS X

Since LHS = RHS, the proof is complete.

=

cos? X +sin? x

RHS
COS X

CASTLE ROCK RESEARCH 190

Copyright Protected



ANSWERS AND SOLUTIONS

12. Simplify the right-hand side of the equation to make it equal to the left-hand side.

Steps LHS RHS
1. Apply the quotient identity. tan (2x) 2tan x

1—tan®x

2(sin x)

COS X
sinx )

(o)
€0S X

2sin x
___COSX
., sin®x
~ cos? x
® Geominaor 2sin x

_ COS X
cos?® x —sin? x
cos’ X

_ 2sinx cos? X
cosx | cos? x—sin’ x

_Zsinx[ COSX COS X j

3. Rewrite as a single fraction.

 cosX | cos® x—sin? X
_ 2sinXcos X
cos® x —sin® x
4.  Apply the double-angle
identity. sin(2x)
cos(2x)
5. Apply the quotient identity. — tan (ZX)

Since LHS = RHS, the proof is complete.
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i 4. Stepl
Practice Test Determine the measure of angle 6.
37 97
ANSWERS AND SOLUTIONS > %
307z 9
" 20 20
. d
1. Multiply 450° by 2122
HHPY Y 180° =3§—grad
.
4507 Step 2
=——rad Determine which of the given angles is coterminal with
517?0 angle 6.
=—rad
2

The general formula that gives all coterminal angles of 6

Converted to radians, 450° is 57” rad. is of the form (6 + 2zn) rad, where n is any integer.

. . 397
Therefore, angles that are coterminal with 20 rad are

. 197 180° 39
2. Multiply 7 rad by el given by the formula (2—g+2ﬂnj rad , where n is
197 g 180° any integer.
4 7 rad
__3420° 5.  Find the length, r, using the Pythagorean theorem,
4 X2 +y?=r?.
~ 8550
10 K +(—6)2 =r’
Converted to radians, 1 rad is —855° . 9+36=r?
3. Stepl 45=r’
Determine the angle of the major arc. J45=r

Since the major arc takes up more than half of the

35=r
circumference of a circle, the major arc is !
360° —113° = 247°. To find the exact values of csc6, secé, and cot,

substitute the known information.

gt:r?virt the angle of major arc into radians. esct = 5 secd = £ cotd = %
2470)(%8? csco =2 sec:9=ﬂ coto =~

—6 3 —6
=%rad cscaz—g secd =5 cot@:—%
Step 3

Determine the length of the major arc.

Substitute 247

rad for @ and 7 for r into the equation

Therefore, to the nearest tenth of a centimetre,
the major arc length is 30.2 cm.
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Step 1
Sketch a diagram representing 6.

L 5 . .
It is given that cot @ = _§ , and the terminal arm is in

X
quadrant IV. If cot@ = —, possible values of x and y
y

are Xx=5and y=-3.

y
p A
Il -
N X
P(5,-3)
Step 2

Determine the value of sing.

Since sin@ = b , the value of r must be determined
r

using the Pythagorean theorem.

X2 + yZ — r2

5? +(—3)2 =r?
25+9=r2

34 =r?

N
-3

Therefore, SiNf = — .

N

Step 3
Determine the value of cosé.

. X 5
Since cos@=—, c0SH =—.
r

Nen

Step 1
Locate the terminal arm of % rad on the

unit circle.
1irx . .
The angle T rad terminates in the quadrant IV and

T .
has a reference angle of E . Therefore, the coordinates

. V31
on the terminal arm are 7—5 .

Step 2

Find the exact value of COS(%) .

Since sin @ = x and the x-coordinate of the ordered pair

[23)s

2

COS(%) is ﬁ

is 7 , it follows that the exact value of

2

Step 1
Locate the terminal arm of 240° on the unit circle.

The angle 240° terminates in the quadrant 111 and has a

reference angle of 60°. Therefore, the coordinates on the
1 3

terminal arm are | ——, —£ .
2 2

Step 2
Find the exact value of csc240° .

1
Since csc@ = — and the y-coordinate of the ordered

SER.

— is —7, it follows that the exact

value of csc240° is —i.

NG

Step 1
Locate the terminal arm of —% rad on the

unit circle.

1
The angle —Tlﬂ rad terminates in the quadrant | and

T .
has a reference angle of 3 Therefore, the coordinates

143

on the terminal armare | —,— |.
2 2
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Step 2

10.

Find the exact value of CO{_%} .

L X
In the unit circle, cot@ = — . Therefore, the exact value
y

of COt(_%j is determined as follows:

)
cot| ———
3

-3

Step 1
Determine the value of a.

The amplitude of the graph is 3 units.
Therefore, the value of a is 3.

Step 2
Determine the value of b.
o
The period is 540°, so the value of b is 360 = E .
540° 3

Step 3
Determine the value of c.

The phase shift is 45° to the left, so the value of ¢
is —45°.

Step 4
Determine the value of d.

The horizontal midline axis is Y = —2, which means the
value of d is -2.

Step 5
Determine the equation of the graph.

The equation of the given graph is of the form
y =acos[b(x—c)]+d . The equation of the graph is

y =3cosE(x+4S)}—2 .

11. Step1

Apply the vertical stretch.

Replace y with % y in the equation y =sinx.
y =sinx

1 y =sinx

4

Step 2

Apply the horizontal stretch.

o1 1 .
Replace x with §X in the equation Z y=sInx.
ly—sinx
4

ly—sin(lxj
4 3

Step 3
Apply the reflection.

1 . (1
Replace y with —y in the equation 2 y =sin [5 xj .

Step 4
Apply the phase shift.

VA
Replace x with (X - E] in the equation

%(—y) = sin(% xj .

Step 5
Solve fory.

)
yessnl1x-2]]
y = —4sin E(X_%ﬂ

Therefore, the equation of the transformed equation is

rocsnl3g))
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12. Step 1l 14. Step 1
Determine the amplitude. Factor the trigonometric equation, and apply the zero
The value of a is —4. Therefore, the amplitude product property to each factor.
is |-4/=4. 2sin? 0 +3sin0+1=0
(2sin@+1)(sinf+1)=0
Step 2. . o 25in0+1=0 Sin@+1=0
Determine the horizontal midline axis. 1 sing =1
The value of d is 0. Therefore, the equation of horizontal sin@=-= B
midline axisis Yy =0. 2
Step 2
Step 3 Determine the exact values of 8, where
Determine the period. 0° <6 < 360° .According to the unit circle,
. 1 .
The value of b is % . Therefore, the period is ZT” =67. sing = -5 when ¢ = 210° and 330°. Also, sin@ =-1
3‘ when 0 = 270°. Therefore, the exact values of @ in the
Step 4 equation 2sin®@+3sin@+1=0 are 210°, 270°, and
Determine the domain and range. 330°.
The domainis X e R.
15. Step 1
Since the horizontal midline axis is y =0 and the g?;/(\)/nte the equation in terms of a primary trigonometric
amplitude is 4, the maximum value is 0+4 =4. ' 1
Similarly, the minimum value is 0—4 = —4. Therefore, Let csc = —.
. siné
therangeis -4<y <4,
J§ cscd-2=0
13. Step 1 3 I P
Isolate the trigonometric ratio in the equation. sin@
2c0s(20) = 3
\/— Step 2
cos(ZH) = N3 Isolate the trigonometric ratio in the equation.
2 1
Step 2 ﬁ(wj—ho
Determine a new domain.
B -2
The variable 0 has a coefficient of 2. sind
Since 0 <@ <360°, the new domain is 1 2
0°<20<720°. sine_\/§
Thus, the values for 26 can be any value from 0 up to sin@ = ﬁ
and including 720°. 2
Step 3
Step 3 Determine the exact values of 9, where 0< 8 < 2r.
Determine the exact values of 26, where
0°<20<720°. According to the unit circle, the values of 6 in the
According to the unit circle, the exact values of 26 in equation Sin @ = 73 where 0< 0 < 27, are
NG
equation €0S(268)=— , where 0° <260 <720°, are 2
a ( ) 2 H:Zradand—”rad.
300, 330°, 390°, and 690°. 3 3
Step 4
Determine the exact values of 6 within the given domain
0 < 8 <360° .The exact values of 9 are determined by
dividing each solution for 26 by 2.
Therefore, the solutions for @ are 15°, 165°, 195°, and
345°,
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16.

17.

Step 1
Bring all terms to one side of the equation.

tan’@=tan g
tan’0—tan& =0

Step 2
Factor the trigonometric equation, and apply the zero
product property to each of the factors.

tan’0—-tand =0
tand(tand—-1)=0
tand-1=0

tand =0
o tan@d =1

Step 3
Determine the exact values of 6, where 0 <@ < 2r.

According to the unit circle, tand =0 when 6 =0, 7,

and 27z . Also, tan@ =1 when 6:% and 57”

Therefore, the exact values of 9 in the equation

tan@ =tand are 0, =, 7, 5—”
4 4

and 2z.

Step 1

Factor the trigonometric equation, and apply the zero
product property to each of the factors.

2sin?@+sin@=0
sing(2sin0+1)=0

sin@=0 2sin@+1=0
2sin@=-1
sinb?:—1
2
Step 2

Determine the values of 6, where 0 <0 < 2r.

According to the unit circle, sin@ =0 when =0 and
.

Also, sin@ = —% when 0 = %t rad and % rad.

Therefore, the exact values of 8 in the equation

2sin?0—-sin@=0 are 0, 7, %T,and -

18. The difference identity for cosine is

cos(A-B)=cos AcosB+sin AsinB..

Determine the value of cosA, cosB, and sinB.

Step 1
Determine the value of cosA.

It is given that sin A = —g ,and angle Aisin

quadrant Ill. Therefore, y =—4 and r =5.
Use the Pythagorean theorem to find the value of x.
XZ + y2 — r2
X% +(~4)" =52
x? +16 =25
x*=9
X=13

Since angle A in quadrant I1l, X =-3.
Therefore, the exact value of cosA is —g .
Step 2

Determine the value of cosB.

12
It is given that tan B = E , and angle B is in quadrant

1l. Therefore, X =-5 and y =-12. Use the
Pythagorean theorem to find the value of r.

X2 + y2 — r2

(-5)° +(-12)" =r?
25+144 = r?
169 = r?

r=13

Therefore, the exact value of cosB is —% .
Step 3
Determine the value of sinB.

L 12 5 .
Itis given that tanB=—, cosB = 3 and angle B is
in quadrant I1l. Therefore, the exact value of sinB
is —.

Step 4

Apply the identity
cos(A—B)=cos AcosB+sin AsinB to find the

value of cos(A-B).

Substitute —§ for cos A, —i for cosB, —ﬂ for sinA,
5 13 5

and —1’—2 for sinB.
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cos(A—B)=cos Acos B +sin Asin B

oo S

Therefore, the exact value of cos(A—B)

9
13

. 63
is —.
65

19. Simplify the right-hand side of the equation to make it equal to the left-hand side.

Steps
1. Write a single fraction.

2. Simplify.

3. Apply the Pythagorean identity.

4. Divide out common factors.

5. Apply the reciprocal identity.

Since LHS = RHS, the proof is complete.

LHS
2cscl

RHS

sin@ sin@

1-cosf 1+cosd
_ sin@d(1+cos0)+sinH(1—-cosH)

(1-cos8)(1+cos8)

_sin@(1+cosd +1-cosb)
~ (1-cos8)(1+cos8)
_sing(2)

_1—0_0529

_ 2sing

" 1-cos’@

_ 2sing

sin?e

_ 2sind
" sin@sind
2

:sinH

=2csch

Not for Reproduction

197

Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

20. Simplify the left-hand side of the equation to make it equal to the right-hand side.

Steps LHS
1. Apply the reciprocal identity. 1—tané
1-coté
_1-tano
-1
tan @
2. Combine the terms in the 1-tang
denominator. =
tand -1
tan @
3. Write as a single fraction. tan @
=1-tan@x
tand-1
_ tan f(1-tan0)
- tang-1

RHS
—tan@

21. Simplify the left-hand side of the equation to make it equal to the right-hand side.

Steps LHS
1.  Apply the sum sin(x+
identity. sin(x+y)
COS XCOS Y
_sinxcosy+cosxsiny
COSXCOS Y
2. Splitinto two sinxcosy cosxsiny
fractions. = +

COSXCOSY COSXCOsy

3. Divide out sin XM cosKsiny
common factors. = +
COSXCOSY  COSX COSY
sinx siny
=t —
COSX COSY
4. Apply the sinx siny
reciprocal identity.  =——+——
COSX COSY
=tanx+tany

Since LHS = RHS, the proof is complete.

RHS
tanx +tany
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PERMUTATIONS AND
COMBINATIONS

Lesson 1—The Fundamental
Counting Principle

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Step 1
List the stages of the task.

The task is to form a three-person executive from a
committee of 12 people.

This task has three stages:

1. Select the chairperson. There are 12 possible
selections for the chairperson.

2. Select the vice chairperson. There are
11 people remaining. Therefore, there are
11 possible selections for the vice chairperson.

3. Select the secretary. There are 10 people
remaining. Therefore, there are 10 possible
selections for the secretary.

Step 2
Determine the number of possible three-person
executives.

Apply the fundamental counting principle. Multiply the
number of possible selections for each position in

the executive.

12 x11 x10 =1 320

Therefore, there are 1 320 possible three-person
executives.

Step 1
List the stages of the task.

The task is to make a five-character licence plate that fits

the given restrictions. This task has five stages:

1. Select the first character. There are 21 consonants
in the alphabet, so there are 21 choices for the first
character.

2. Select the second character. This letter must be a
vowel. There are 5 vowels, so there are 5 choices
for the second character.

3. Select the third character. Since the third character
must be a consonant, there are 21 choices for the
third character.

4. Select the fourth character. An odd digit must be
selected. Since there are 5 odd digits (1, 3, 5, 7, and
9), there are 5 choices for the fourth character.

5.  Select the fifth character. From the remaining 4 odd
digits, there are 4 choices for the fifth character.

Step 2
Determine the number of possible licence plates for this
particular province.

Apply the fundamental counting principle.

Multiply the number of choices for each character on the
licence plate.
21x5%x21x5%x4=44100

There are 44 100 possible licence plates for this
particular province.

Rewrite the factorials as products, and then cancel out
the common factors in the numerator and denominator.
9!
3
_9x8x7x6x5x4x3x2x1
3x2x1
=Ox8x7x6x5x%x4
=60480

]
Therefore, % =60480.

Step 1
Rewrite the denominator as
(n—12)(n-13)(n—14)(n-15)!

(n-15)1 (n-15)!
(n-12)! (n-12)(n-13)(n-14)(n-15)!
Step 2

Cancel out the common factors in the numerator and
denominator.

(n—15)!
(n—12)(n-13)(n—14)(n-15)!
1

(n—-12)(n-13)(n-14)

(n-15)1 1
Theretore, T 12) ~ (n-12)(n—13)(n-14)

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Determine the number of choices for skis and boots.

Since rental package contains deluxe skis only, the
number of choices for skis is 1. The number of choices
for boots is 3.
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Step 2
Use the fundamental counting principle to find the
number of different rental packages.

The total number of different packages is found by
multiplying the number of choices for skis by the
number of choices for boots.

1x3=3

There are three different rental packages of one pair of
deluxe skis and one pair of boots.

Step 1
Determine the choices of skis and boots.

The number of choices for skis is 3. The number of
choices for boots is 3.

Step 2
Use the fundamental counting principle to find the
number of different rental packages.

The total number of different packages is found by
multiplying the number of choices for skis by the number
of choices for boots.

3x3=9

There are 9 different rental packages consisting of one
pair of skis and one pair of boots.

Step 1
List the stages of selecting a four-digit bank machine
code.

Creating a four-digit bank machine code consists of four

stages:

1. Assign the first digit. There are 10 ways to assign
the first digit.

2. Assign the second digit. There are 9 digits left, so
there are 9 ways to assign the second digit.

3. Assign the third digit. With 8 digits remaining,
there are 8 ways to assign the third digit.

4. Assign the fourth digit. Since 7 digits remain, there
are 7 ways to assign the fourth digit.

Step 2
Apply the fundamental counting principle.
10x9%x8x7=5040

There are 5 040 possible four-digit bank codes in which
the digits are all different.

The seating arrangement could either start with a boy or
a girl. Therefore, determine the number of possibilities
for which the row starts with a girl, and then determine
the number of possibilities for which the row starts with
a boy. The sum of these possibilities gives the total
number of seating arrangements.

Step 1
Determine the number of choices for each position in the
row if it starts with a girl.

Since there are 4 girls, there are 4 ways to fill the first
seat. Since boys and girls are to sit in alternate positions,
there should be a boy in the second place. Since there
are 4 boys, there are 4 ways to fill the second seat.
Similarly, there are 3 ways to fill the third and fourth
seats, 2 ways to fill in the fifth and sixth seats, and 1 way
to fill the seventh and eighth seats.

Step 2

Apply the fundamental counting principle to find the
total number of seating arrangements starting with a girl.
4x4x3x3x2x2x1x1=576

The number of possible seating arrangements starting
with a girl is 576.

Step 3
Determine the number of choices for each position in the
row if it starts with a boy.

There will also be 576 seating arrangements with a boy
in first place.

Step 4
Determine the total number of possible seating
arrangements.

The total number of possible seating arrangements is
576+576 =1152 .

Step 1
Determine the number of possible choices for
each digit.

This task involves five stages:

1. Assign the first digit. The five-digit number can
begin with a 7 or an 8. Therefore, there are 2 ways
to assign the first digit.

2. Assign the second digit. There are 10 digits
between 0 and 9. Therefore, there are 10 ways to
assign the second digit.

3. Assign the third digit. There are 10 ways to assign
the third digit.

4.  Assign the fourth digit. There are 10 ways to assign
the fourth digit.

5. Assign the fifth digit. The five-digit number has to
be even. Any number ending in 0, 2, 4, 6, or 8 is
even. Therefore, there are 5 ways to assign the last
digit.

Step 2
Determine the number of even five-digit whole numbers
that begin with a 7 or an 8.

Apply the fundamental counting principle.
2x10x10x10x5=10000

Therefore, there are 10 000 different even five-digit
whole numbers that begin with a 7 or an 8.
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Step 1 Step 2
Determine how many three-digit numbers start with the Cancel out the common factors in the numerator and
digit 3. denominator, and then evaluate.
26 x 25x% 24!
The first digit must be a 3. The remaining two digits can ST -17
be any of the digits between 0 and 9. _ (26>< 25) 17
Therefore, by the fundamental counting principle, there =650-17
are 1x10x10=100 three-digit numbers that start with =633
the digit 3. 26!
Therefore, — —17 =633.
s 241
tep 2
Determine how many three-digit numbers have
no 35. 9 Step 1
Rewrite the numerator as (n+3)(n+2)(n+1)n!.
Since the first digit cannot be a 3 or a 0, there are 8 ways | |
to assign the first digit. The last two positions could be (n+3)! _ (n+3)(n+2)(n+1)n!
any digit between 0 and 9 except for 3, so there are 9 n! n!
ways to assign the second and third digits. By the
fundamental counting principle, there are Step 2
8x9x9 =648 three-digit numbers that have no 3s. Cancel out the common factors in the numerator and
denominator.
Step 3 n+3)(n+2)(n+1)n!
Determine the total number of possible three-digit ( )( )( ) :
numbers that either start with the digit 3 or have n!
no 3s. :(n+3)(n+2)(n+l)
. — (n+3)!
The total can be found by adding the two possibilities Therefore, = (n + 3)(n + 2)(n +1) .
together. n!
100+648 =748
10. Step1
There are 748 three-digit numbers that either start with Rewrite (n +1)! as (n +1)n(n _1)! and n!
the digit 3 or have no 3s.
as n(n-1)!.
Step 1
Rewrite the denominator as 9x8x7x6!. n!(n+1)! n(n—l)!(n+1)n(n—1)!
o 8 (n-1)i(n-11  (n-1)(n-1)!
9l 9x8x7x6!
Step 2 Step 2
P : Cancel out the common factors in the numerator and
Cancel out the common factors in the numerator and .
. denominator.
denominator, and then evaluate.
61 n(n-1)!(n+1)n(n-1)!
5x8 76l (n-1)(n-1)!
__1 =n(n+1)n
Ix8x7
1 Step 3
T 504 Expand.
6l 1 n(n+1)n
Therefore, — = — . (a2
9! 504 =(n*+n)n
=n®+n?
Step 1
Rewrite 26! as 26x25x 24!, n!(n+1)! .
Therefore, ———————=n"+n".
] 1 )
ﬁ_17:26><25><24._17 (n—l)!(n—l)!
241 241
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Lesson 2—Permutations

CLASS EXERCISES
ANSWERS AND SOLUTIONS

Since there are 11 different players, and all players are to
be assigned a different position, the order matters.
Assuming that each of the 11 players can play any of

the 11 positions, the number of permutations of the

11 players is

11x10x9x8x7x6x5x4x3x2x1=39 916 800.

Therefore, there are 39 916 800 different arrangements
for the 11 players.

If you were to determine how many arrangements for
planting 10 distinct trees, there would be 10!
arrangements. However, not all the trees are distinct.

If each tree is represented by its first letter (P for
pine, E for elm, B for birch, and W for willow),
the arrangement consists of 3 Ps, 4 Es, 2 Bs, and
1 W. For example, one possible order to plant the
trees would be EEBWPEPPBE, and another order
would be PEPEEEBPBW.

The number of possible arrangements for planting the
600.

trees is —— =
31412111

Step 1
Substitute 12 for n and 5 for r in the formula

n!
nPr:

(n-r)t

Step 2
. 121 .
Rewrite e as a quotient of products, and then reduce

the numerator and denominator.
12
12'5 — 7'
12x11x10x9x8x 7!
7!
P =12x11x10x9x8
12 P = 95040

k=

There are 6 children, and the number of different seating
arrangements of 4 children is required. This problem is a
permutation problem. The number of different seating
arrangements of 4 children is given by (P, . Using a

calculator, the value of (P, is 360. Therefore, there are
360 different seating arrangements.

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

Step 1
Substitute 11 for n and 3 for r in the formula

n!
nPr:

Step 2
.11 .
Rewrite m as a quotient of products, and then reduce

the numerator and denominator.
11

13 ™ 8'

P _11><10><9><8!

13— 8'

1P, =11x10x9

1P =990

Step 1
Substitute 17 for n and 4 for r in the formula

n!

Step 2
17! .
Rewrite E as a quotient of products, and then reduce

the numerator and denominator.

17!
P, =—
774 = g
17x16x15x14x13!
P =
13!
1P, =57120
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3. Step1l
n!

(n—r)t

P, =2, rewrite P, as

Apply the formula P, =

In the equation
(n+1)!
((n+1)-2)1°

2 =

P.

n+l

2

n+l

(n+1)! _
((n+2)—2;!
n+1)!
Step 2
Rewrite (n+1)!as (n+1)n(n—1)!.
(n+1)!
(r+n(o) )
n+1jn(n-1)!

Step 3
Divide out common factors, and solve for n.

(n+1)n(n-1)! 5

(n-1)!

(n+1)n=2
n“+n=2
n+n-2=0
Factor n?+n—-2=0.
n“+n-2=0
n-1)(n+2)=0
n-1=0 n+2=0
n=1 n=-2

Since n> 2, the value of nis 1.

4. Stepl

n!
Apply the formula | P, =

" (n-r)t

In the equation | P, = 240, rewrite | P, as

n!

., =240
n!
=240
(n-2)!
Step 2
Rewrite ! as n(n—1)(n—2)!.
n!
=240
(n-2)!
-1)(n=-2)!
n(n-Din-21_

(n-2)!

(n-2)1

Step 3
Divide out common factors, and solve for n.

Factor n2—n—240=0.
n®—n-240=0

(n-16)(n+15)=0

n-16=0 n+15=0
n=16 n=-15

Since n > 2, the value of n is 16.

Kyla can listen to 4 CDs in 4! different arrangements in
which order matters.

Evaluate 4!.
41
=4x3x2x1
=2

Kyla can listen to 4 CDs in 24 different arrangements.

Since the first three positions have already been
determined, consider how the last three runners could
finish. Stevie, Ray, and Vaughan can finish the race in
3! different ways. Therefore, the race has 3 x 2x 1, or 6,
different outcomes.

Sarah has 9 gifts that comprise of 3 identical music
books, 4 identical tuning forks, a Mozart CD, and a box
of chocolates.

Therefore, in the formula , substitute 9 for n,

alblcld!
3 fora, 4 for b, 1 for ¢, and 1 for d, and simplify.
n!
alblcld!
9!
31411
_ 9x8x7x6x5x4!
© 3x2x1x4l
_ 9x8x7x6x5

3x2x1
= 2520

Therefore, there are 2 520 ways of distributing
the gifts.
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8. Stepl
Determine the possible arrangements for the restricted
leg positions.

Curt and Adam have to run the first 2 legs of the relay
race in either order. Therefore, the first 2 legs can be
arranged in 2x1= 2different ways. Since Ben has to
run the last leg of the relay race, there is only

1 arrangement for the last leg.

Step 2
Determine the number of possible arrangements for the
other 5 runners.

The remaining 5 runners must be arranged in the third,
fourth, fifth, sixth, and seventh leg positions.

Arranging 5 people for 5 distinct positions can be
represented as 5!. Therefore, the remaining 5 runners
can be arranged in 5x4x3x2x1=120 different ways.

Step 3
Apply the fundamental counting principle.
2x120x1=240

Therefore, the number of different arrangements of the
8 runners in the relay race is 240.

9. There are 8 competitors, and the number of different
outcomes for the top 3 positions in the race is required.
Therefore, to arrange 3 competitors out of 8, use the
notation 4P;.

Use the permutation formula P, = 1o solve the

(n—r)!

problem.

Substitute 8 for n and 3 for r, and then evaluate.

n!
P =
" (n=r)!
8!
P=——
"7 (8-3)!
8!
8 325
8x7x6x5!
R
gP =8x7x6
¢ =336

Therefore, there are 336 different possible outcomes for
the top 3 positions.

10. There are 8 distinct letters in the word KITCHENS, and
6 letters are arranged at a time. The order in which the
letters are arranged matters, so this is a permutation
problem.

(n—r)!

Use the permutation formula P, = to solve the

problem.

Substitute 8 for n and 6 for r, and evaluate.

n!
P =
" (n=r)
8!
P = —
©° (8-6)!
8!
8 625
8x7Tx6x5x4x3x2!
g = 21
aPs =8x7x6x5x4x3
¢ P = 20160

There are 20 160 different six-letter arrangements that
can be made.

Lesson 3—Combinations

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. The order in which the numbers are selected for a raffle

ticket does not matter. In other words, a raffle ticket
with the selected numbers 3, 45, 63, 1, and 33 is the
same as a raffle ticket with the selected numbers 33, 45,
1, 63, and 3. Therefore, this is a combination problem.

2. Step1l

]
Apply the formula ,C, - .
(n=r)tr!
1
In the equation ,C, =28, rewrite ,C, as _r .
(n—2)12!

.C,=28
n!

= -28

(n-2)12!

Step 2
Rewrite n! as n(n—1)(n—-2)!.
n!
——— =28
(n—2)12!
_ _92\I
(n=1)(n 2)'—28

(n-2)12r
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Step 3

Divide out common factors.
_ — 1

n(n-1)(n 2)':28

(n-2)12!
n(n—l):28
2!
Step 4
Solve for n.
n(n—l):28
2!
2
N"-n_ g
2x1
n>—n=>56
n>-n-56=0
(n+7)(n-8)=0
n+7=0 n-8=0
n=-7 n=8

Since n> 2, the solutionis n=8.

The order in which the members of the committee are
selected does not matter. Therefore, this is a
combination problem. Since there are 10 people
available for the committee, and 6 members are required,
the number of possible committees is given by ,,C, .

Step 1

In the formula ,C, = ol substitute 10 for n and 6

(n=r)ir
forr.
n!
C=——"
" (n=r)ir
10!
C=——"
7 (10-6)6!
_ 1o
10 e‘Zﬁi

Step 2
Evaluate g.
416!
10!
416!
_10x9x8x7x6!
- 416!
_10x9x8x7
B 41
_10x9x8x7
4x3x2x1
_ 5040

624
=210

Therefore, the number of possible six-member
committees is 210.

A hospital team is made of 2 doctors and 5 nurses.
There are 3 doctors to choose from and 12 nurses to
choose from. The order in which the doctors and nurses
are chosen does not matter.

Step 1
Determine the number of possible selections of doctors.

A hospital team consists of 2 doctors, and there are
3 doctors to choose from.

Therefore, the number of possible selections of doctors is
C,=3
3¥2 .

Step 2
Determine the number of possible selections of nurses.

A hospital team consists of 5 nurses, and there are
12 nurses to choose from.

Therefore, the number of possible selections of nurses is
5Cs =792

Step 3

Determine the number of different hospital teams.
Applying the fundamental counting principle, the total
number of different hospital teams possible is

4C, x ,C; =3x 792 = 2376 .

PRACTICE EXERCISES
ANSWERS AND SOLUTIONS

In the formula |C, = g Substitute 7 for n and

5forr.

Step 1
!
G

Step 2
7!
Evaluate —.
2151

7!
2151
7x6x5!
T 2151
_7><6
T2
_7><6

T 2x1
=21
Therefore, ,C; =21.
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2. Step1l

In the formula | C, =
(n—r)lir!

4 forr.
n!
(n—r)!r!
15!

C =—
BT (15-4)14
15!

C =—
BT 04

n r

Step 2

1
Evaluate i .
11141

15!

11141
_ 15x14x13x12x11!

11141
_ 15x14x13x12

41
_ 15x14x13x12

4x3x2x1
32760

24
=1365

Therefore, ,.C, =1365.

3. Stepl
n!
Apply the formula . C. = W .
In the equation nC2 = 66, rewrite nC2 as
,C, =66
n!
—————— =66
(n—2)!2!
Step 2
Rewrite n! as n(n — 1)(n -2)!.
n!
————— =66
(n-2)12!
n(n-1)(n-2)! B
(n-2)121
Step 3
Divide out common factors.
n(n-1)(n-2)! B
(n-2)12t
n(n-1) 66
2!

, substitute 15 for n and

n!

(n—éﬂzr

Step 4
Solve for n.
n(n-1)
2!
2
n“-n_ 66
2x1
n>—n=132
n-n-132=0
(n-12)(n+11)=0

=66

n-12=0
n=12

n+11=0
n=-11

Since N> 2, the solutionis N=12.

Step 1
Apply the formula  C, =(n—n—r')|r'
In the equation  ,C, =6, rewrite A ,C, as
(n-1)!
((n-1)-2)121°
1C, =6
(n-1)!
————=6
((n-1)-2)12!
(n-1)!
(n-3)121~
Step 2
Rewrite (n—1)! as (n—1)(n—2)(n-3)!.
(n-1)! 6
(n-3)12!
(n—l)(n—2)(n—3)!:6
(n-3)12!
Step 3

Divide out common factors.

(n-1)(n-2)(n-3)! 6

(n-3)12!
(n-1)(n-2) 6
2!
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Step 4
Solve for n.
(n-1)(n-2) 6
2!
(n-1)(n-2) 6
2x1
(n-1)(n-2)=12
n’—-3n+2=12
n®-3n-10=0
(n-5)(n+2)=0
n-5=0 n+2=0
n=>5 n=-2

Since n> 2, the solutionis N=5.

A group 40 people is to be formed from 3 members, and
the order does not matter. Therefore, the number of

different boards is given by ,,C,.

Step 1

In the formula | C, = , Substitute 40 for n and

(n-ryrt
3forr.
I

Step 2

I
Evaluate i
3713!

40!
37131
_ 40x39x38x37!
37131
_ 40x39x38
B 3!
= 9880

Therefore, 9 880 different boards can be formed.

6. The order in which the two flavours are chosen does not
matter. Since there are 31 flavours in total, and 2
flavours are chosen at a time, the number of different

two-scoop ice-cream cones is given by ,, C, .

Step 1

!
In the formula \C, = _ , Substitute 31 for n and
(n—r)ir!
2 forr.
!
com
(n—r)tr!
31!
C,=—""
T (31-2)2!
3

C. =
7209121

Step 2
!

Evaluate

20121
31!

29121

~ 31x30x 29!
29121

_31x30

2!
~ 31x30

- 2x1
_830

2
=465

Therefore, 465 different two-scoop ice-cream cones are
possible from a selection of 31 flavours.

Two sculptures must be selected from 25 sculptures, and
the order of selection does not matter. Therefore, the

number of different donations is given by ,.C, .

Step 1

n! .
, substitute 25 for n and

In the fi I =
n the formula ,C, (n—r)ir!

2 forr.
n!
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Step 2

23121

Evaluate

25!
23121
B 25%x 24 x 23!
23121
 25x24
-2
 25x24

2x1

600

2
=300

Mr. Fraser can make 300 different donations.

8. If Terry is one of the 3 members of the group,
then there are 2 other members to be selected
from the group of 19. The order of selection does not
matter.

Step 1
Inthe formula |C, = ————
(n—r)ir!
2 forr.
I
com
(n—r)tr!
19!
C,=—————
BT (19-2)12!
19!
C,=——
B2 17121

Step 2

I
Evaluate ,,C, = %

19!
17121
19x18x17!
IEYIVY
19x18
Y
19x18

2x1

_342

2
=171

Therefore, there are 171 groups that can go on the trip
and include Terry.

, substitute 19 for n and

The order that the men and women are chosen for the
committee does not matter.

Step 1
Determine the number of selections of 2 women from a
group of 4.

Inthe formula ,C, = , Substitute 4 for n and

(n—r)tr!

2 for r, and simplify.

1
con
(n—r)ir!
41
C.=— "
TP (4-2)2
41
4C2:ﬁ
_ 4x3x2!
4x3
ST
4x3
C =
T2 o1
.C,=6
Step 2

Determine the number of selections of 4 men from a

n!
group of 5.In the formula .C, = W , Substitute
n—r)ir:

5 for n and 4 for r, and simplify.

n!
" r_(n—r)!r!
51
C =—
T (5-4)14!
51
5C4:M
_ 5x4!
REETYY
5
5C4:ﬁ
.C, =5

Step 3
Determine the total number of possible committees.

Applying the fundamental counting principle, the
number of possible committees with 4 men and 2 women
is 6x5=230.
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10. The chef can choose from 3 types of meat, 5 types of

vegetables, and 2 types of noodles. The order in which
the items are chosen for each meal does not matter.

Step 1
Determine the number of possible selections
of meat.

The chef needs to select 1 type of meat from
3 options.

1
In the formula |C, = _ , Substitute 3 for n and
(n—r)lir!
1 for r, and simplify.
]
c=—""__
(n—r)ir!
3!
C,=——
(3-yn
3!
BCl_m
_ 3x2!
TV 2m
3
3 1:ﬁ
3C1:3
Step 2

Determine the number of possible selections of
vegetables.

The chef needs to select 3 vegetables from
5 options.

n! .
, substitute 5 for n and

In the fi I =
n the formula ,C, (n—r)ir!

3 for r, and simplify.

n!
C=—
" (n=r)ir!

51
C,=
° (5-3)13

51
scszﬁ
_5><4><3!
LT 2131
5x4
51 = 21
,C, =10

Step 3
Determine the number of possible selections of noodles.
The chef needs to select 1 type of noodle from 2 options.

Inthe formula ,C, = , Substitute 2 for n and

(n—r)tr!
1 for r, and simplify.

n!
C =—"
" (n=r)ir!
2!
C=—°=
T (2-1)u
2!
2 1:ﬁ
.G =2
Step 4

Determine the number of different stir-fry meals the chef
can create.

Applying the fundamental counting principle, the
number of different stir-fry meals the chef can create is
3x10x2=60.
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Lesson 4—Binomial Expansions and Pascal’s Triangle

CLASS EXERCISES
ANSWERS AND SOLUTIONS

1. Stepl

Apply the binomial theorem, and substitute 5 for n, % for x, and -9 for y.

(x+y)" =,CX"+ ,CX"'y+ Cx"?y*+..+ Cy"
X ° x ) x ) x)° 2 x)° 3 x) 4 5
(5—9] = sco [gj + 5C1[§j (_9)+ 5C2 [gj (_9) + 5C3 (gj (_9) + 5C4 (g] (_9) + 5C5 (_9)

Step 2

Simplify.

.C, @]5 + 501[351(—9) T Scz(;]“ (-9) + 503[353(—9)3 + 504(954 (-9)" +,C, (-9)
=1[;j5 4 5@)4 (-9) +10(;j3 (-9) +1o[;j2 (-9) + 5(2]1(—9)4 +1(-9)’

- % N 5[;1}(—9) +10[;;j(81) +1o[§}(—729) N 5[%)(6561) 59049

x*  5x* s )
=————+30x" —810x" +10935x — 59049
243 9
2. Step1l

Determine the general term of the expansion.

n-k

. 2
In the equation t,,, = ,C,x"*y*,let n=6, x=x, and y=1-

ter = CX" Y
2\«
b = 16Cy (Xl&k )(;J

Step 2
Apply the laws of exponents, and simplify the general term.

k
te1 = 16C, (Xleik)[éj

i)
f, = mck{xjkkJ(zk)
=16C (X7 (2°)

Step 3
Determine the value of k.
The constant term of an expansion has a degree of 0. Therefore, equate the exponent of x**~
16-2k=0
16 =2k
8=k

to 0, and solve for k.
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Step 4
Determine the constant term.

k
Substitute 8 for k in the general term t,,, = ,,C, (xle"‘ )(Ej , and simplify.
X

=€, ()2
G2
(12870)(x8)(%j

( 2870)(256)
— 3294720

6
Therefore, the constant term in the expansion of (x + gj is 3294 720.
X

PRACTICE EXERCISES

ANSWERS AND SOLUTIONS
1. Stepl
Apply the binomial theorem, and substitute 4 for n, 5a for x, and —3b for y.
(x+y) JCox™+ CX"y + | Cx”2y2+ +,Cy"
(5a-3b)' =,C,(5a)" + ,C,(5a)" " (~3b) + 4c2(5a)“’2(—3b)2 +,C,(52) 7 (-30)° + ,C, (-30)"
Step 2
Simplify.

.Co(52)" + ,C,(52)" " (-30) + ,C, (5a)" " (-3b)" +,C,(5a)" " (-3b)’ + ,C,(-3b)"
=,C,(5a)" + ,C,(5a)° (-3b) +,C, (5a)"(~3b)" + ,C4(5a) (-3b)’ + ,C, (-3b)"
=1(625a" )+ 4(125a°)(~3b) + 6(25a” ) (9b* ) + 4(5a)(~27b°) +1(81b*)

= 625a* —1500a°h +1350a’h? —540ab° + 81b°

2. Stepl

L . 2
Apply the binomial theorem, and substitute 5 for n, — for x, and -2 fory.
a

n-2,,2

(x+ y)” = CX"+ ,CX"'y+ Cx"?y? +..+ Cy"
2 .Y 2\ 2\ 2V . 2V° . s 2V 5
—-2| =.C, | = C|— -2 C,|— -2 C,| — -2 C,| = -2 C.(-2

Step 2
Simplify.

§4§T+§{3H¢a+§4gf74f+§{§T14f+§{§f%4f+&44f
=s%(§T+sQ(ETVfﬁwciéfﬁﬁf+5Q[§T04f+sQ(ETGQY+s%CQf

_1(22j 5(2—?](—2)+10(£](4)+10(§j(—8)+5(§](16)—1(32)

_32 160 320 320 160
D R R R R +——-32
a a a a a

Not for Reproduction 211 Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

Alternate method:

5 5

1

Factor out 2 from the binomial (E - 2) such that {2(— —1}} . Then, apply the power to each term in the bracket such
a a

5 5
that 2° (l— ) . Finally, apply the binomial theorem to expand (1—1j , and multiply each term by 25.
a a

3. Stepl
Apply the binomial theorem, and substitute 4 for n, x? for x, and —4y for y.
n-2,,2

(x+y) =,CX"+ ,CX"'y+ Cx"?y* +..+ Cy"
(x* —4y)4 = 4(30(x2)4 + 4Cl(xz)H(—4y)+ 4Cz(x )H(—4y)2 + 4C3(x2)473(—4y)3 +,C,(-4y)’
Step 2
Simplify.
Co(x) +.C,(30) 7 (-4y) +,C, (x2) 7 (-ay ) +.C.(x2) T (-4y) + ,C (-4y)
= ,Co(x) +,C(x2) (~4y) +,C, (%) (4y)* +.C,(x2)(~4y)’ + ,C.(~4y)*
=1(x") +4(x )( ¥)+6(x)(16v°) + 4(x')(-64y°) +1(256")

=x® —16x°y + 96x*y? — 256x%y* + 256y*

4. Stepl

1
Apply the binomial theorem, and substitute 6 for n, L forx, and — fory.
X

(x+y)" = ,CxX"+ CX"'y+ Cx"*y* +..+ CY"
1 1Y 1Y 1Y (1 1Y (1Y 1Y (1Y AR
—t— :6C0 - +6C1 - - +5C2 - - +6C3 - - +6C4 - -
Xy X X y X y X y X y
6-5 5 6
ATl
x) \y y
Step 2
Simplify.
1 1Y (1Y 1Y (1Y AR 1Y (1Y 1Y
L ) G T B ol
X x) \y x) \y y x) \y y
J y

BN e
IR

Xy Xy Xy xzy“ xy® y°
5. Stepl

Apply the binomial theorem, and substitute 6 for n and 2«/; fory.
(x+y) = CX+ Cx'y+ CX*y +..+ CY

(x+24x) = ¢, (0" +,C (07 (2% )+ ¢, (07" (%) + ¢, (07 (2x)
e G] (2vx) +,c, (07" (2vx) + ¢, (24x)
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Step 2
Simplify.

Co (X)° + 4Gy (%) (24K) + o€, (%) (245 + 4C, (%) (24%) + <. G] (2R
+ C ( ﬁ 5+ ( «ﬁ)e
= oCo (X)" + 6CL (%) (23%) + 4C, (x)* (24%) +4C, (x)° (29X ) + o€, () (24 )’
cs(x)(2&)5+ece(zﬁ)

= 1x° +6(x5)(2«/;)+15(x4)(4x)+20(x3)[8x2j+15(x2)(16x2)+6(x)(32x2J+1(64x3)

5
=x® +12x°\/x +60x* x+160x x2 +240x*x +192xx2 +64x3

1n

=x%+12x2 +60x° +160x2+240x +192x2+64x
6. Stepl

11
. ) 3
Determine the general term of the expansion of (X + —j .
y

3
In the equation t,, = ,C, X"y, let n=11and y ==
y

n

k+1 C X y

k
«( 3
b= 11Ck (X)ll ‘ [_j

y

k

«(3
The general term of the expansion is t,, = ,,C, (X)ll K [_J .
y

Step 2
Determine the value of k.

1

Since the term containing — is required, the value of k must be 5.
y

Step 3

1
Determine the term in the expansion that contains —.
y

k
Let k =5 in equation t,,, = ,,C, (x)ll*k (%) , and simplify.

k
«( 3
tea = 1ICk (X)ll ‘ (_j

y

5
5[ 3
t5+1 = 1105 (2)11 ° [_j
y
5
3
te = 1,Cs (2)6 [_J

y

t —462(64)(2;'3j

7185024
6~ 5

y

. _ 3\ 1 . 7185024
Therefore, term in the expansion of | X+— | that contains — is B .
y y
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7. Stepl
Determine the general term of the expansion of

(=-%)
y

In the equation t

and y:—E.
y

=, CX" Y let n=8, x=2x",

k+1

n-k, k
k+1 CX y

k
te =Gy (2)(4 )aik [_1;]

The general term of the expansion is
k
sk 13
t., =5C(2¢') (—y] :

Step 2
Apply the exponent rules, and simplify the
general term.

wame o)

y
k
ta=6Ci (28 k) " k)[_lygk}
k+1 C (287k)X3274k [_1;?’:}

Step 3
Determine the value of k.

Since the term containing x*6 is required, equate the
exponent of x%2~“k to the exponent of x*6, and solve
for k.
32-4k =16
—4k =-16
k=4

Step 4

Determine the term in the expansion that contains x°.

k
Let k =4 in equation t,_, = ,C, (2x')"" (_BJ ,
y

and simplify.
k
8-k 13
te =Gy (ZXA) (_]
y
saf 13)
L= 8C4(2X4) [_J
y
o 13Y)
t = C. (2x) [_]
y
t, = 70(16x16)[285;61j
y
~31988320x*°
5= T

Therefore, the term in the expansion that contains x'°

s 31988320x*°

4

y

8. Step1l
In the equation t,,, =

and y=-2

ZCXTY let n=9, x=y?,

k+1 C Xn kyk
te = oGy (y2 )9 k

(-2)

Step 2
Determine the value of k.

Since the coefficient of y* is required, (yZ) must be

y4, which implies that 9 —k must be 2,
and k =7.

Step 3
Determine the coefficient of y*.

Substitute 7 for k in the equation
te = oC Y (- ) , and simplify.

ta = oGy 2k( 2)'
t7+1_ C7y18 A ( 2)7
;= (36)y (—128)
t, = —4608y"*

9
The coefficient of y* in the expansion of (y2 - 2) is—
4 608.

Step 1
1

3

LCXEyK let n=8, x=
a

In the equation t,,, =

and y=-2a
k

b= anXniky
1 o K
b= 8Ck [?J (—2&)

Step 2
Apply the laws of exponents, and simplify.

1 - k
t =G (Tj (_Za)
a
1 k
tu=6Cil == | @
k+1 8~k [aS(Sk))

k
a
tk-v-l = BCk [az43k ]

tk+1 _ C a —(24-3k) (—Zk)
tk+1 — 8Cka-24+4k (_Zk)

CASTLE ROCK RESEARCH

214

Copyright Protected



ANSWERS AND SOLUTIONS

10.

Step 3
Determine the value of k.

Since the constant term is required, equate the exponent
of a®** t0 0, and find k.

-24+4k =0
4k =24
k=6
Step 4

Determine the constant term.

Substitute 6 for k in the equation

l 8-k
1 =G (gj (—2{:1)k , and simplify.

1 - k
t = 5C (; (_Za)

a
1 2

t, = ¢Cs (; (_2a)6

t =28(ij 64a°)

7 as

t, = 28(64)

t, =1792

8
. . 1

The constant term in the expansion of [—3 - ZaJ
a

is1792.

Step 1

In the equation t_, = C x"*y*, let n=8
and y=-2.

n—k ,,k
by = anX y

by = kaxgik (_Z)k

Step 2
Determine the value of k.

Since the term with a degree of 5 is required, equate the
exponent of x5 to 5, and solve for k.

8-k=5
—k=-3
k=3

Step 3
Determine the coefficient of the term with a degree of 5.

Substitute 3 for k in the equation t,., = ,C,x** (-2)",

and simplify.

b= sckxg_k (_2)k
t, = ,Cx**(-2)°
t, = (56)x° (-8)
t, = -448x°

The coefficient is —448.

Practice Test

ANSWERS AND SOLUTIONS

Step 1
List the stages of the task. The task is to put together
an outfit.

This task has three stages:

1. Selectatop. There are 5 possible choices for
the top.

2. Select askirt. There are 4 possible choices for
the skirt.

3. Select a pair of shoes. There are 3 possible choices
for the shoes.

Step 2
Determine the number of different outfits Sally can
put together.

Apply the fundamental counting principle. Multiply the
number of possible choices for each part of the outfit.
5x4x3=60

Therefore, Sally can put together 60 different outfits.

Since Jen is keeping 1 specific item, there are only 7
items to give to 7 people. Therefore, the number of
possible distribution of gifts is given by 71.

71 =7 x6x5x4 x3 x2x1 =540

There are 5 040 different distributions of gifts.

Step 1
Determine how many ways the first letter can
be assigned.

The first letter must be N. Since there are two identical

2
Ns, there is 5 =1 way to assign the first letter.
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Step 2
Determine the number of possible arrangements of the
other six letters.

For the other six places, there are 6 letters to arrange.
Two of these letters are identical As.

|
Therefore, in the formula n—' , Substitute 6 for n and 2 for
al
a, and simplify.
6!
21
_ 6x5x4x3x2!
B 21
=6x5x4x3

=360

Therefore, the number of different letter arrangements
that begin with the letter N is 360.

Since the order in which the vehicles are lined up
matters, this is a permutation problem.

There are 2 sports cars, 3 sport utility vehicles, and 4

trucks. Therefore, the total number of arrangements is
iven b 9!

AP TETITS

9!

213141
Ix8x7x6x5x4!

B 213141

B Ix8x7x6x5

B 2131

B Ix8x7x6x5

~ (2x1)(3x2x1)
15120

12
=1260

Therefore, the dealership can arrange the 9 vehicles in
1 260 ways.

There are 12 women auditioning, and 4 are
to be assigned. Since the order in which the roles are
assigned matters, this is a permutation problem. To

assign 4 women out of 12, use the notation ,P,.

Step 1
Substitute 12 for n and 4 for r in the formula
|
nPr _ n!
(n=r)!
|
nPr _ n!
(n—r)t
12!
Pp=——""_
2 (12-4)
12!
1254 =§

Step 2
1

Evaluate £ .
8!
12!

8!
3 12x11x10x9x8!

8!
=12x11x10x9

=11880

Therefore, 11 880 different assignments are possible for
the 4 roles.

The order in which the toppings are chosen does not
matter. Therefore, this is a combination problem. Since
there are 9 sundae toppings, and a customer can select
exactly 3, the number of possible sundaes is given by

9C3'

Step 1

n! .
——— , substitute 9 for n and

In the formul =
n the formula ,C, (n—r)ir!

3forr.
I

Step 2
|
Evaluate 9— .
613!

9!

613!

3 Ox8x7x6!
IYET

_ 9x8x7

3!
_ 9x8x7

~ 3x2x1
_504

6
=84

Therefore, a customer can order 84 different
three-topping sundaes.
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The order in which the pizza toppings are
chosen does not matter. Therefore, this is a combination
problem.

Step 1
Determine an equation that represents the number of
selections of 2 toppings out of n toppings.

n! .
——— , substitute 2 for r.

In the formula |C, =
(n—r)ir!

n!
C =
" (n=r)ir!
n!
190=——
(n—2)!2!
Step 2

Determine how many toppings are used at
Vinny’s Pizzeria.

Since Vinny can make 190 different two-topping

specials, solve for n in the equation 190 = —(n —n2!)!2! .
n!
190=—7—+—
(n—2)!2!
_ —2)1
190 N(n=2(n-2)t

(n—2)!2!
190~ (1Y)

21
380=n(n-1)
380=n’-n

0=n*-n-380

Factor 0 =n*-n—-380.

0=n?>-n-380

0=(n-20)(n+19)

n-20=0 n+19=0
n=20 n=-19

Since n cannot be negative, there are 20 toppings used at
Vinny’s Pizzeria.

The order that the boys and girls are chosen for the team
does not matter. Therefore, this is a combination
problem.

Step 1
Determine the number of selections of 3 girls from a
group of 7.

1
In the formula | C, = _ , Substitute 3 for n and
(n—r)ir!
7 for r, and simplify.
n!
nCr S ——
(n=r)tr!
7!
Ci=—v—
T (7-3)13
7!
1Cs =5
C, - 7x6x5x4!
413!
7x6x5
T
C, - Tx6x5
3x2x1
210
Sy
;,C, =35
Step 2

Determine the number of selections of 3 boys from a
group of 8.

In the formula | C, = , Substitute 3 for n and

(n—r)tr!
8 for r, and simplify.
n!

C,=————
" (n=r)ir!
8!
C.=——
°7 (8-3)13!
8!
scs_ﬁ
SCS=8X7X6X5!
513!
_ 8x7x6
878 3x2x1
336
C,=—
83 6
4C, =56
Step 3

Determine the total number of different selections for the
volleyball team.

Applying the fundamental counting principle, the total
number of different selections for the volleyball team is
35x56 =1960.

Not for Reproduction

217

Pre-Calculus 12 SNAP



ANSWERS AND SOLUTIONS

9.

10.

Step 1
Divide both sides by (n + 4)!.

(n+6)!= 72(n+4)!
(n+6)! _

(n+4)!

Step 2

Rewrite (n + 6)! as (n + 6) (n +5) (n + 4)!, and divide
out common factors.

(n+6)!
nN+6)(n+5)(n+4)!
(neap
(n+6)(n+5)=7
Step 3
Solve for n.

(n+6)(n+5)=72
n*+11n+30=72
n*+11n-42=0

Factor n> +11In—-42=0.
n*+11n—-42=0

(n+14)(n-3)=0

n+14=0

n-3=
n=-14 n=

0
3
Since n cannot be negative, the value of n is 3.

Step 1
n!

WP =,C; rewrite P, as

Apply the formula P, =

In the equation

Step 2
n!
Apply the formula . C. = W .
n—r)r!

. n!
In the equation =.C,

(n—-2)!

, rewrite | C, as

(n—ns;)!s!'

(n—.2)!: (n—e;)!3!

(n-2)1

11.

Step 3
Solve for n.
(n- ) (n-3)13!
n!(n-3)13!=n!(n-2)!
(n—-3)131=(n-2)!
(r-91=(n-2)(n-3)
3!=(n-2)
6=n-2
8=n

The value of n is 8.

Step 1

Apply the formula P, =

(n—r)’

(n—4)”

In the equation nPs = 12(xCs), rewrite nP4 as

Step 2
n!
(n—r)irt’

Apply the formula ,C, =

. n! .
In the equation ——— =4(,,C;), rewrite nCs

(n—4)
(nlgysr

(nTL)le[(n_”;)!gJ

n! 12n!

n—4) (n-3)a!

—

Step 3
Solve for n.
n! 12n!

~(n-3)13!

The value of nis 5.
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12. Step 1l

Apply the binomial theorem, and substitute 4 for n, 6a for x, and —g fory.

(x+y) = ,CoX"+ ,CX" 'y + ,Cx"°y* +..+ ,C,y"

o8] oo

Step 2
Simplify.

B o Rt G R e R e ]

o 3] ] e (] o]
=1296a* +4(216a3)(—gj+6(36a2)(§j+4(6a)(_1§_35j+%

4320a° 5400a° 3000a 625

=1296a‘ - T Tt

13. Step 1
Apply the binomial theorem, and substitute 5 for n, —8x for x, and y? fory.

(x+y)" = ,Cox" + ,CX" My + ,.C,X"°y* ...+ ,C,y"
(-8x+ yz)5 = ,Cy (-8%) + ,C, (-8%)" (¥*)+C, (—8x)572 (v? )2 +5C; (-8x) (y?)
+.C, (—8X)574 (y2 )4 +.C, (yz )5

3

Step 2
Simplify.

5Co (-8x)" +5CL(-85)" (¥ )+ 5C, (-8x)7 (v*) + 1€, (-80)" () + 1C. (-89 (v*) +C ")
=1(-8x)° +5(-8x)" (y*) +10(~8x)° (y?) +10(-8x)’ ( ) 8x1(y2) ( 2)

=—32768x° +5(4096x" )(y* ) +10(-512x)(y*) +10(64x) ( 6) 5(-8x)(y")+y*

= -32768x° +20480x"y* —5120x>y* + 640x°y® — 40xy® + y*°

14. Step 1
7
Determine the general term of the expansion of (2a3 - b) .

In the equation t,, = ,C, X" *y*,let n=7, x=2a%,and y=-b.
tk+l = anXnik yk

te. =Gy (2a3 )Lk (_b)k

n

. . 3 7-k k
The general term of the expansion is t,,, = ,C, (2a ) (—b) .

Step 2
Determine the value of k.

Since the term that contains b? is required, (—b)k must be b? , which makes k =2 .
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Step 3
Determine the term in the expansion that contains b?.

Let k =2 in equation t,,, = ,C, (2a3)77k (—b)k , and simplify.
tea =Gy (2a3 )7_k (_b)k
t,,=,C (2&3 )772 (_b)z

t,=21(2a°) (-b)’

t, = 21(32a" )b

t, = 672a%%?

Therefore, the term in the expansion that contains b® is 672a*°h?.

15. Step 1

In the equation t_, = ,C,x"*y*, let n=10, x= p*, and yz—#.

tea = CXT Y
k
10—k 1
tin = 10Cy ( pa) [_pzj

Step 2
Apply the laws of exponents, and simplify.

k
tes = 10Cy ( pa)w?k [_12}

p

_ 1

t = 10C p30 * [_kaj
paofsk

b =—1Cy K

_ SF(?—Sk
tk+1 ~ 10 Ck p
Step 3

Determine the value of k.

Since the term containing p° is required, equate the exponent of p° to the exponent of p¥~**

30-5k =5
-5k =-25
k=5

, and solve for k.

Step 4
Determine the coefficient of the term
containing p° .

Substitute 5 for k in the equation t,,, =—,,C, p* >, and simplify.
b1 =—10Cy p3075k
ts=—1Cs p3075(5)

t, =-252p°

The coefficient of the term containing p° is —252.
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